
Adversarial Search

ÅRussell and Norvig, Chapter 6 (not 6.6)



Assignment 1

ÅUp on the website

ÅWill discuss the assignment during the lecture 
next week



Mid Semester Exam

Å2 weeks time

ÅNormal lecture time and place

Å10-11am Tuesday 1st September 78-343



Overview: aims

Åunderstand the difficulties in search that arise as 
a consequence of agents acting in the 
environment
Åunderstand the Minimax algorithm and its 

properties
Åunderstand alpha-beta pruning and how it assists 

in adversarial search
Åknow how heuristic functions can be used for 

making imperfect decisions
Åbe able to (in principle) build your own computer 

vs. human chess program



Overview: topics

ÅAdversarial search problems

ÅThe MiniMax algorithm

ÅAlpha-beta pruning

ÅHeuristics for adversarial search, making 
imperfect decisions



The Turk
The Chess player automaton by Baron von Kempelen

http://en.wikipedia.org/wiki/The_Turk



Deep Blue

http://www.thetech.org/robotics/universal/breakout_p11_ibm.html



AI and Game Playing

ÅWas Deep Blue (1997) a better Chess player than Garry 
Kasparov? (Won 3.5-2.5)

ÅDid Deep Blue possess Chess intelligence?

ÅDid Deep Blue have better Chess intelligence than 
Kasparov?

See http://www.research.ibm.com/deepblue/

Ratings:

1997: Kasparov (2806, FIDE), Deep Blue ?

2007: Kramnik (2769,FIDE), Rybka (2962,SSDF)

2009: Topalov (2813, FIDE), Deep Rybka 3 (3224, SSDF)

http://www.research.ibm.com/deepblue/
http://www.research.ibm.com/deepblue/


Games in AI

ÅDeterministic

ÅTurn-taking

ïActions alternate

ÅTwo-player

ÅZero-sum

ïUtility functions are equal and opposite

ÅPerfect information 

ïFully observable environments



Games

ÅMultiplayer

ÅNon-zero-sum

ÅStochastic

ÅImperfect information

ÅPhysical

ÅΧ

ÅFor more information, read Chapter 17



Games and AI

ÅChess (1950s ςKonrad Zuse, Claude Shannon, 
Norbert Wiener, Alan Turing)

ÅCheckers

ÅOthello

ÅBackgammon

ÅGo



Chess

Photo from: commons.wikimedia.org



Checkers / Draughts

Image from: commons.wikimedia.org



Othello / Reversi

Image from: commons.wikimedia.org



Backgammon

Photo from: commons.wikimedia.org



Go

Photo from: commons.wikimedia.org



Adversarial search: 

Assumptions and aims

ÅMultiplayer

ÅFormal, well-defined problems, where perfect 
decisions are possible

ÅAt any position in the game, the player wants 
to know what move to make

Å{ǳŎŎŜǎǎ ŘŜǇŜƴŘǎ ƻƴ ƻǇǇƻƴŜƴǘΩǎ ƳƻǾŜǎ

ÅSearch forward:
ïExhaustive

ïHeuristic



Game search problem

Å Initial state

ïBoard position and player

Å Successor function

ïReturns a list of (action, state) pairs, indicating a legal move and 
resulting state

Å Terminal test

ïDetermines when the game is over

Å Utility function

ïNumeric value for a terminal state representing its utility for a 
given player.

ï In chess, the outcome is win, loss or draw with values +1, -1 or 0 



Game Tree

ÅDefined by the initial state and the legal 
moves for each player
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Terminal States

ÅUtility for player x
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Optimal decisions in games

ÅConsider

ïTwo players ςMIN and MAX

ïMAX moves first

ïTake turns moving until the game is over

ïAt end of game points are awarded to the 
winning player and penalties are given to the 
loser 



Strategies

ÅOptimal solution for MAX is a sequence of 
moves leading to a terminal state in which 
MAX wins

ÅHowever, MIN is also trying to win

ÅStrategy for MAX is to choose the path that 
leads to the best terminal state for MAX, given 
that MIN is trying to find the best terminal 
state for MIN



Optimal strategy and MiniMax

ÅMiniMax value of a node is the utility (for 
MAX) of being in a corresponding state from 
there until the end of the game

ïAssumes that both players play optimally

ÅMiniMax value of a terminal state is its utility

ÅMAX will prefer to move to a state of 
maximum value

ÅMIN will prefer to move to a state of minimum 
ǾŀƭǳŜ όŦǊƻƳ a!·Ωǎ Ǉƻƛƴǘ ƻŦ ǾƛŜǿύ
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MiniMax value =

ÅUtility
if n is a terminal state

ÅMax of successors MiniMax values
if n is a MAX node

ÅMin of successors MiniMax values
if n is a MIN node



A 2-ply game tree

A

B DC

Max

Min

3 12 8 2 4 6 14 5 2

b1 b2 b3 c1 c2 c3 d1 d2 d3

a1
a2 a3

3 2 2

3

= Max nodes

= Min nodes



MiniMax
function MINIMAX(state) returns an action

inputs: state, current state in game

v ăMAX-VALUE(state)

return the action in SUCCESSORS(state) with value v

function MAX-VALUE(state) returns a utility value

if TERMINAL-TEST(state) then return UTILITY(state)
vă -¤

for s in SUCCESSORS(state) do
v ămax(v, MIN-VALUE(s))

return v

function MIN-VALUE(state) returns a utility value

if TERMINAL-TEST(state) then return UTILITY(state)

v ă +¤
for s in SUCCESSORS(state) do

v ămin(v, MAX-VALUE(s))

return v



Multi-player?



MiniMax Example
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Pruning: Chess Example

Å2 players ïMIN and 
MAX. MAX to move. 
Utilities of results: 
win=+1, draw=0, 
loss=-1.

ÅIf MAX attacks  
opponentôs Queen 
(option c), MAX can 
be checkmated next 
move.

ÅThus, there is no 
need to consider 
any of côsother 
children.

(attackqueen)

a

cb

?-1

(MAX gets

mated)

MAX to move

MIN to move



Pruning

ÅConsider a node n

ÅIf a better choice m is available at the parent 
node (or further up the tree) then n will never 
be reached in actual play

ÅWe may be able to determine this by only 
looking at some of nΩǎdescendents

ÅIf so, we can prune at this point without 
looking at all of nΩǎdescendents



Alpha-beta pruning: use thresholds

Åalpha 
ïassociated with maximising nodes

ïcan never decrease

ïcheck whether the most recently created node is less 
than alpha

Åbeta
ïassociated with minimising nodes

ïcan never increase

ïcheck whether the most recently created node is 
greater thanbeta



Alpha-beta pruning (1)
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Alpha-beta pruning (2)
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Alpha-beta pruning (3)
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Alpha-beta pruning (4)
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Alpha-beta pruning (5)
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Alpha-beta pruning (6)
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Alpha-beta pruning (7)
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The pruning principle

ÅEvaluate leaf nodes (children) in first sub-tree
ïDetermine maximum (for the parent)

ïbeta value for the grandparent is this value

ÅRepeat:
ïCreate one more grandchild, and evaluate

ïIf value is greater than beta, ignore siblings of this 
grandchild

ÅApply same process to the alpha values
ïentire sub-trees may be eliminated



Alpha-beta pruning

ÅEffectiveness depends on the order in which 
descendent nodes are evaluated

ÅBest if best descendent node is examined first

ÅCan order nodes using an ordering function



Luger and Stubblefield

ÅAlpha-beta pruning expresses a relation 
between nodes at ply n and nodes at ply n+2, 
under which entire sub-trees rooted at ply n+1
can be eliminated



Alpha-Beta Pruning Example
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Alpha-Beta Pruning Example
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Alpha-Beta Pruning Example
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Alpha-Beta Pruning Example
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Alpha-Beta Pruning Example
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Alpha-Beta Pruning Example
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Alpha-Beta Pruning Example
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Alpha-Beta Pruning Example
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Alpha-Beta Pruning Example
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Alpha-Beta Pruning Example
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Alpha-Beta Pruning Example
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Alpha-Beta Pruning Example
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Alpha-Beta Pruning Example
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Alpha-Beta Pruning Example
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Alpha-Beta Pruning Example

8 6 2 9

4 7 5 9

Max

Max

Min

Min

[7, +Ð]

[7, 7]

[7, 7]

[-Ð, 6] [-Ð, 2]



Does it work in practice?

ÅThe Minimax algorithm generates entire search 
space

ÅAlpha-beta pruning allows us to prune large parts

ÅAlpha-beta pruning still has to search to terminal 
states for a portion of the search space

ïDepth not typically practical ςe.g. Chess

ÅInstead programs should cut off search earlier 
and apply an evaluation function



Evaluation Functions

ÅReturns an estimate of expected utility for the 
game from a given position

ÅwŜǘǳǊƴǎ ŀ ƴǳƳŜǊƛŎ ƛƴŘƛŎŀǘƻǊ ƻŦ άƎƻƻŘƴŜǎǎέ

ÅGood evaluation function should:
ïOrder terminal states in the same way as the true 

utility function

ïComputation must not take too long!

ïFor non-terminal states, the evaluation function 
should be strongly correlated with the actual chances 
of winning



Tic-tac-toe heuristic

ÅDevise a suitable heuristic function (i.e. an 
evaluation function returning a numeric value) 
for the game of Tic-tac-toe

ÅEnsure that it gives appropriate values for the 
following board positions. The computer is 
playing x, and is to make the next move
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Adding a cut off

ÅtŜƻǇƭŜ ŘƻƴΩǘ ŀƴŀƭȅǎŜ ŀ ƎŀƳŜ ŀƭƭ ǘƘŜ ǿŀȅ ǘƻ ǘƘŜ 
end

ÅApply this strategy to Minimax / alpha-beta 
pruning

ÅWhen we get to the maximum search depth, 
use an evaluation function to assign a value to 
the node

ÅProceed with Minimax / alpha-beta pruning



Cutting off search

ÅFor Minimax algorithm step 4
If x has not been assigned a value and either x is a 
terminal node or we have decided not to expand the 
tree further, compute its value using an evaluation 
function.

ÅReplace the terminal test with a cut off test

ïCan be at a set fixed depth limit

ïIterative deepening 

ÅMay be used for alpha-beta pruning also



MiniMax with Cutoff and Evaluation

function MINIMAX(state) returns an action

inputs: state, current state in game

v ăMAX-VALUE(state)

return the action in SUCCESSORS(state) with value v

function MAX-VALUE(state) returns a utility value

if CUTOFF-TEST(state,depth) then return EVAL(state)
vă -¤

for s in SUCCESSORS(state) do
v ămax(v, MIN-VALUE(s))

return v

function MIN-VALUE(state) returns a utility value

if CUTOFF-TEST(state, depth) then return EVAL(state)

v ă +¤
for s in SUCCESSORS(state) do

v ămin(v, MAX-VALUE(s))

return v



A non-exhaustive Minimax

ÅMinimax is three steps:

ïexhaustive generation to n ply

ïheuristic function evaluation of all leaf nodes

ïminimax up the tree



3 5 7 3



5 7 5 6 4 2 5 6



7 3 4 9 287 1 1 2 657



7

7 2 2 6

7 9 7 8 2 2 7 6

7 3 4 9 287 1 1 2 657



Issues / Improvements

ÅQuiescence

ÅHorizon effect

ÅSingular extensions

ÅForward pruning



Quiescence

ÅRapidly changing heuristic values (monitor the 
evaluation function)

ÅUnreliable values, extended tactical moves

ÅSearch until values change slowly between ply

ÅWant to find a position that is quiescent, for 
which the evaluation function is not rapidly 
changing between a sequence of moves

ÅA search to a depth where the game becomes 
quiet



The horizon effect

ÅhǇǇƻƴŜƴǘΩǎ ƪƛƭƭŜǊ ƳƻǾŜ Ƴŀȅ Ƨǳǎǘ ōŜ ǾƛǎƛōƭŜ ŀǘ 
the fixed ply depth,

Å! ΨǎǘŀƭƭƛƴƎ ƳƻǾŜΩ ǿƛƭƭ ǇǳǎƘ ǘƘŜ ǇǊƻōƭŜƳ ƻǾŜǊ 
the horizon.

ÅContinued stalling moves will merely delay the 
ƻǇǇƻƴŜƴǘΩǎ ƪƛƭƭŜǊ ƳƻǾŜΦ



Singular extensions

ÅΨCƻǊŎŜŘ ƳƻǾŜǎΩ ǊŜŘǳŎŜ ǘƘŜ ōǊŀƴŎƘƛƴƎ ŦŀŎǘƻǊ 
(when few options are attractive for a player)

ÅMore ply can be searched as it is now 
computationally practical



Forward Pruning

ÅSome moves are pruned immediately without 
further consideration

ÅSymmetric moves

ÅDeep in the search tree



Games of Chance

ÅDice (e.g. Backgammon)

ÅCards (e.g. Bridge, Poker)

ÅGame trees include nodes of chance as well as 
MAX and MIN

ÅCan use expected value ςwhich chance node 
is most likely

ÅExpectiminimax

ÅExtra cost involved in looking ahead



Expectiminimax value = 

ÅUtility
if n is a terminal state

ÅMax of successors Expectiminimax values
if n is a MAX node

ÅMin of successors Expectiminimax values
if n is a MIN node

ÅWeighted average of  successors 
Expectiminimax values

if n is a chance node



Summary

ÅMiniMax

ÅAlpha-beta pruning



Lecture next week

ÅReview for the Mid Semester Exam

ÅApplications of AI

ÅAssignment 1



Tutorial 2

ÅFeedback on submissions

ïQuestion 2: Representations

ïQuestion 4: Pseudo Code



xkcd.com



Tutorial 2 Feedback

ÅTower of Hanoi

ÅRepresentations

ÅGoal test

ÅSuccessor Function

ÅUpdate Process



Representations

ÅShould be as formal as possible

ÅGoal is to need as few assumptions as possible

ÅA good representation will make transitions easy to 
implement

ÅConstraints on the states also need to be considered
ïChecked during transitions 

ïCheck before or after transitions

ïMake invalid states infinitely bad

ÅNote that representation refers to the states of the 
problem, not the entire state space of the problem



Towers of Hanoi: Stacks

ÅEach pole is a stack

ÅP[0], P[1], P[2]

ÅEach stack is a LIFO queue with two operations: 
Push(S,i)/Pop(S)

ÅTowers of Hanoi translates to stacks nicely

ÅaŀƪŜǎ ǎƻƳŜ ŀǎǎǳƳǇǘƛƻƴǎ ƛƳǇƭƛŎƛǘΥ ŎŀƴΩǘ ƳƻǾŜ ŀ 
ŘƛǎŎ ǳƴƭŜǎǎ ƛǘΩǎ ƻƴ ǘƘŜ ǘƻǇ ƻŦ ŀ ǎǘŀŎƪ

Å{ǘƛƭƭ ƴŜŜŘ ǘƻ ŘŜŦƛƴŜ ǘƘŜ ŎƻƴǎǘǊŀƛƴǘ ǘƘŀǘ ŘƛǎŎ ŎŀƴΩǘ 
be moved onto a smaller disc



Towers of Hanoi: Arrays

ÅA 3x3 array

ÅDisks[Pn][Dn]

ÅBut you have to define the two stack 
operations on this array, as well as defining 
ǘƘŜ ŎƻƴǎǘǊŀƛƴǘ ǘƘŀǘ ŘƛǎŎ ŎŀƴΩǘ ōŜ ƳƻǾŜŘ ƻƴǘƻ ŀ 
smaller disc



Towers of Hanoi: Indexes

ÅAn index is stored for each disc, determining 
the stack that each disc is on

ÅD0, D1, D2

ÅLower space requirements than the other 
methods

ÅMuch more computation required to 
determine legal moves



Pseudo Code

ÅDefine function name and description

ÅDefine input/output parameters and 
descriptions

ÅDefine Subroutine functions names and 
descriptions

ÅStates lists of actions to perform

ÅUse indentation to define blocks 
corresponding to flow chart boxes



Functions

ÅGoal test

ïIs the current state the goal state?

ÅSuccessor

ïWhat states can you get to from the current state?

ÅUpdate (The search algorithm)

ïWhat is a path from the initial state to the goal 
state?



Goal Test
Towers of Hanoi: Stack Representation

ÅDetermine whether the state is the goal state

ÅInput is the state

ÅOutput is whether it is the goal state

function Goal-test(state) returns succeeds or failure
if state[0]=[] and state[1]=[] and state[2]=[1,2,3] return succeeds
else return failure



Successor Function
Towers of Hanoi: Stack Representation

ÅDetermine the legal states that can be 
reached from the current state

ÅInput is the current state

ÅOutput is the set of new states

function Expand(node) return nodes
T = []
for m = 0 to 2:

for n = 0 to 2:
P = State(node)
if nÍmand P[m] is not empty and (P[n] is empty or topDisk(P[n]>topDisk(P[m]))
then Push(P[n],Pop(P[m])); add(Make-Node(P),T)

return T



Update Process: Breadth First Search

ÅImplement the Breadth First Search strategy:

1. Set Lto be a list of the initial nodes in the 
problem

2. Let n be the first node on L. If L is empty, fail.

3. If n is a goal state, stop and return it and the 
path from the initial node to n.

4. Otherwise, remove n from Land add to the end 
of Lall of nΩǎchildren, labeling each with its path 
from the initial node. Return to step 2.



Update Process: Breadth First Search

function BFS(L) returns path
if (not-empty(L))

n = L(0)
if (Goal-test(n)

return path
else 

expanded_nodes= Expand (n)
// remove n from start of L, put expanded nodes at end of L
L= [L(1:end) expanded_nodes]

else
return failure



Update Process: Depth First Search

ÅImplement the Depth First Search strategy:

1. Set Lto be a list of the initial nodes in the 
problem.

2. Let n be the first node on L. If L is empty, fail

3. If n is a goal state, stop and return it and the 
path from the initial node to n.

4. Otherwise, remove n from Land add to the 
front of Lall of nΩǎchildren, labeling each with 
its path from the initial node. Return to step 2.



Update Process: Depth First Search

function BFS(L) returns path
if (not-empty(L))

n = L(0)
if (goal-test(n)

return path
else 

expanded_nodes= successor-function(n)
// remove n from start of L, put expanded nodes at start of L
L = [expanded_nodesL(1:end)]

else
return failure


