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Introduction to probability models

1. Elements of Probability

Probability theory is concerned with phenomena that @ot predictable in advance.
Phenomena that are often used to introduce elemeiataag are things like the outcome of
tossing a coin, throwing a pair of dice, or selectagds from a deck. But the ideas that can be
generated from such elementary considerations can b@sdph important practical situations
such as keeping congestion to acceptable levels icotalmunications networks, quality control
in manufacture or the extraction of signals from noise.

So, we will commence with the consideration of elenmgnpdnenomena and we will use
them first to introduce the idea oample space

1.1 Sample Space

The elementary phenomena we will consider (coin tossttg) are usually referred to as
experimentsn the literature on probability theory. Althougie outcome of such experiments is
not known in advance, we will assume that the setlqfaalsible outcomes is known. The set of
all possible outcomes for a particular experiment issdalhesample spacéor that experiment
and is denoted b$

Consider a few examples.

1. If the experiment consists of tossing a coin, then

S={HT}
whereH andT represent the two possible outcomes, “head” or “tail”.
2. If the experiment consists of throwing a die, the dargpace is
S={1273,4D5,6}

3. If the experiment involves tossing two coins, we have

S={(H H),HT), T H), (TN}

where, for exampleH, T) represents the outcome where the first coin comes egd“rand the
second coin comes up “tail”. The sample space here tedithat the experiment is twice as
likely to lead to a head and tail outcome rathen tiweo heads or two tails.

4. If the experiment consists of measuring the lifetiha car, we are obliged to assume
that the car could last indefinitely so that the sansplece consists of all the non-negative real
numbers:

sS=10,)

where the square bracket, which is used by mathemaid@mmrepresent a closed interval,
indicates that the car’s lifetime could be zero —temight be thrown on the scrap heap before
ever being used. The round bracket, which is used khemeaticians to represent an open
interval, indicates that the car’s lifetime could aygwh infinity. Why should we allow it to
approach infinity when we know that cars these dagsaunally built to last for no more than 10
years? Well, the problem is that if we put an uppaitlon the lifetime and, say, ma&des= [0,
20], where the upper limit is 20 years, we are saymaq it is impossible for the car to survive



even one second beyond 20 years. This is obviously senee, so it is easier to allow the
sample space to be unbounded as above. The fact thahtemunded lifetime is virtually
impossible is taken care of by other means that will imecdear later.

Events

We have seen that the sample space is the set of possitbenes to a given experiment.
Any subse€ of the sample space is known asaant Some examples are as follows:

(@ From example (1) above, we might h&e {H}, in which caseE is the event that the
outcome of the coin toss is a head.

(b) From example (2), we might halke= (1, 3, 5} so thaE is the event that the throw of
the die leads to an odd number.

(c) From example (3), the evdnt {(H, T), (T, H)} is the event that the toss of two coins
leads to a head and a tail.

(d) From example (4), the evént {[7, 9]} is the event that the car lasts betweeand 9
years.

For any two event& andF in a sample spacg theunion of E andF, denotecEE F
consists of all outcomes that are in eitkeor F (or both). Thus, considering again example
(2) above, ife = {1, 3, 5} andF ={1, 2, 3} we haveEE F = {1, 2, 3, 5}. So the evelBE F
occurs if the outcome of throwing the die is 1, 213%5.

The intersection of two evenEsandF is denotecEC F and consists of all outcomes
that are contained in bothandF. So, withE andF as in the last paragrapgC F = {1, 3}.
Note that the everEC F only occurs if bothe andF occur.

1.2 Probabilities of events

On a recent overseas tour, the England cricket captisser Hussein, as the visiting
captain, was invited to call “heads” or “tails” at ttraditional coin toss before the start of
each game. In the eleven matches that he captained|l®ée “heads” each time and lost each
time. Everyone would agree that this was a most unliketies of coin tosses. Before we go
on to investigate further, let me add that Hussein wable to take part in one game in the
middle of series because of injury and his vice-capdarcus Trescothick, stood in for him.
He called “tails” and won!

If we toss a fair coin it is equally likely to come lipads or tails but if we toss it several
times, it is quite common to have a large proportioore or the other. We have just seen
that in the cricket series, the coin came down “tafisI2 consecutive tosses. But if we were
to continue tossing the coin, and if the coin wagytfair, we would start to see “heads” turn
up and, since both are equally likely, the proposiof heads and tails would tend towards
50% each.

The 50% reflects the probability with which we campect to obtain either a head or a
tail on a particular toss of the coin. If we writgB)rfor the probability of the occurrence of
eventE, then, for the tossing of a fair coin, we haveHpr Pr(T) = 0.5.

In general, if an experiment is repeabdétimes and the evelt occursNe times then, to
a high degree of certainty, the rabig/N will be close to the probability & occurring in a
single experiment, so long Alis sufficiently large.

If an eventE can never occur, we will havde = 0 no matter how many times an
experiment is repeated so tiNg/N will be zero and PE) = 0.

Note that when tossing a coin, we are certain toiolgither a head or a tail (ignoring
the possibility of losing the coin). So we can writéHE T) = 1.0.



Note also thaHE T is equal to the sample spa&éor the coin tossing experiment, so if
we consider the sample space as an event, we ha&ye=Pk( The sample space contains all
possible outcomes for any experiment, and since oneesktbutcomes must occur, the
equation Pi§ = 1 holds true for all sample spaces.

The foregoing indicates that the probability of @went must lie somewhere between 0
and 1.

We will now consider a famous example that makes use ofleapaces consisting of
sets of real numbers.

Example 1.1

The example is Buffon’s needle problem. Buffon was a¢heaturalist with a flair for
the sciences generally. Some time during the year ©f,1ve was confined to a hospital bed
and, having little to do, worked out a way of estimgthe value op while lying in bed. His
method involves dropping a needle onto an area thathlad a set of parallel lines drawn
across it. We'll look at the experiment in detail imm@ment, but basically, while he was
lying there (apparently not too interested in thesas who were looking after him), Buffon
worked out that if the lines are spaced wider thanléhgth of the needle, the probability of
the needle touching one of the lines is inversely grtogmal top. So, by dropping the needle
many times and counting the number of times it touchedodrthe lines, he could estimate
the value op.

The simplest case is where the distance between thadiegactly equal to the length
of the needle. Suppose, then, that the needle imiblangth and the spacing between the
lines is also one unit. Now consider the situation de@diin Figure 1 where the needle has
landed between two of the lines and is not touchitigpe

Distance to nearegt

Line (D)
q ‘ $ Y, sing

Distance between
lines=1

Needle of
length =1

Figure 1

Note that in Figure 1, the distance to the nearestii measured from the centre of the
needle. Now note that if the centre of the neeglheains in the same position, but the needle
is rotated so that the angiencreases, the needle will touch the line when 4 si. And
you should be able to see that, in general, the aeill hit a line if D, the distance to the
nearest line, is less than Y.2ailVhat is the probability of this occurring?

Figure 2 is a graph with D as the ordinate anés the abscissa. The rectangle
represents the sample space for this experiment, comfatiipossible pairs of values for D
andqg. The curve is a plot of % ginPoints under the curve are sample points (ie valuBs of



and g) such that D < % s@q) and therefore are points where the needle toucHew.a
Similarly, points above the curve are points wherenéedle fails to touch a line.

Figure 2 Sample space for Buffon’s needle experiment

Now it should be clear that if the needle is droppea truly random fashion, each
point in the rectangle in Figure 2 is equally likedg that the probability of the needle
touching a line is the ratio of the area under thee to the area of the rectangle. The area
under the curve has value unity and the area afetttangle is clearlp/2. So the probability
of the needle touching a line is simplyp2/

Thus, to estimatp, drop a needle many times, multiply the number of dibgptsvo and
divide by the number of times the needle touches a line

ie, 2x(number of drops) / (number of hits) p

More generally, but using the same approach, it cashben that if the needle is of
length L and the parallel lines are distance M aflart M), the probability of the needle

touching a line is equal to 2L piy1).

Before we conclude this section, there are a few npmiets to cover regarding
probabilities of events.

For two arbitrary eventd andB, the probability that both occur, ie R B), is more
commonly written PAB) and should be read as the probability thahdB occur.

Also, for two arbitrary event#®\ and B, the probability that either event occurs, ie
Pr(AE B) is essentially the sum of the probabilities of the omes that define the two
events. But note that AC B is not empty, the outcomes AC B will be counted twice in a
sum over the outcomes defining both events, so that wehaust

Pr(AE B) = Pr@) + Pr@) — PrAC B) = Pr@) + Pr@) — Pr@AB) (1.1)

where PrfB) is subtracted to account for the fact that it isnted twice in P#) + Pr@).

WhenAC B is empty, which means that events A and B cannot dogether, we have
Pr(AB) = 0. In this circumstance we say that events A anceBnatually exclusivand (1.1)
becomes

Pr(AE B) = Pr@) + Pr@) (1.2)
1.3 Conditional probability

Suppose a population df people includedN: femalesand Nr people who speak
Russian. LetF represent the event that a person chosen at randoemaef and leR
represent the probability that a randomly chosen pespeaks Russian. Then for lafgewe
can write



Pr(F) = Pr(R) =~ (1.3)

Now consider the subpopulation consisting of femalehe probability that a female
chosen at random from this subpopulation is fluieriRussian ifNgrr/ Ng, whereNge is the
number of Russian-speaking females in the populafidhis probability is represented by
Pr(R | F) which, in words, should be read as the probabdft eventR (Russian-speaking)
given that evenf (the person selected is female) occurs. Thus weavcie

Ngg N Pr(RF)

PrR|F) = Nee _ Nee N - _
NE N Ng Pr(F)

(1.4)
where PRF) is the probability that a person randomly selédtem the whole populatioN
is both female and a Russian speaker.

Equation (1.4) is an equation that applies genetalbny two eventé andB. Thus, in
general, we have
Pr(AB)

PrA|B) = PIE)

(1.5)

where the left-hand expression should be readgthbability of evenA occurring given that
eventB has occurred”. PA| B) is called aconditional probability

Example 1.2

In this simple example, we will first determine thl®lution by straightforward
reasoning and then show that (1.5) gives the samatr

Dice are often employed in game-playing to proxadeslement of chance. Each die has
six faces so, assuming the die is not biased invaay, the probability of obtaining a
particular score from one die is 1/6. If the game ave playing requires that two dice be
thrown, there are 6x6 = 36 possible combinationheftwo sets of faces so, again assuming
fair dice, the probability of obtaining any onetbése 36 combinations is 1/36.

Now suppose we throw two dice one after the otehe first die comes up with a 3,
what is the probability that the sum total obtairfiexn the two dice will be greater than 7?
Given that the first die comes up with a 3, thesale outcomes to the experiment are: (3,1),
(3,2), (3,3), (3,4), (3,5), (3,6). The probabildf each of these outcomes is 1/6 because we
already know that the first die comes up with a&®o0 of these outcomes give a sum total
greater than 7, so the probability of obtainingiangotal greater than 7 is 1/6 + 1/6 = 1/3.

Now let’s find the answer by using (1.5) To do tHet A represent the event that the
sum total obtained is greater than 7 andBleepresent the event that the first die comes up
with a 3. The probability we have just calculatedhie probability thaf occurs given thaB
has occurred, ie PX(| B). To use (1.5) we need R) and PrB). Pr(B) is easy because it's
just the probability of obtaining a 3 with the fidie, ie 1/6. Look now at the six outcomes set
out in the previous paragraph for which the fingt gives a 3 ie ever. Clearly only two of
these outcomes correspond to eventhese are the outcomes for which evéngndB both
occur, ie evenAC B or, in abbreviated form, eveAB. Each outcome from the throwing of
two dice has probability 1/36, so that ev&lt occurs with probability 1/36 + 1/36 = 2/36 =
1/18. Substituting in (1.5) we have Rr[B) = (1/18) / (1/6) = 1/3, which agrees with the

result obtained in the previous paragraph.



1.4 Independent events

Note that (1.5) can be written
Pr(AB) = PrA | B)Pr(B) (1.6)

and consider the situation whekeandB are two completely unrelated events. For instafice,
might be the event that the price of beer goeswupairo and ever® might be the event that
my grandson in Orlando develops a toothache. Tledvents are surely unrelated so the
probability of A occurring is not affected b occurring and PA | B) = Pr(A). That is, the
probability of A occurring is the same whetH&ioccurs or not.

In this circumstance, event A is said to be indeeanof event B and equation (1.6)
becomes

Pr(AB) = Pr@)Pr(B) 2.7)

In words, the probability of the occurrence of timoependent events is equal to the
product of their probabilities.

1.5 Permutations and combinations

This is just one more little topic we need to covefore we move on. Suppose we have
a set ofn distinct objects and a row a&fboxes (1 x n), each box capable of holding one
object. In how many different ways can we place dbgcts into the boxes starting at the
left-hand end of the row and finishing at the rigjit other words, this is a question of how
many ways a sequenceobbjects can be drawn from a sehof

This is fairly easy to work out because we hawehoices of objects to put in the first
box, but when we’ve put one in that box we havey orll objects to choose from for the
second box. Combining the two sets of choices, ave@h(n—1) ways of assigning objects to
the first two boxes. Continuing the argument, vnel fihat there are(n-1) - - - (—x +1) ways
of placing an object in each of tkdoxes. This, then, is the number of ways a sequefic
objects can be drawn from a setoEach such sequence is callggeamutationof x objects
from n. In terms of factorials, the number of permutadi@fix objects fronn can be written
n!/(n—x)!

Often thesequencean which thex objects drawn fromm is not important, only the

actual set of objects drawn being of interest. 3éteof objects drawn is calleccambination
of x objects fromn. Now, a set ofk objects can be ordered ¥h ways and these are all
included in the number of permutations. The numibfecombinations, which is usually

denoted b)()r(‘), is therefore given by the number of permutationgdeid byx! That is

(%) = ﬁ'x), (1.8)

1.6 Stirling’s formula

Calculating factorials of large numbers is tedi@m Stirling’s formula gives an
easily computed approximation that is very accui@t@! whenn is large. The formula is:

nl ~ne ”(2,0n)1/2 (1.9)

where the symbol “~” indicates that the two sidegli.9) tend toward equality as



The following demonstrates how the approximatiopnoves with increasing:

=1 Stirling’s formula gives 0.9221, ie an &or.
2 =2 Stirling’s formula gives 1.919, ie a 4%oer
5 = 120 Stirling’s formula gives 118.02, a 2%woerr

10 = 3,628,000 Stirling’s formula gives 3,598,6@0,error of 0.8%.

2. Discrete random variables

When we throw a pair of dice, we are usually irdezd in the sum total of the two
scores, with the actual face value of the two imligl dice being largely irrelevant. The sum
total can take on the integer values lying betw2and 12 inclusively and the probabilities of
obtaining each of the possible values are showrabie 2.1.

X 2 3 4 5 6 7 8 9 10 11 12

PrX) | 1/36 | 2/36| 3/36] 4/36 5/36 6/36 5/36 4/36 3/86 2/3&/36

Table 2.1

There is only one combination of face values of thae that will give a score of 2, so
the probability of obtaining a score of 2 is 1/36ere are 2 ways of obtaining a score of 3
and 3 ways of obtaining a score of 4, giving thabpbilities shown.

Before the dice are thrown, we do not know whichipalar score we will obtain. The
score is represented Byin the table an& is called aandom variable

The throwing of two dice can be considered an efgarg form of experiment and
when such experiments have only a finite numbgrasSible outcomes, the random variable
representing the outcomes is said taliserete Thus,X is a discrete random variable.

For a discrete random variabfewe define thgrobability mass functiop(a) by

p(@ = PrKk=a) (2.2)

so, for the dice throwing experiment, we can wgf€) = 6/36. | will sometimes use the
abbreviation “pmf” for probability mass function.

The pmf is non-zero for those values that the ramglariable can assume. In Table 2.1
the random variable (rv) can assume eleven differalues. A discrete rv can assume at most
a countable infinity of values, i =1,2,3,.... (A countable infinity can be “countedsing the
positive integers 1, 2, 3, . .. ). An rv with mahan a countable infinity of possible values is
called acontinuougandom variable (see later).

The cumulative distribution functiofcdf) of an rvX is defined for any real numbéer
( <b< )as

F(b) = PrKk b) (2.3).
In words,F(b) denotes the probability that theXwtakes on a value less than or equal to
b. Note that the cdf is often referred to simplytfaes distribution function.

For the discrete case, the cdf may be expressedns of the probability mass function
as follows:

10



F(a) = P(x) (2.4)
allx,£a

where thex; are the values that the rv can assume.

For instance, in the case of an experiment invgl¥ire throwing of a die, there are six
possible outcomes anfl) =p(2) = p(3) = p(4) =p(5) = p(6) = 1/6. The pmf is as shown in
Figure 3 and cdf has the form shown in Figure 4eWthe mass function has the same value
at all nonzero points, as in Figure 1, the rv id $abeuniformly distributed

A
p(a)
1/6

1 2 3 4 5 6 a
Figure 3 Probability mass function for the throwaadie
F(a),
1.0/
0.5r
| | | | | >
1 2 3 4 5 6 a

Figure 4 The cdf for the throw of a die

Let us now examine a variety of other, widely-usiidcrete distributions.
2.1 The binomial distribution

When we throw a die or toss a coin as part of geement, each individual throw or
toss is often referred to adraal. Coin tossing belongs to an important class afdrcalled
Bernoulli trials. The outcome of each toss of a coin is independeptevious tosses and
Bernoulli trials are repeated independent trials vidich each trial has only two possible
outcomes. In general, the probabilities of the passible outcomes will be different and
these two probabilities are usually representeg byndq, with q obviously equal to 1 p.

11



Traditionally the outcome with probabilify is referred to as a succe$} &nd the outcome
with probabilityq is referred to as a failur€;

The sample space for each individual trial consi$tthe two pointsS andF. And the
sample space far Bernoulli trials contains2points, each being a string msymbolsS and
F, with each string representing an outcome ofth#&ls. The trials are independent so, as in
(1.7), the probabilities multiply. Thus, the probiyp of obtaining a specific sequence of
successes and failures is given by the produchaf probabilitiesp andqg. For example,

Pr(SSFFSFFFB= ppgapaqap= p'a’.
In applications, we are usually interested in ttaltnumber of successes in a sequence

of trials, with the actual ordering of tl&andF outcomes being irrelevant. In other words, we
are not interested in theermutationof theSs andF’s, but rather theombination

The probability of achieving successes in trials ispkqn k. Equation (1.8) tells us that
there are(E) ways of achievinghis outcome, so the sample space cont(aﬂ”l)s points with

probabilitypkqn “. The probability of achieving successes in trials is given by summing
the probabilities of all these points and is therefgiven by

Pr{k successes inBernoulli trials} = () pg" . (2.5)

This defines théinomial distribution- a random variablX is said to be binomially
distributed with parametersandp if Pr[X =K] = (E) pkqn k.

Example2.1

Two dice are thrown 100 times and the number o&sira score of 9 is obtained is
recorded. What is the probability that at leastéhscores of 9 are obtained?

This problem deals with a sequence of Bernoubildrbecause we are only interested in
the events “9” and “not 9”. Let a score of 9 besactess” and any other score be a “failure”.
Then, from Table 1, we haye= 4/36 = 1/9, and = 8/9 and from (2.5)

Pr{k successes in 100 trials}(zlgc) pfgtook

and since Pk 3)=1 Pr(kk<3)=1 Prk 2),we can write

Prc 3=1  (100) (1) (Byweo- T
r=0 9 9

1 (0.000078 + 0.000097 + 0.000603)0-9993.

2.2 The Poisson distribution

In applications involving Bernoulli trials, it oftehappens, as in example 2.1, thas
quite large ang is relatively small. For such situations, the Efemathematician Poisson
devised an approximation to the binomial whichaeither more convenient to use.

Poisson’s approximation applies to the case whaeelarge andg is small, while the
productnp has moderate magnitude. The produtis usually represented by the symbol
[, so that we can writp=1/n.

Now, in the binomial distribution

12



|
Pr{k successes in Bernoulli trials} = T p ( |O)

(n- K)IK!
o ( )(-—)n ‘
~ (n- k)'k'
- - K nm._ n
n(n-1) =x(n-k+1) *@ /n)k 2.6)
nk k! @- /n)
Now note the Taylor expansion
log[(1 |/m)"%=nlogl I/n) = n(_+1_2 +}_3 + )
n 2n2 3n3
2 3
= ( +E_ +}_ + )
2n 3n?

and, for largen, the right-hand side is simply equal td ..

That is, for largen, log[(1 1/n)"} 1, so that we can write (11 /n)" e .
Also for largen, we have

n(n- 133> (n- k+1)
nk

1 and (1 1M 1

so that (2.6) can be written

k
Pr{k successes in Bernoulli trials} = e! a (2.7)

This is the Poisson approximation to the binomial distribution and, notsagly;, it is
known as thePoisson distribution Besides being a good approximation to the binomial
distribution for largen and smallp, it also turns out to provide a good representation for
many phenomena that we come across in our daily lives.

Example2.2

The number of accidents occurring on a particular freeway canodelled by a
Poisson distribution with parameter= 3. What is the probability that no accidents will occur
on any given day?

You can think of this as saying that each car entering the fyekas a chance of
having an accident. So each car entering the freeway constitBaaaulli trial. The chance
of an accident ip (which we hope is a very small number)and the number of carsvisich
would normally be a large number). The prodopt= 3. Using (2.7) for this situation, we
have

. 3 0 3
Pr{0 accidents} = o =e” = 0.05.
2.3 The geometric distribution

To derive the geometric distribution, we can consider again the phgiNasser
Hussein and his losses at the coin toss. Recall that the coin d@anre “tails” on 12

13



consecutive tosses. Let us now investigate the situation whetess/@ coin until the first
head appears. Maybe Hussein was dealing with a biased coin, sotagstrict ourselves to
the case where the probability of obtaining a head is Y. Insteathelgbrobability of
obtaining a head ha

Now, let the number of tosses required to obtain the first hedl Baen N is an rv
taking on one of the values 1, 2, 3, ... with respective probabilities

PrN=1) = Pid) = p.

PrN=2) = Pr(,H) = (1I-p)p.

PiN=3) = P, TH) = (19)°p.

PN=n) = P, T,...T,H) = 19" n 1. (2.8)
W

The rvN is said to begeometrically distributedvith parametep. The sample space in
this case is (countably) infinite. Let us check that the probabilitiie union of all the points
in the sample space is, as it should be, equal to unity. Note thatieacthis coin tossing
experiment is carried out, there will be a single outcome sathibapossible outcomes are
mutually exclusive. Looking back at (1.2) we see that this meanshingdrobability of the
union of all sample points in the sample space is given by the stira pfobabilities of the
individual outcomes. This sum is given by

¥ ¥
PiN=n) =p @ p"? (2.9)

n=1 n=

Now recall that forq < 1, a Taylor expansion of the term X[X gives 1 +x + X* + . . . ,
which is the same as the summation on the RHS of (2.9xwitfl—p). (If this isn’t obvious,
try substituting 1-p = x into the summation in (2.9) and write out the first few term$ién t
sum.) Having observed this equality, we can write

¥
1-ph-l= P - g 2.10
@M= P 210)

So the sum of the probabilities of the points in the sample spageas to unity, as it should
be.

Let us now return to the plight of Nasser Hussein. What is the plibpabia fair coin
coming up “heads” on 12 consecutive tosses? We can use equation (2.B) tdirdetermine
the probability that heads will come up on thé' 1&ss. For a fair coip = ¥ and, witi = 13
in (2.8) we find Pig=13) = 1.22x10".

But this isn’'t the probability of what Hussein experienced on his tdar.simply
experienced 12 consecutive heads — after that a tail could have camehap18, 14", 15",
etc toss. So to work out the probability of Hussein’s experience, wsé sum (2.8) over all
possibilities from 13 to infinity. That is,
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¥ ¥
Pr{12 consecutive heads} (- p)" ! = p[ @ p" -

12

a-p" ] (@1

n=13 n=1 n=1
¥ ¥

Recalling from (2.10) thap (- p)" 1= 1, we must have, fg=%, (- p)" 1=2,
n=1 n=.

so that (2.11) can be written, o= ¥
12 n-1
Pr{12 consecutive heads} %[2 - (%) | = 2.69 x10*
n=1

So Nasser Hussein’s experience can be expected to occur lesréwatimes in every
10,000 sets of 12 coin tosses. So, you might say he was unlucky.

3. Continuous random variables

So far, we have only been concerned with sample spaces that hawe, aficountably
infinite, number of elements. But there exist other sample spétiesn infinite number of
elements that cannot be put in one-to-one correspondence with the poségers. Such
sample spaces are said to have a continuum of elements and icahesewe cannot assign
probability values to different elements in the sample space.

In simple terms, the reason is that there are so many poithts gample space that the
probability of obtaining an outcome that corresponds to a particular igoaltvays zero.
How can that be? How can any event occur if the probability of guant in the sample
space is zero? Well, the fact is that when we are dealittgavcontinuum, we can't ever
know if an outcome corresponds to a particular point in the sample space.

For instance, consider a male athlete who takes part in the lopg ljumay be that he
is a good jumper and normally clears 8 metres, but the outcome gjvamyjump can be
considered a random variable. Each jump is measured to the nedliestten, but even if
we measured it to the nearest micrometer, we would still be negasiue distance jumped as
lying in an interval (say 8.231567 + 5x410netres).

Thus, absolute precision is impossible when dealing with a continuum amtheao,
dealing with continuous random variables, instead of considering the prgbabikn rv
having a particular value, we consider the probability of it havingleehat lies within a
range of possible values. For a continuous random vanatiles is done in terms of a non-
negative functiori(x) such that for any closed interval p]

b
Pr@ X b) = f(x)dx (3.1
a
The functionf(x) is called thgorobability density functioripdf) of the random variable
X.
Like discrete random variables, continuous rvs have a cumulative distnilbuhction.
The cdf is defined in the same way as for discrete random \&sjabl as in (2.3), which
stated=(b) = Pr(X b). Note that this meartgb) = Pr( X b) so that, from (3.1) we can

write
b

Fb)=  f(x)dx (3.2)
-¥
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and differentiating both sides gives

d _
& F(b) = f(b) (3.3)

that is, the pdf is the derivative of the cdf.
Note that if we lea =b in (3.1) we obtain

Pre X a = Pr(X=a) = af(x)dx: 0 (3.4)
a

That is, the probability oK taking on the particular valweis equal to zero. This is just
another statement of the fact that in a continuum, you can’t ngiallgown an individual
point.

So what is the meaning of the pdf? What does it represent? Notéotha small
quantitye:

Pra@ e X a+e = af(x)dx 2ef(a) (3.5)
a-

In words, the probability thaX will be contained in an interval of lengtle around the
point a is approximately &(a). Thus,f(a) is essentially a measure of how likely it is that the
random variable will be close &

We can draw a further conclusion from equation (3.1). Since a continuous random
variable X must take osomevalue, we can write

¥
Pr( X ) = f(x)dx = 1 (3.6)
-¥
This means that integrating the pdf over all its non-zero valwes @ value of unity.
The range of values over which a random variableas a non-zero density function is called
the supportof X. Thus, we can more concisely say that integrating a densitydnrater its
support gives a value of unity. Looking at equation (3.2), which is a defirofi the cdf, we
see that ag , F(X)  1.Equation (3.2) gives us two other fairly obvious properties of the
cdf. Altogether the three properties are:

(1) F(x) is a nondecreasing functionof
(i)  Asx ,F(X) 0.
(iii)  Asx JF) 1.

3.1 The uniform random variable

Figure 1 shows the probability mass function for a discrete randoiablarthat is
uniformly distributed. The probability mass at each non-zero pointheasame value. The
concept of a uniform distribution extends to continuous distributions alsbe loontinuous
case, the probability density function has the same value at each non-zero point.

So, for instance, if we have a uniformly distributed random variglileat can take on
any value between 0 and 1, its p@) is given by

_ 1 O£x£1
f(x) = { 0 otherwist 3.7)

16



Note that this density function integrates to unity over the suppit of
A more general uniform distribution is defined by

i afx£Eb
f(x) = b-a (3.8)
0 otherwise

which again obviously integrates to unity over shgport ofX.
3.2 The exponential distribution

A continuous rv whose pdf is given, for some paetari > 0, by

- X 3
0 = 9 e (3.9)

is said to be exponentially distributed with paréenk
The cdf for this rv is given by

a
F@= e X=1-e 2 a0 (3.10)
0
from whichF( ) =1, as it should.
3.3 The gamma distribution

An rv X is said to have a gamma distribution with paramsete r) if it has a density
function defined by

—rxr'le' X X3 0
f) = &N (3.11)
0 x<0

wherel andr are real positive constants a@f) is the so-called gamma function which has
the property tha®(r) = (r 1) ! for any positive integer and is tabulated for non-integral

3.4 The normal distribution

An rv X is said to have a normal or Gaussian distribuiiith parametersnands? if
the density function foX is given by

f(x) = e- (x- )2/22 (3.12)

1
V2
The density function has a bell-shaped appeardeieg symmetrical about the valye

=m This is illustrated in figure 5.
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An important fact about normal rvs is thakifs normally distributed with parametars
ands?, thenY = aX + b is normally distributed with parametem + b anda®s To see this,
note that the cdf of, which I will write Fy is given by

Fv@ = Priy a) = PraXx+b a) = P{x 2}

(a- b)/a 1 ) 5
= N e- (x- )12 gy (3.13)
-¥

= |:X{

Figure 5 Density function ofN(rm3

Now make a change of variable, setting ax + b, so thatdx = dva, and wherx =
(a b)a,v=a.(3.13) then becomes

exp{ V- i ))2}dv (3.14)

222

F —
v(@) = » \/—
a

ButFy(a) = fy(v)dv, wherefy is the pdf ofY. It therefore follows from (3.14) that

-¥
e * g,

1
fv) =
(V) 7
which is the pdf of a normally distributed rv wiparameteram+ b and és ).

Thus, if X is normal with parametermands? thenY = aX + b is also normal, with
parameteram+ b and @s ).
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One implication of this result is that ¥ is normal with parametersands?, thenY =
(X m/s is normal with parameters 0 and 1. Such a randanableY is said to have the
standardnormal distribution.

4. More than one random variable

We are often concerned with probability statemeatscerning two or more random
variables. In order to deal with such probabilitiagoint cumulative distribution functiors
defined. For instance, for any two random variablesdY, the joint cdf is defined as

Fab) = PX aY b} <ab< (4.1)

which is the obvious extension of (2.3) to a paijomtly distributed rvs.
Note that the cdf oK, which in the case of joint distributions, we denbyFx(a), can
be obtained from (4.1) as follows:

Fx(@ = PrkX a = P{X aY } = F@a ) (4.2)
And similarly, the cdf of Y is given by
Fv(@ = Pry b) = F( ,b) (4.3)

4.1 The discrete case

In the case wher&X andY are both discrete rvs, we define the joint prolitgthmass
function of X andY by

px,y) = PriX=xY =y}

As will be demonstrated by an example, the prolighihass function foiX can be
obtained from this as follows:

px(X) = P(X, y) (4.4)
y
and similarly
py) = p(xy) (4.5)
X
To see the validity of (4.4) and (4.5), consider fibllowing example.
1 | abc 10| a bc 19 a bc
2 abc 11| b ac 20 b|ac
3 abc| 12 c| ab 21 clab
4 | ab C 13| a bc|22 |a b C
5lac| b 14| b ac|23 |a c|l b
6| bcla 15| c ab | 24 b | a C
7 | ab c| 16 ab c|25 b cla
8lac b |17 ac b | 26 cla b
91| bc a 18 bc| a 27 c|l bla
Table 4.1
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Example 4.1.

Consider the possible outcomes of an experimeniritialves the random placement of
3 ballsa, b, c,in 3 boxes. The 27 possible outcomes are depict&dble 4.1.

If we now letX be the random variable denoting the number okhalthe first (ie left-
hand) box and leY be the rv representing the number of non-emptyebothen the joint
probability mass function is as detailed in Tah 4

X 0 1 2 3
Y
1 2127 0 0 1/27
2 6/27 6/27 6/27 0
3 0 6/27 0 0
Table 4.2

To verify Table 4.2, note that the first entky£ 1, X = 0) is for the case where there are
no balls in the left-hand box and only 1 box is +eonpty. There are two ways in which this
can happen and these are numbered 2 and 3 in #ahleSince there is a total of 27
arrangements of the balls in the boxes, the préibabf Y =1, X = 0 is equal to 2/27. The
other entries in Table 4.2 can be verified simylarl

What if we now wish to know the probability massdtions of the individual rvX and
Y? For this, we can use equations (4.4) and (4ri) tlae result is shown in Table 4.3 which
is an extension of Table 4.2.

The bottom row gives the probability mass functionX, which, for a particular value
of X is obtained by summing over all entries in thdedbr which X has this value. Thus
PriX=0)=PriX=0,Y=1} + Pr{X=0,Y = 2} + Pr{X = 0,Y = 3}. This makes sense
because we are simply adding up the probabilitieglldhe situations in whickX = 0. The
process is sometimes referred to as “summing dwd” dontributions due to the different
possibilities forY. The pmf forY is obtained by summing out the contributions duX aind
appears in the right-hand column.

X 0 1 2 3 pmf
Y of Y
1 2127 0 0 1/27 3/27
2 6/27 6/27 6/27 0 18/27
3 0 6/27 0 0 6/27
pmfof X | 8/27 12/27 6/27 1/27
Table 4.3

Table 4.3 has the pmfs for X and Y written on tleeder or margin around the joint
pmf of Table 4.2. This is the obvious place to rihem and, in the old days before
computers, this is what was always done. And tlobadsilities written into the border or

margin became known asarginal probabilities
4.2 The continuous case

If two rvs X andY are jointly continuous, with probability densityniction f(x, y) then
we can write
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db
P{a X b,c Y d} = f (%, y)dxdy (4.6)
ca
The probability density function for X is given Bintegrating out” the contributions
dueto Y. Thatis
¥
fx3) = f(xy)dy (4.7)
-¥
which should be compared with (4.4) so that itlesady seen that “summing out” for the
discrete case has been replaced by “integratingiouhe continuous case. The probability
density functiorfx(x) is known as a marginal pdf.
And if we want a marginal probability for one okthvs, this is also done by integrating

out the other variable. For instance
¥ b

Pr{a X b} = f (X, y)dxdy (4.8)
-¥ a

4.3 Independent random variables

Recall from (1.7) that two events and B are said to be independent if RBj =
Pr(A)PrB).

Similarly, two random variableX andY are said to be independent if, for any two sets
of numbersA andB, Pr{XI A, YI B} = Pr(XI A)Pr(Yl B). This is a rather general statement
of the independence property and usually we aszasted in whether the rvs lie in specified
intervals, in which case the sets of numb®endB are intervals. In this case XfandY are
independent, we have Rr{ X b,c Y d}=Pr{a X Db}Pr{c Y d}.

It follows that for independent rvX andY we must also have PX{ a, Y Db} =
Pr{X a}Pr{Y b}. This can be written

F(a, b) = Fx(@)Fv(b) (4.9)

whereF(a, b) is the joint cdf ofX andY andFx(a) andFy(b) are the marginal cdfs.

A similar formula applies to the pdf and also te tprobability mass function of
independent discrete rvs.

That is, for independent, continuous KandY, the pdf can be written

f(x,y) = &x()Y) (4.10)

and in the discrete case, the probability masstimmcan be written

P(X Y) = Px(¥)pv(y) (4.11).
4.4 Sums of independent random variables

It is often important to be able to calculate tlistribution of the sum of two random
variables from their individual distributions. lié two random variables, s&yandY, are
independent, then computing the distributiorXaf Y is reasonably straightforward.

Consider first the discrete case for which
¥

Pr{X+Y=Kk} = Pr{X=i,Y=k- i} (4.12)
i=-¥
and, becausk =i andY =k i are independent events, this can be written
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¥
Pr{X+Y=k} = Pr{X=1i)Pr(Y=k- i} (4.13)
i=-¥
And using the notation for the probability massdiion we can writgx(i) = PrX =i} and
py(i) = Pr(Y =i} we can write (4.13) as

¥
Pr{X+Y=Kk} = Py (i) py(K - i) (4.14)
| =-¥
and you should recognize the right-hand side asdheolution of the two probability mass
functions. Thus, the pmf of the sum of two discred@dom variables is given by the
convolution of their two individual pmfs.
For the continuous case, if we let.¥{k) represent the cumulative distribution function
of X+Y, we have

Fe(K) = PHX+Y K= fy (X) fy (y)dxdy (4.15)
x+y £k
¥ k-y ¥  ky
= fy (X) fy (y)dxdy = ( fx(x)dx) fy(y)dy
VARV -¥ -¥
¥
= ¥Fx(k- y) fy(y)dy (4.16)

This is a convolution integral that can be put imare familiar form by differentiating
to obtain the pdf oK+Y:

d d ¥
bl = e Pl = ¥F><(k- y) fy(y)dy
¥ d v
= xRy = k- wfvndy  (@417)
- ¥ _¥

So the probability density function of the sum wbtindependent random variables is
equal to the convolution of their individual degdiinctions.

Later we will see a short-cut way of calculatingl@ and (4.17) but for the moment,
we will look at an example where we apply (4.14heut any short-cut.

Example 4.2

Let X and Y be independent Poisson random variakittsrespective parametdrsand
m Before we apply (4.14), note that it involvesumsation from  to  which shows that
it applies to discrete rvs that can take on pasiwd negative values of any magnitude.
When we are dealing with Poisson variables, they @aly take on non-negative integer
values so that the lower limit on the summation(4ri4) should be set to zero. But what
about the upper limit? The left-hand side seekgpthbbability that the sum of the two rvskis
so that if both are non-negative, the sum will beater thark if either rv is greater thak So
the upper limit on the summation should be equak.t@hus, for non-negative random
variables, (4.14) becomes
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k
Pr{X+Y=k = Py () py (k- i) (4.18)
i=0
and if one Poisson distribution has paraméteas in (2.7), and the other has paramster
(4.18) can be written

k i ) k-i )
Pr{X+Y=k} = i:oﬁe (k-i)!e (4.19)
ki k-i
= " _ Wik iy
- + k . .
_e(r) BELSERNE Y (4.20)
k! j=oil(k-i)!
=& - (k!+ )(| +mf (4.22)

where the last step comes from the fact that thensation term in (4.20) is simply the
expansion of I(+ mj‘. Comparing with the definition of a Poisson distition (2.7), we see
that the distribution of two Poisson rvs with paetensl andmis simply another Poisson
distribution with parametdr+m As mentioned earlier, we will see a simpler wageriving
(4.21) later, but before we can do this, we musiklat some other aspects of random
variables that arise from the concepegpectationwhich is covered in section 5.

4.5 More general functions of random variables

Frequently in investigations, we might be studyangandom variablX with density
functionf(x) and then find that we are particularly interested function ofX, sayY = g(X).
A natural question that arises in this situatiotfwhkat is the density oY?”

4.5.1 A function of one discrete random variable

To introduce some of the basic ideas we will comsal simple example involving a
single, discrete random variable. Suppose a fairgtocharges a fee to take part in a die
throwing game where, K is the number obtained with the die, the throveeeives a payoff
of Y=5X 3 dollars. We wish to know the probability masction forY.

First note that the mapping frokito Y is one-to-one. That is, for an§there is only
one corresponding value ¥fand vice-versaly = 5X 3 and X = (Y+3)/5. (We will consider
mappings that are not one-to-one later.) The mapipirthis case is from sample spage=
{1, 2, 3,4, 5, 6} to sample spa&e={2, 7, 12, 17, 22, 27}.

The pmf forY, p((y) is given by noting that

p(y) = Pr(y =y) = Pr(X 3 =y) = Pr{X=(y + 3)/5}

The RHS of this expression is the probabilityxafking on the valuey§3)/5, which
is given by the pmf fokK, ie we have

pv(y) = PriX=( + 3)/5} =1/6 foryl S ={2,7, 12,17, 22, 27}.
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In words, this tells us thattakes on the values 2, 7, etc each with probgHil.

This simple example illustrates the following the:

Theorem.Consider the discrete random variaflewith sample spac8&; and pmfpx(X).
Suppose also that= g(X) is a one-to-one mapping ohinto sample spac®. Thenh(y), the pmf
of Y is given by

Py =pdg '} V1S (4.22)
whereg * is the inverse mapping, =g (Y).
Example 4.3
SupposeX is binomially distributed with

= ()ag*@ "*  x1 s={0,1,2,...n}

LetY = X? and find the pmf o¥..
First note thag, = {0, 1, 4, 9, . . .n°}. Then observe that = X* defines a one-to-one

mapping because there are no negative values sathple space of the inverses Y .Using
(4.22) the pmf olY is given by

PY) =px(Yy) = (\/—)q @ q" "y

forallyl §,={0,1,4,9,...n 4
4 5.2 A function of one continuous random variable

Suppose& is a continuous rv with pdk(x) and denote the sample spacXdly S, so
that f, (X)dx =1.Now suppose that we are interested in th¥ Ag(X) which provides a one-

to- one mapping frons, to the sample space ¥f namelyS,. Write the inverse mapping xs=
g Y(Y). Let the cdfs oK andY be, respectivelyex andFy. Then we have, foyl S

A
Fy) = Pr(Y y) = Prg(X) v} (423) Y
Now, the fact that g(-) provides a one-to-one
mapping implies that it must be either monotonycall V1

increasing or monotonically decreasing. If it were
otherwise, for instance as in fig. 6, there woudd b
values ofY that map into more than one valuexof
We must treat the two possibilities Xg@n
increasing function, angi(X) a decreasing function,
slightly differently. If gX) is an increasing function of X1 X2 X
X, the eveng(X) vy is equivalent to the eveit g *(y),
and ifg(X) is a decreasing function, the evg(X) vyis Figure 6
equivalent to the eveit g (y).

Hence, from (4.23) we have
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PriX g Y(y) if gisincreasing irX
FWy) =
1 Pr{X<g Yy)}if gis decreasing iX
and this can be written -
Fx{g ‘(y)} if gis increasing irX
FUy) =
1 Fx{g '(y)} if gis decreasing i

If we now differentiate both sides with respecytave obtain, fog increasing

d{Fx{g *(V)} Al Y(y)]
dig *(y)l dy

SR = ) = = U} (4.2
y dy

and for g decreasing
. -1 -1
dgy ) = Ty = 0 B )} g ]

dig *(y)] dy

But in the case df decreasingdx/dy is negative so thatdx/dy = |dx/dy|. And hence,
both (4.24) and (4.25) can be written

B U} j—§ (4.25)

dx
fy) = fx{g "M} dy (4.26)
Example 4.4
Suppos&X has the normal pdf given by
1 2
£ (X) = g X212 <x <
X( ) \/2—
so thatS, = {x| <x< 1}, ie the sample space f&tis the entire real line from to

Now consider the rY = 3X + 4. Then for any value of, sayy, the corresponding
value ofX is given byx = /3(y 4) and we havalxdy= /5. So, from (4.26) we have

1 - (v.n2/9 2|1
f - _~ e (y- 4)?/9° 2 -1
¥(y) 7z 2
1 v-92n8
32

We will examine a more interesting application4P) in Section 6.
4 5.3 Functions of two or more random variables
The discrete case

Calculation of the pmf of a function of two or modiscrete rvs is a very simple
generalization of the single-variable case, esfigdfave treat the rvs as a vector. For instarite,
we write the two rvsX; and X, as a vectoX = [Xy, X5]", their joint pmf can be writtepx(X),
wherex =[x, Xo]". We then consider the vectér= [Y1, Y2]" whereY = g(X) and we seek the pmf
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of Y. As before we assume thagtis a one-to-one mapping from the sample spac¥ tf the
sample space of.
The pmf ofY is then given by the vector form of (4.22):

Py =g ')} (4.27)

This of course requires that the vector functggr) be invertible and we will examine
what this means after we have dealt with the caotiis case, which is quite similar.

The continuous case.

If the continuous random vectsr= [X, Xo]" has density functiofx(x) and ify = g(x) is a
one-to-one mapping, théh=g(X) has density function given by

fv(y) = fx{g "0} (4.28)

wherelJ is the Jacobian of the transformation freroy, ie the determinant

s 1
J =
Ty2 Ty2
or, in shorthand notatiod, = M
1(y1 Y2)

Note how (4.28) is a direct generalization of 6}.and note also that it doesn’t just make
use of the Jacobian. It makes use ofrttagnitudeof the Jacobian. Note also that the discrete and
continuous cases (equations (4.27) and (4.28))eatly quite similar. Finally note that (4.27) and
(4.28) apply to vectors of rvX(andY) of any length, the only restriction being tha¢ thapping
between them be one-to-one. We will examine the vdsere mappings are not one-to-one after
considering an example that illustrates the ugd.@s).

Example 4.5
Let X = [X1, Xo]" be a random vector with density functifxix) and letY = [Y, Y2]" be
derived fromX as follows:

Y1 =aX; +bX
Yo =cXg +dX

We will determine the density function 6f
First note that the relationship betweeandy can be written

V1 a b X1
=gx) = (4.29)
Yo c d X2

So the inverse mappirgy' is obtained by inverting the matrix to give

26



X1 d b Y1
=g (y)=(1D (4.30)
X2 C a y2

whereD is the determinant of the matrix in (4.29)Dead bc.

Thus,
X1 ) dyl b)/2
=g (y)=(1D) (4.31)
X2 Cy: +ay.
Now, (4.28) states
f(y) = fidg "WH I (4.28)

and fx{g *(y)} is given by substituting intéx(x) the values ok obtained by the inverse mapping
in (4.31). That is

d b c a
ffg Xy = 2y, 2y, Sy o 4.32
{9 ')} X(Dyl SO Dyz) (4.32)

For the Jacobian we ne%xl’ix% which can be obtained by direct differentiation in
Yu Yo

(4.31), but this involves the determindhaind we can make life slightly simpler by making o$
the fact tha M0 %) =1 M The Jacobian‘IM Is obtained by differentiating in

T(yw Y2) N(xg, X2) (%, x2)
(4.29) and is clearly equal 8@l bc so that the Jacobian we need is given by
T(xq, X5) _ 1 1

(4.33)

T(ypy,) ad-bc D
We can now substitute (4.32) and (4.33) into (#t@®btain the required density 6f

b c

D’ D

a
+= 4.34
ID| Y1 Dyz) ( )

f(y) = x( % Y1

where you should note that the magnitude of thehlan has been used.
To make it a little clearer what this example nsed@t us consider a particular case.
Supposdx(X) is bivariate normal and given by

f(X) = (% 2T XX + xzz)]

L o L
2 J1- 2 21- ?)

wherer is the correlation coefficient. Suppose th&d) is again defined as in (4.29). Then (4.34)
tells us that

fy) = ;Zexp[ ;{(%yl %yz)2 2r(%y1 [%yz)( %W"'%YZ)

- ?)
+( [%yl +% v}
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4.5.4 Mappings that are not one-to-one

Functions of one random variable
The main change needed in dealing with this caberghan the one-to-one mapping is
most easily explained in terms of an example inwmgha single random variable.

Example 4.6

Consider a random variabké and the mappiny = g(x) wherex is any value ofX.
Suppose the density function ¥fis as depicted in figure 7 and that the functi¢j lgas the form
also shown in figure 7.

Insert Fig 5-11 from Papoulis

The figure indicates a valyeof rv Y that is attained bg(x) for three different values of
namelyx;, X, andxs. The density o¥ is given by

fy)dy = Pr{y <Y <y +dy}

and we can determine this probability by considgafi values of for whichy < g(x) <y + dy.
These are the valuesatisfying

X1 < X <X +dX, Xo + dX < X < X, X3< X < X3+ dX3

Note that the middle one of these three intertaes the form it does in order to ensure
thaty is increasing in that interval. The tedw is negative, as indicated in the figure.
Now we can write

fy)dy = Pr{iy <Y <y +dy} = Pr{x; <X <x; +dx} + Pr{x; + dx < X <xo}
+ Pr{Xs< X <x3 + dxg} (4.35)

and this sum is the shaded area in figure 7. Amith fihese shaded areas, we have

Pr{x1 <X <X+ dX]_} = fx(Xl)dX]_
Prix; + dx < X <xo} = fx(x2)|dx |

Prixs< X <x3 +dxg} = fx(X3)dxs

where the magnitude sign is required in the seegu@tion becausix, is negative.
Thus, (4.35) can be written

f(y)dy = fx(x1)dxa + fx(%2)| dxo | + fx(X3)dxs

=fx(xp)| dxa | +Fx(X2)| dxe | +Fx(X3)| dxs | (4.36)

Now note that as the intervalg 0,
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dx
o]  |ox
dy dyxz&
so that (4.36) can be written
d d d
MY =) [ 0 (o] k) [ (4.37)
dy|x=x YIx=x, dy|x=x,

Now recall that thes, i = 1, 2, 3 are the three solutionsxaf g* (y) so if we write them in
the formx = g (y), (4.37) becomes

dx
— 4.38
g (4.38)

i d i d i
fly) = e 9aT(y)) ‘—X‘ +(giy) ‘—X‘ +i(geiy))
dylx=x, dy|x=x, X=Xq

and the manner in which this generalizes (4.26pis clear. And for the general n-to-1 mapping,
(4.38) becomes

n

My) = f(9iy)

(4.39)

dx
dyxz&
Example 4.7

Consider the mapping = g(X) = |X|, so thag(:) acts like a full-wave rectifier. We seek
the pdf ofY.

The equatiory = x| has no solutions fgr< 0, but fory > O it has two. These are

xi=gp()=y  and x=ggi(y) = vy (4.40)
Clearly also
dx =1 and dx =1 (4.41)
dylx=x, dylx=x,

For the case of two solutions, (4.39) becomes

dx
— 4.42
. (4.42)

fy) =9 (¥)) ‘:_;‘x—xf (9 (¥) -
- 2

and we must bear in mind that all our formulaef{gy) apply only toyl § (if this is not clear,
look again at Example 4.3). In this caSe= {y | 0 <y < }so that, to ensure that (4.42) is
restricted to the sample space of Y, (4.42) is frexdito read

dx
e JHy) (4.43)

i) = [ 9')) ‘:_;‘x—xf (9 (¥) -
- -2

whereH(+) is the Heaviside step function.
Substituting now from (4.40) and (4.41) into (49.4& obtain
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f(y) = [fx(y) + fx( Y)IH(Y) (4.44)

To illustrate what this means, suppose ¥agas a normal pdf as depicted in figure 8. The
figure also shows the pdf of = [X|, which is obtained using (4.44). To understansd tigure,
note that the Y is restricted to positive values so that, in (J.4de termfx(y) contributes that
part offx(-) to the right of the origin and the tefigf y) contributes that part d%(-) to the left of
the origin. And the two add up as shown.

Insert fig 5.20 from Papoulis

Functions of a random vector
As in the one-to-one case, the formula for thglsinv extends directly to the random
vector. Thus (4.39) becomes

n
MY = (giy) | 3] (4.45)
1=
whereJ; is the Jacobian associated with inverse transitbmmay('i)l(%.
Note how (4.45) is also a direct generalizatiothefformula for the one-to-one mapping
of a random vector (ie equation (4.28).

Example(4.8)
Let X = [X1, Xo]" be a random vector with density functifxix) and letY = [Y, Y2]" be
derived fromX as follows:

Y, = min(Xl, Xz) Y, = max()(l, Xz)

This is not a one-to-one transformation. Givenshecific vectoryi, y5]", there are two
possibilities that could lead to this vector. Vaus X; andX;, namelyx; andx,, that give the
vector 1, y5]", could be such that either > x, orx; < x,. Thus the mapping fromtoy is 2-to-1.

If X3 < Xp, theny; = x; andy, = X, so that we have, for the inverse mapping

X1 Y1
= gy = (4.46)
X2 Y2

and ifx; > X, we havey; = x andy, = x; and the inverse mapping takes the form

X1 Y2
= go(y) = (4.47)
X2 Y1
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The Jacobian associated wi@(il)l(y) in (4.46) is given by

L
iy:  Tyz

Ji = = = 1.
Txe  Txp o 1
iys Ty,

and the Jacobian associated mg@)l(y) in (4.47) is

L. 0 1
i Ty,
J, = = = 1.
e X 1 0
v Ty,

and so Jh| = |J2| = 1.
So, from (4.45) we have

fy) = (9@ (Y)) | d1] + (9 (V) | I2]

= (Y1, y2) X 1 +x(y2, y1) x 1
= fx(Y1, Y2) + fx(Y2, y1) (4.48)

Thus, to obtain a plot d{(y) you would, for any two values gf andy,, simply evaluate
the RHS of (4.48).

4.6 Bayes’ Theorem

Thomas Bayes, an English clergyman, produced aomplicated theorem that has
proved, over the years, to be of immense importanca variety of fields, not just in
probability and statistics, but also in machinernésy, reliability engineering, signal
processing, digital communications, and many o#ineas of engineering.

4.6.1 Discrete probabilities

For discrete probabilities the theorem is derigaibbm the conditional probability of
an eventA occurring given that some other ev@hbccurs. This is given by equation (1.5)
which states
Pr(AB)
Pr(B)

Pr(A|B) = (4.49)

Bayes adapted (4.49) to the following situationpfse that ever can occur with
any ofn mutually exclusive even®,, By, . . . ,Bn. The fact that th&; are mutually exclusive
means that none of them can occur together. NowasgothaA must occur whenever one of
theB; occurs. Then we can write
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Prd) = Pr@By) + Pr@B,) + . . . + PAB,) (4.50)

because the right-hand side sums probabilities al/éne situations in which can occur.
Now note that (4.49) can also be written

Pr(AB) = PraB)Pr(B) (4.51)
Applying this to each term on the right-hand sifi¢4c60) we obtain:

Prd) = Pr@B)Pr®.) + PraB)Pr®;) + . . . + PABy)Pr(By)

- Pr(A|B;)Pr(B;) (4.52)
i=1

Now note that by interchanging eveAtandB in (4.49) we obtain

PI(B | A) = Pr(BA) _ Pr(AB)
Pr(A) Pr(A)

(4.53)

Then substituting for PA) from (4.52) in (4.49) and settirgjequal to one of thB; gives

PrBi| A) = — Pr(AB) (4.54)
Pr(A| B;) Pr(B;)
=

and then using (4.51) in the form RE) = Pr(A|B)Pr(B;) gives Bayes’ theorem for discrete
variables:

Pr(A| B;) Pr(B;)
" Pr(A|B) PI(®)
i=1

Pr(B; | A) = (4.55)

Example 4.3 (adapted from [8])

An implanted medical device is tested on an antaais for a faulty lead. The test
procedure used is not entirely reliable and inéisdtaulty” 99.7% of the time when the lead
is actually faulty and indicates “not faulty” 99.98bthe time when the lead is truly not faulty.
It is known from past experience that the religpidf the lead is such that after one year of
use, 1% of leads are faulty. A patient is testeéer afne year of usage of the device and the test
indicates that the lead is faulty. What is the pimlity that the lead actually is faulty?
Solution:Bayes’ Theorem provides a solution directly. We (#%55) withn = 2 because there
are only two events of interest, namely the leafhudty and the lead is not faulty. Therefore
let B; represent the event “faulty lead”, Bt represent the event “lead is not faulty” and let A
represent the event “test indicates faulty leadé &lve required to determine Bijp), ie the
probability that the lead is faulty given that tlket indicates that it is faulty.

We have Pi;) = 0.01, Prd|B;) = 0.997 and PA|B,) = 0.001. Thus Bayes Theorem
gives
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PrEJA) = Pr(A| B) Pr(By) _ 0.997(001) - 001
' Pr(A| B) Pr(B) + Pr(A| B,)Pr(B,)  0.997(007) + 0.001(099) o

Remarks

In the above example we have a probabilityBBr(that a lead is faulty after one year of
use. We then get some extra informatiarnvia the test that allows us to “update” this
probability to give Pi;|A) . The first probability, Pg;), is what we know before the extra
information and is called grior probability. The updated probability B{]A) is called a
posterior probability Thus, in many situations, when we know a prolitgabout some kind
of event and then extra information becomes avaiatve can use Bayes Theorem to
improve the prior probability to a more accuratstpaor probability.

One fairly contentious, but often useful way ofngsBayes’ Theorem is, where prior
probabilities are not available, to use expert grdgnt to assign values to them. Then, each
time any extra information becomes available, Bay&égorem can be used to improve the
initial estimates. If sufficient information becomevailable, any errors in the original
estimates of probabilities will have negligibleeft on the final result. Probabilities that are
assigned values on the basis of expert judgemerdftan referred to asibjective priors

4.6.2 Continuous probabilities

If we are dealing with continuous random variablesand y, the formula for
conditional probabilities has to be written in termf probability densities, rather than the
discrete probabilities used in (4.49). The formhef expression is exactly the same, however:

p(y|[x) = PxY) (4.56)
p(x)
and here the symbplis used to represent probability density functions
The derivation of the theorem in this case is mihehsame as the one above. We start
by writing a second formula for conditional prolatas:

p(x|y) = PXY) 4.57)
p(y)

And then we make use of a fact that you should knawnely that the density function
for x can be obtained from the joint density functionXandy by simply integrating out the
variabley:

¥
p(x) = v p(x, y)dy (4.58)

and, since from (4.57) we have

p(x.y) = p(x|y) p(Y) (4.59)
combining (4.58) and (4.59) gives

¥
p(x) = v p(x]'y) p(y)dy (4.60)
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Note that this is the continuous variable equivat&n(4.52). Now, substituting (4.59)
and (4.60) in the right-hand side of (4.56) gives ¢ontinuous version of Bayes’ theorem:

,PXIYIPY) (4.61)
v p(x|y) p(y)dy

p(ylx) =

Equation (4.61) is obviously a continuous versibn(455).

4.6.3 Mixed probabilities

Sometimes, we have a situation where the varialdeontinuous and the variabjes
discrete (having valueg,y», . . . ,ynand probabilities Py()). For such cases, the conditional
probability ofx giveny; is still continuous and has to be defined by asdgriunctionp(x | vi),
but we do not need to “integrate out” the variapleecause it is discrete. In this case, the
integral in (4.61) is replaced by a summation:

p(x1 i) Pr(vi) (4.62)

) p(x | yi) Pr(y;)

Pr(y 1x) = 5

5. Expectation and other moments

5.1 Expectation

Given a set of quantities, which we denote &y, X, , Xn, We define their average,
or mean, as the sum of the quantities divided.by
.= + Xy + 335+ n
e x = 17%2 % -1 X; (5.1)
n Ni=1

In the case of random variables, this average asvknas theexpectation For example,
in the case of throwing an unbiased dieX ifepresents the outcome, the expected valué of
is given by

EX) = %(1+2+3+4+5+6) = 3.5.

Of course, this does not mean that when we thraie awe expect the outcome to be
3.5. What it does mean is that if we throw the a@iarge number of times, we expect the
average over all the outcomes to be 3.5.

If we rewrite EK) in the form

1 1 1 1 1 1
EX) = ](E) + 2(6) + 16) + 4(6) + E(E) + 6(6)

this can be considered a probability-weighted stirthe possible values of because each
possible outcome has probability 1/6 of occurring.
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This suggests that for a loaded (ie unfair) die, ékpected value of X should be given
by
EX) = 1p1+2 p+3 p3+4 ps+5ps+6 pg (5.2)
wherep; denotes the probability that on an arbitrary thadwhe die X will have the valué.
We can verify this by noting that if the die isdtun a large number of times, shly

then the number 1 will occur roughlNp; times, the number 2 will occur roughip, times
and so on. Thus the average outcome will be roughly

o NB)* 2(Np) +(NeD (N + SNy + 6o 53

and for largeN the approximation becomes very close. But if wecedN in (5.3) this gives
us (5.2) verifying the formula for K.

If we used the same argument on a random varplbheat takes values, x, X3, . . .,
with corresponding probabilitigs, pz, ps, . . . , the expected value X¥iis found to be

EC) =xpi+xaPe+Xsps+ - = X (5.4)
[
or, in terms of the probability mass function

E) = %p(x) (5.5)
[
because the pmf is defined@s;) = PrX = x) — see (2.2).

When the random variabl is continuous, it has a density functigr) and, according
to (3.5), X takes on values in a small intend2; with probability approximately equal to
f(x))Dx;, wherex; is a point in the interveDx;. Of course, there is an infinity of points in the
interval Dx;, but these values are all very nearly equa; ib the interval is small enough.
Therefore, if we approximat® by the discrete random variable that takes thaewglwith
probabilityp(x;) = f(x))Dx;, equation (5.5) tells us that the expected vafuhis discrete rv is

EX) = xip(x) = X f(x)Dx
[ [
And if we let the interval lengths shrink towardsa@, the summation will tend toward a limit
which is, of course, the well-known Riemann intéga that, for a continuous X the
expectation is given by

EX) = ¥¥ xf (x)dx (5.6)

The expected value of a random variaklis also often referred to as theeanof X and
given the symbotry.

Example 5.1 Expected value of a binomially-disteorandom variable
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Recall the definition of the binomial distributiomhich was explained immediately
following equation (2.5) - a random variabfeis binomially distributed with parametens

andp if Pr[X =K] = ({(‘) pk(l p)" K We wish to find the expectation Bf

The definition of expectation (5.5) relates to tase where the rv can take on valges
In the binomial distribution, the rX can only take on integer values in which case the
expression for the expectationXbecomes

EX) = niPr[X:i] (5.7)
i=0

= i(P)pa- pn-

Obviously the case= 0 will contribute nothing to this summation,\we have

£ = g pn
T oam-pib e P
" LGP

Now write k =i 1, so we have
: n-1
EQ = np (" Hpka- pn- -k
=0

= npp+ (L pI"*
= np.
Example 5.2 Expected value of a normally-distridussndom variable.

Let X be a normally distributed random variable withgmaetersnands?. Then, from
(3.12) and (5.6)
1 ¥ ( )2/2 2
EX) = —— xe” X- dx
v2 oy

This integral is most easily dealt with by writingas & ) + mso that the integral can
be split in two as below:

¥ ¥
1 279 2 1 279 2
EX) = —— (x- )e &= )2 %x + m—=— xe” (- )72 “gx
\/2_ -¥ \/2_ -¥
Now substitutex m =zin the left-hand term to obtain
EX) = —— ¥ze' 2212 24y + m ¥f(x)dx
2o Ly ¥

wheref(x) is the normal density function.
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The integrand in the first integral is symmetriomabthe origin, so the integral must be
zero. Thus

¥
EX) =m f(x)dx = m.
-¥
Thus, the expected value of a normal variable wittrametersnands?is equal
to m.Remember that the normal density is symmetric abgsi this illustrates the fact that
the mean value of any rv with a symmetric densityction is equal to the value of the point
of symmetry.

5.2 Expectation of functions of random variables

Equations (5.5) and (5.6) can be generalized toigeathe expectation of a function of
a random variable, s&y(X). In the discrete case, (5.5) generalizes to

EF (] = F()p(x) (5.8)
[
and in the continuous case, the generalizatiob.6) (s

EF(X)] = ¥¥F(x)f(x)dx (5.9)

These two generalizations may appear to be obwrtensions of (5.8) and (5.9), but in
fact their proof requires careful argument. We widit pursue this issue here but instead
investigate some of the implications of (5.8) ab®].

First consider the bivariate forms of (5.8) an®)5In the discrete case:

Elg(X.,Y)] = 9(x, Y) p(x,y) (5.10)
y X
where the summation is over all possible valuesasfdy. In the continuous case:
¥ ¥
ELQ(XY)] = g(x, y) f (x, y)dxdy (5.11)
-¥-¥

To see how useful these equations can be, suppaselY are continuous rvs and let
a(X,Y) = X+Y. Then (5.11) becomes

¥ ¥
EX+Y] = (x+y) f(x y)dxdy (5.12)
-¥-¥
¥ ¥ ¥ ¥
= x f(x y)dxdy + y f(x, y)dxdy
-¥-¥ -¥-¥

¥ ¥ ¥ ¥
= x[ f (X, y)dy] dx + y[ f (X, y)dx] dy (5.13)
- ¥ ¥ -¥

In the left-hand term, the integral in square bedsKintegrates out” thg variable to
leave only the pdf ok which | will represent byfx(x). Similarly the integral in square
brackets in the right-hand term integrates ouixthariable to leavé(y). So (5.13) becomes
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¥ ¥
EX+Y] = xfx(¥dx + yfy(y)dy = EX) +E(Y). (5.14)
- ¥ - ¥
So the expectation of the sum of two random vaemb$ equal to the sum of their
expectations.
By inserting constants, we could similarly showttha

EaX+bY] = aE(X) +bE(Y) (5.15)
which demonstrates that expectation is a linearatpe
In the same way, we could also show thag;ifX, . . . ,X,aren random variables, then
for any constanta;, ay, . . . ,an,

E[apXs +aXo + - - - +apXn] = aE(Xy) + aE(Xp) + - - - +anE(XKp)
And we can further show thatXfandY areindependentvs, then, for ang andh,

Eg(X)h(Y)] = E[GX)IE[N(Y)]

This is an important result which | will prove fire case wher¥ andY are continuous
random variables. For this case, in (5.11) we maéx,y) with g(x)h(y) to give

¥ ¥

Efg(X)h(Y)] = g(x)h(y) f (x, y)dxdy (5.16)
S¥-¥

and, withX andY independent rvs(x,y) = fx(X)f\(y) so (5.16) can be written

¥ ¥

Elg(X)h(Y)] = g(x)h(y) fx () fy(y)dxdy
Y-

¥ ¥

g(x) fx (x)dx  h(y) fy(y)dy
- ¥

-¥

EBCAIE[N(Y)] (5.17)

Probably the most widely used form of (5.17) oconheng(X) = X andh(Y) =Y. In
this case we have, for independ¥rdandyY:

EXY] = E)E(Y) (5.18)

5.2.1 Computing expectations by conditioning

We saw, in section 4.1, how a marginal discretebgipdity can be computed by
summing out the effects of another variable. Thisxpressed in equation (4.4) in the form

px(X) = P(X, y)
y

where the marginal probability thAt= x is obtained by summing out the effects offrv
A similar computational property holds for expetas where, for two discrete roé
andY
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E[X] = E{X|Y=y}PH{Y =y} (5.19a)
y

which you will have the opportunity to prove inudrial.
A similar expression holds for the continuous cakere, ifY has pdfi(y) :

¥

E[X] = E{X|Y=y}fy(y)dy (5.19b)
-¥

These expressions can be very useful, often pmyidiever ways of carrying out
computations.

Example 5.3 The mean of a geometric distribution

We have already seen the pmf for a geometric bigion and so we could compute its
mean in the standard way. But this example givesteer different method. The problem is
posed as follows:

A coin, having probabilityp of coming up heads, is to be successively tossé@tithe
first head appears. What is the expected numbigseés required?

Let N be the number of tosses required and let theé #v1 if the first toss produces a
head andr = 0 otherwise. Then, using (5.19a) and summing theetwo possible values ¥f

EN] = EN|Y=0]Pr{Y=0}+ EN|Y=1]Pr{Y =1}
= EN[Y=0](1- p) + EN[Y=1]p

But now note that By [Y = 1] = 1 because ¥ = 1 we know that the first toss resulted in
a head.

In addition, EN [Y = 0] = 1 + EN]. Why is this? Well, ifY = 0, the first toss resulted in
tails and, since successive tosses are independerdre essentially starting all over again
after the first toss, so the expected additionahimer of tosses to obtain the first head must be
E[N].

Substituting these values into our expression fdf Gives

EN] = {1+ENJ}1-p) + 1xp

and rearranging this expression give®E[= 1/ which will be confirmed in a tutorial by

direct calculation from the pmf of the geometristdbution.

Before proceeding to the next topic, we will takenament to derive a result that will
be helpful later.

Note that EX |Y ] is the function of the r¥ whose value aY =y is E[X [Y=y]. Thus we
can write EK [Y ] = F(Y). But we know from (5.8) that the expected valfi@my function
F (¥ of Yis given by

EFMW] =  F{=y)Prr=y)
y

It follows that

HEXIY]I]= EX|Y=yPr{Y =y}
y
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and, as you will prove in a tutorial, the right-daside of this expression is equal to E[X].
Thus we have the very useful expression

EX] = E[EX[Y]] (5.20)
5.3 Variance

Although the expectation of a random variable gs@se information about the rv, it is
usually inadequate as a description of the rv. \Mgally require information regarding the
spread of the probability mass (or density) abbatrhean. This information is given by the
variance

Note that expectation can be considered a probahikighted average. This can be

seen by noting that the ordinary (unweighted) ayeraf N quantitiesx; can be written

N N N
% X = xi% and if thex; are rvs, their expectation is given by xp(x - that is, a
i=1 i=1 i=1

probability-weighted average.
The variance is a probability-weighted averagehefdeviations of values of a random
variable from its mean. Thus, the variance is defiby the expression

var) = E[X m)?] (5.21)

whereny is the mean value of.
That the expectation operator provides the prolabileighting in (5.21) can be seen
by drawing upon (5.8) to write (5.21) in the form

var) = E[X mJ)7 = (%- x)2P(%) (5.22)

The deviations from the mean are squared in theiteh of variance in order to avoid
the cancellation of positive and negative deviaion
For the continuous case, (5.22) becomes

var(X) = ¥¥(x- ) 2f (X)dx (5.23)

A related quantity that is widely used is #tandard deviatiowhich, for rvX is given
the symbokx and is related to vaXj through the equation

sx = 4/var(X) (5.24)

Standardization of a random variable
Any rv X can bestandardizedo rv X* by the operation
X- x

X
where X* has mean zero and variance unity. Recall thas iBi how we obtained a
standardized normal rv at the very end of Section 3

X* =

(5.25)

A useful representation for var(X).

If we expand the squared term in (5.22) we canewrit
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vark) = (%2- 2 x %+ 2 p(x)

= %2p(4) 2 x%P( + (%) (5.26)

| | |
which, from (5.8) we can write in the form
var) = EXY)  2mEQX) + mé (5.27)

The right-hand term in (5.27) comes about becauseight-hand term in (5.26) can be

written my p(x) and the summation over a@lfx;) must be equal to unity. This is simply
[
an example of the fact that the expectation of mstmt (in this casey’) is equal to that
constant.
Now remember that KJ = nx so that (5.27) can be written

varX) = E)  mé = E(X?)  [E(X)]° (5.28)
and this is a result that we will make frequent oflse
Example 5.3

Let X be a normally distributed random variable withgpaetersmands?. Find vark).

var) = E[X my)7
= L ¥(X- )Ze' (x- )2/2 de
J2o Ly

Now substitute = (x m)/sso this can be written
¥ 2[2
varK) = — z2e” “'4dz
V2 .y

At this point we must draw upon an identity foundables of integration, namely:

¥
2e” 1247 = 2
-¥
This tells us immediately that

var(X) =s?.

Note, from (5.24) that this shows that for the naltgndistributed random variable with
parametersnands?, the parametes is equal to the standard deviation of the rv.

5.3.1 The conditional variance formula

The conditional variance formula is sometimes wesgful (as we shall see later) and
states

Var(X) = E[VarX[Y)] + Var[EX[Y)] (5.29)
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Proof: From (5.28) we have Vaff = E(X?) [E(X)]? so we can write

VarX|Y) = EX2|Y) [E(X|Y)]?

(I should, perhaps, point out that the formal d&bn of Var(X | Y ) is not quite the
same as this, but is nevertheless equivalent. Hder[details.)
Taking expectations of the above expression fo({X/pY ) we have

E[VarX|Y)] = E[E(X?|Y)] EE(X]|Y)

Now, we know from (5.20) that for any random valgaX, E[X] = E[E[X |Y]] so, sinceX 2
is also a random variable, we must hav& §[= E[E[X?|Y]] so the above can be written

E[VarX|Y)] = EX? EI[E(X]Y))] (5.30)

This gives us an expression for one of the tern{S.20). Let us now consider the other
term, which, from the definition in (5.21) can baten

Var[EX [Y)] = E[(EX|Y)] - E[EX|Y)])7]
and using once again the fact thaXEE E[E[X |Y]] this becomes
varEX )] = E[(EX|Y)] - EX]) 7]
Expanding out the squared term gives
Var[EXY)] = E[(EX|Y)]? - 2EX]EX|Y)] +E[X]?)]

We will now take the expectation inside the largease brackets. But note that E[X] is
a constantrf) so that fE [X]] = E [X] and E[E [X %] = E [X ?] so that taking the
expectation inside the large square brackets gives

VarEX|Y)] = E[EX|Y)]*]- 2EX]E[EX]|Y)]] +E X]?
Once again, from (5.20) we haveXf[= E[E[X Y]], so that this becomes

VarEX|Y)] = E[EX|Y)]?]- 2EX]*+EX]?
= E[EX|Y)]?]- EX]?
Adding this to (5.30) gives
E [Var(X |Y)] + VarEX|Y)] = EX? E[X]* = Var¥)
and the conditional variance formula is proved.

5.4 Moments

The expected value of a random variaklde(X), is also referred to as tifiest moment
of X. The quantity EX"), n 1, is called the@™ momenbf X. Thus

EX) =  x"p(x) if X is discrete
|
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(5.31)
¥
EXY) = Xf (x)dx if X is continuous
- ¥
Equation (5.28) tells us that the variance of aX g given by the difference between
its second moment and the square of its first mamen

The variance of an X is sometimes referred to as tHd @oment ofX about its mean
or, more briefly, the " central momenof X.

In general, the™ central moment is given by[EX E[X])"].

In order to distinguish between X}J and the central moments ¥ E(X") is often
called then™ moment ofX about the origin

Note that the first few moments (say 3 or 4) araailg sufficient to give a very
accurate description of the random variakle

5.5 Covariance

The concept of moments can be extended to twohlesay considering quantities of
the form EX 'Y % or E[(X m) (Y m) 9. But in practice, only the case=r = 1 is
important.

The covariance oX andY, written covi,Y) is defined by

covX,Y) = E[X m)(Y m)] (5.32)

A useful alternative expression for covariance banobtained by expanding out the
right-hand side of (5.32):

covXY) = E[XY mY mX+nmcm]

and using (5.16) this can be written

coviXY) = EXY) E(nmxY) E(mX) +EfMxm) (5.33)

and sincery andny are constants, this is equivalent to

covXY) = EXY) nmxE(Y) nyEX)+nmny
= EXY) mxmy mynx +nmxny

= &XY) mxny (5.34)

Note that this result, coupled with (5.18), tells immediately that wheX andY are
independent, coX,Y) = O.

Using the concept of covariance, we can obtainedulgxpression for the variance of
the sum of two random variables. First let us tedtiae definition of the variance of a single
rv, X:

vark) = E[X m)?]

SO we can write
varX +Y) = E{(X+Y EX+Y)}?
= E{X+Y EXX) E(V}]
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= E{K m+( )}
E{X m)*+ (Y my )’ +2X m)(Y m}]
E[X m)*+E[(Y m)7]+2E[(X m)(Y my]
var) + var(Y) + 2covi,Y) (5.35)

| pointed out above (just after (5.34)) that whevotrvs are independent, their
covariance is zero. Using this fact with (5.35), see that when X and Y are independent

varX +Y) = var) + var(y) (5.36)
Equations (5.35) and (5.36) generalize to any nurobeysX;, i =1, 2, ... Thus

vai( | X)) = var(k) + 2 cov(X,X) (5.37)

where the index < j on the right-hand summation indicates that the should be carried
out over all distinct pairs.

When theX; are all independent, we have simply

vau(i X) = var(x) (5.38).

|
We will make use of this result in the followingample.
Example 5.4 Variance of a binomially-distributechd@m variable

Example 5.1 tells us a binomially-distributed ramdweariableX with parameters and
p has expected value ¥(= np. So according to (5.28) vaf(= E(X?) (np)®and therefore
this indicates that to compute var(X) we must detee E(X ?). This would require going
through the same kind of calculation that was usdfixample 5.1, but in this case it would
be a little more complex. But we can avoid thisbgyng a little smarter and drawing upon
other results that we have obtained previousih@sé notes.

First recall that wheiX is binomially distributed as in (2.5) it gives theobability ofk
successes in Bernoulli trials with probabilityp of success on a single trial. We can simplify
the problem of calculating the variance of the bimad distribution by calculating the mean
and variance of the number of successes in eachdodl trial.

For a single trial, we can use (5.7) to computesttigected number of successes as

1
EX) = iIPrf[X=i] =01 p+1 p=np
i=0
which comes about because there are only two gessilicomes in a single trial: either no
successX = 0) or one succesX € 1) and the probabilities of these events are ffl andp
respectively.
The variance on the number of successes in a ditglés now given by

1
var) = E[X md% = (x- x)2p(x) = _O(i- p)?Pr[X =i]
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where the right-hand expression makes use of ttiegHat once again there are only the two

possible outcomesx = 0 andx; = 1) and also the fact that we have just estaldishe= p.
Thus we have

vark) = 0 p? 1 p + (@ p° p=pl p (5.39)

Now comes the smart bit. LEtbe binomially distributed with parametersndp. Then

Z represents the number of successes in n trfal§.represents the number of successes on
trial i, we can write

Z =X +X+ + Xn
and then, because tKgcome from independent trials, we can use (5.38)riie

var@Z) = varf) +varXp) +  + var(X,)
so that from (5.39) we have
varg) = np(1 p).
6. Generating functions
6.1 Moment generating functions

In engineering applications, we often need to de#h distributions of sums of
independent random variables. We have seen, imoset¢t4, that such distributions can be
obtained through the evaluation of convolutions.fdoinately, for most distribution
functions, the process of convolution is quite idifft to implement. For this reason,
probability theorists sought other methods of reeming distributions so that the
convolution process could be more easily carried Ome of the simplest such functions is
the moment generating function.

As its name implies, the moment generating funcfM@F) for a particular distribution
can be used to generate all the moments of thebdiSbn and hence to obtain a complete
representation of the distribution. Most importantlye MGF allows convolutions to be
implemented very easily.

The MGF of a random variab}is denoted bx(t) and defined by

M) = EE™] (6.)
so that
Mx(®) = €% p(x) for discreteX (6.2a)
|
¥
Mx(t) =  ePf (x)dx for continuous X (6.2b)
-¥

Then™ moment ofX can be obtained by taking th8 derivative ofMx(t) and setting =
0. The proof is essentially the same for both tserdte and continuous cases. I'll go through
the proof for the continuous case here.

Using the Taylor expansion for the exponential fiorg (6.2b) can be written
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¥ t2x2
M) = @b+ ) (x)dx
-¥ .

¥ ¥ 2 ¥
f(x)dx +t xf(x)dx + — x2f(x)dx +
¥ ¥ 2l y

2
1 +tEX) + %E(XZ) ¥

(6.2¢)

Differentiating with respect tbo

MP() = E00 + XD + T EX +

and setting = O:

MY = EX)

Differentiating again

MOt = EX? + tE(X3) +

and setting t = 0 again:
2
M) = EX)
Continuing in this way, we find in general
M) = EX")

(6.3)
Example 6.1 MGF of the binomial distribution.

The moment generating function for K/ is defined byMx(t) = E[etx], so if X is
binomially distributed, we can use (6.2a) to write

M) = epix) = (e p!

n . -
= (Dedia-pn (6.4)

Recalling now the binomial expansion

@+bx" = " (Maipn-i
i=0

we see that (6.4) can be written

M(® = P€+1 p)" (6.5)
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and this is the form in which the MGF for the binaidistribution is normally expressed.
We can now differentiate (6.5) to determine the rapts of the binomial distribution as
follows.

1
M ;)(t) = ||(pet +1 p)nlpet
so that

EX) = M(0) = np

which is the result we obtained after quite a balgebra in example 5.1.
Differentiating a second time

MP) = nin 1)(pe+1 p)"?(pe)? + n(pe +1 p)"*pé
and so
EX?) = M2(0) =n(n 1)p* + np
The variance is given by

varX)

EX?) [E(X)]?

n(n 1)p® +np n’p’ =npl p)
as we found earlier in example 5.4.

Example 6.2 MGF of the normal distribution

Consider a random variab, normally distributed with parameters and s®>. The
MGF of X is given by

¥
1 2/9 2
Mu(t) = EE¥] = —— eXe” (X~ )?/2 gy
V2 o oy
¥
1 - (X2- 2 x+ 2-2 %x)
= —— ex dx

Now write
¥ 2mx+nf 2s%x = ¥ 2(m+ 2%)x +nf
=k (m+s%)® (m+si)?+nf
=& (m+s?)® s% 2mst
so that we can write

Mx(t) =

1 4242 2y ¥ o (x-( + 2))
7 exp{ 52 }_¥exp{ 52 2}dx
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This expression simplifies greatly because, aparhfthe first exponential term, what
remains is simply the integral of the pdf of a natmv with parametersi+ s’ ands?. (If
this is not clear to you, compare with the pdf 311@). This pdf is integrated over its full
range ( to ) and so the integral is equal to unity. Thus,aheve expression becomes

Mx(t) = exp{;+ t} (6.6)

Differentiation in the usual way shows that the misanand the variance &°.
6.1.1 Avoiding the convolution calculation for sum®f random variables

Recall from section 4.4 that the distribution cfuan of independent rvs is given by the
convolution of their distributions. The calculatioh convolutions can be a complex process
and MGFs allow such calculations to be neatly awhidéhis can be seen immediately by
noting that for 2 independent random varial{emndY, the MGF of their sum is given by

Myer(t) = E[*] = E[€XE[€] = Mx(t) M\(t)

In words, the moment generating function of the spimwo independent random
variables is given by the product of the MGFs ofititevidual random variables.

Example 6.3 The sum of two independent Poissororanariables

The moment generating function for a random vaeiakl having the Poisson
distribution

k
PH{X=k} = Fel k=0,1,2,...
is given by
¥
M) = ek
k=0 k!
¥ k
e (9
k=0 K!

But the summation here is simply the Taylor expamgor an exponential so that we
can write

Mxt) =e ' e & =¢e (69 (6.7)

Now, if a random variabl¥, independent ok has the Poisson distribution

k
P{Y=k} = Uem k=0,1,2,...

then its MGF is
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M(t) = e (6D
and hence, the MGF for the sum of the random vasbbhndY is
Mysv(t) = e €-D g (8'-D = g( + )€1

which shows, as we saw in example 4.2, that the slutwo independent Poisson random
variables is also Poisson and that its parametequsl to the sum of the parameters of the
two distributions. But it should be clear that ttadculations using the MGF are much simpler
than those using convolution.

Important remark

The above discussion concerning the MGF and thalidigon of a sum of two random
variables holds only for the case where the rvsratependentlf they are not independent,
the calculation requires a bidimensional MGF (witttgmeterd; andt, instead of simply)
and leads to a bivariate (ie 2-dimensional) distidn. More generally, the distribution of the
sum ofn dependent rvs is-dimensional (ie it involves variables). In this short course we
will concentrate almost entirely on single-variabistributions.

6.2 The characteristic function

For some distributions, the mean does not exist iansuch cases the MGF is not
defined. Distributions of this kind are not simpheoretical abstractions, but can arise quite
naturally in practical situations. One such cas#ustrated in figure 6. The figure shows a
double-headed arrow that is mounted horizontally sppun freely a distanakaway from a
wall. Let O denote the origin of measurements abdl Henote the point on the wall at which
the arrow is directed when it comes to a stop.

Let X measure the angle, as shown, between the perpéardio the wall and the
direction of the arrow (positive anticlockwise).l Ahings being equal, the arrow is equally
likely to finish up in any of its possible posit®nso ifX is measured in radians, it will be
uniformly distributed over the interval p/2, p/2]. In other words, the pdf of, sayfx(x) is
given byfx(x) = 1p in the interval [ p/2, p/2].

From figure 6 it is clear that = dtan X. Let us now calculate the pdf ¥f which we
denote byi\(y).

O__________
<

Figure 6
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When the arrow is at angle it is directed toward a poirgton the wall. When it is at
point x+dx, it is directed toward a poigttdy on the wall. Thus, the angular interval X+dx)
defines the intervaly( y+dy) on the wall. And so, the probability of the arranighing up in
the angular intervalx( x+dx) is the same as the probability of it finishing pgnting at the
interval {/, y+dy) on the wall

If dx is very small the probability that the arrow fimes up in the small angular interval
(x, x+dx) is (very nearly) equal ttx(x)dx and it will be equal when we lek 0. The same
applies to the probability that the arrow finishgs pointing to the intervaly( y+dy). So we
can write

xk(ax = f(y)dy
and, in the limit, asix 0, this can be written

fy) = ) j—§ (6.8)

Note that the derivation of (6.8) is essentialljadified way of deriving (4.26). There
is no magnitude function in (6.8) because in thxgnepleY = d tan X and the tan function is
monotonically increasing.

For this example, we have
y dx d
x = tar (4 ), - =
so that, from (6.8)

y
f(y) = fx[tan1 (E)] dz+y2

But X is uniformly distributed, having the valugoXbr all possible values of in figure
6. So this simplifies (6.9) to give

(6.9)

d

This rather innocuous looking expression definestf of a random variable whose
mean does not exist. Before | demonstrate this fecus first establish that the pdf gives a
“sensible” cdf (cumulative distribution functiorfRemember that the pdf is the derivative of
the cdf, so we can obtain the cdf by integrating@a This gives

y
RO) = =[tan () + 5] (6.1)

y
Now note that when y = , tan'(y) = - 5 SO F( ) =0, and wheny =,

y
tan* (g ) = =t giving Fy( ) = 1. HenceFy(y) behaves like a true cdf because it is zero at

its “left-hand” extreme and equals unity at itshiidpand extreme. It increases monotonically
between zero and unity because its derivativepttien (6.10), is positive for all values pf
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Clearly, then, there is nothing wrong with the c8l& why doesn’t the mean exist? The
answer lies in the fact that the integral that v&e Wo determine expectation does not
converge. Remember that integrals are limits ofraations and summations only converge
if the higher order terms become sufficiently sm@he problem in this case is that there is
simply too much of a likelihood of obtainingvavalue that is very, very large.

To dig a little deeper, let's examine the cdsel. For this case,

Ty
Lm =~ —Y_dy (6.12)
PEe ¥ p L+Y)

E() =

Now consider the positive half of the integral fioite g, ie

q

Y gy = L 2
. (1+y2)dy 5 Llog(@” + 1)

and it should be clear that the right-hand siddgen infinity asq

Due to the symmetry of the integrand about theimrige would find that the negative
half of the integral tends to infinity gs . This tells us that the integral in (6.12)
evaluates to , an operation that is not allowed in mathematiosd so we say that the
mean is not defined for this distribution, evenutlo it is obvious that the average valuéyof
on a sequence of spins of the arrow will be zero.

| should point out that the distribution of the dam variableY is called aCauchy
distribution, so we have just demonstrated that the mean \aililee Cauchy distribution
does not exist.

A similar analysis to determine any of the highenments of the Cauchy distribution
would reveal that they, too, do not exist.

Looking back equation (6.2c) which expresses the MGIRg the series expansion of
the exponential, we see that none of the integnatept the first will converge, so the MGF
for a Cauchy distribution does not exist either.

For distributions that have moments, we have skanhthe MGF is a very convenient
and compact way of representing a distribution, tilaparticular, allows convolutions to be
carried out very simply. Is there a similar reprgagon that allows the accommodation of
distributions that do not have moments? Fortunateére is, and this is known as the
characteristic function(CF). The CF is most conveniently introduced bysidering the
close relationship that exists between it, the M@B @wansform methods like the Laplace
and Fourier transform.

6.2.1 The relationship between MGF, CF and classitaansform methods

The MGF for a random variabl¥ is defined byMx(t) = E[etx] so that, for the
continuous case,

¥
Mx(t) = EEY] = & (x)dx (6.13)
-¥
and if we write t = s, this becomes
¥
Mx(s) = E®" = e 9 (x)dx (6.14)
-¥
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And this is the two-sided Laplace transform of plaéf(x).
For many distributiond(x) = 0 forx < 0, and in such cases, (6.14) becomes

¥
M(s) = e S¥(x)dx

0

which is the standard Laplace transform of the pdf.

Recalling that the Laplace transform provides amadar converting a convolution into
a product, it should now be clear why the MGF igdbldo this too.

The characteristic function is closely relatedite MGF in that it is simply the Fourier
transform of the pdf. Thus, the CF is defined by

¥ .
Fe®) = el (x)dx = E™ (6.15)
-¥

wherej = /- 1.

The characteristic function is defined for all pmbbity distributions, so you’ll find that
many books on probability theory (especially therenmathematical ones) ignore the MGF
and deal with the CF only. | have not done thisHecause the MGF is simpler to use and,
for most situations that arise in engineering ajgions, the MGF is adequate. Nevertheless,
it is important to be aware of the existence ofdharacteristic function and to understand its
significance.

6.3 The probability generating function

We have seen that the MGF is less broadly applidhiale the CF, but is a little easier
to use. For completeness, we now move further endihection of easier use but narrower
applicability to consider the probability genergtifunction (PGF) which is defined only for
random variables whose values are restricted tantimeenegative integers. Why should we
consider this when the MGF could equally-well bed?s&he reason is that there are many
problems in engineering where the rvs involved t@kly non-negative integer values (eg the
number of information packets on a communicatiamis) land the PGF really is significantly
easier to use than the MGF.

For the rvX we have

MGF = EE* and CF = E
and we now have

PGF = B() (6.16)

What does this mean?
Well, with a discrete rX that takes on integer values only, the expectaifanfunction
of X is defined in (5.8) as

EF (] = F()p(x)
|

and if thex; can only be non-negative integers, this becomes
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¥
EF(X)] = OF () pi (6.17)
1=l
wherep; = Pr(X =i). Then, if F (X) =t*, as in (6.16), equation (6.17) becomes
¥
Ef]= tip, (6.18)
i=0

and so we see that the PGF is defined as a polwahamti
This polynomial is also related to the classicahsforms employed in engineering. If
we replace tin (6.18) by z, we can write the PG&K,sayJx(2) as

¥
X2 = ER]= pZ (6.19)
i=0

and you should recognize this as #iteansform of the probability mass functionXof
Given that the PGF is thetransform of the pmf, it is common to use the peeterz

rather thart in the polynomial representation as in (6.19) amdwill follow this practice
here.

Example 6.4 The PGF of a Poisson random variable

We will now determine the PGF of a random variabléhat has a Poisson distribution
with parametel . Thus, the rv is defined by

k
Pr{X=k} = Fe' k=0,1,2, ...

So now, using the fact that 8 defined equal to unity, the PGF is

o | 2 3
X2 =e +le 2+ e 22+§e Z +

:e'(1+lz+—222+—323+ )
2! 3!

—e'ez = e (6.20)
If we require PGF of the sum of two independentican variables, note that
dav(@) = EEZ] = ElZ° 2]
Using (5.19) this can be written
Jd) = EZ' 2] = EZTE[Z] = X2 MD

so as with the MGF, the PGF of the sum of the sunwofindependent rvs is equal to the
product of their individual PGFs.
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Example 6.5 The sum of two independent Poisson rvs
If X andY are independent and Poisson distributed with petersi andm we have
v = e(@De (-1 = o +)z-1) (6.21)
showing once again that the sum of the two Poisg®ris Poisson with parameter m.

The derivation of (6.20) and (6.21) may not appwashow any great advantage in
using the PGF instead of the MGF. But for problemsiving rvs whose values are non-
negative integers, the PGF is the natural gengrddimction to employ, and in the analysis of
communications traffic and related problem areagh(sas queueing theory) the PGF is
almost universally used.

6.3.1 The PGF of the sum of a random number of inggendent random variables

We know that the sum aofindependent random variables has a PGF equat¢to th
product of the PGFs of the individual rvs. What fres ifn is itself a random variable?
For the sum

S=X; + Xo + -+ Xy
We can write the PGF dg(z) = E(zY) and then, recalling equation (5.20) which states:
EX] = E[EX|Y]]
we can write the PGF as
Jo2) = E[EE@|N)] (6.22)

and from the discussion just before equation (5v@have

HEXIY]I]= EX|Y=yPr{Y =y}

y

so that (6.22) can be written

J(2) = E{z5|N=n} Pr{N =n}

n

E{2%F > T Xn Pr{N = n}
n

E[{ 29)(z%2) »(z‘n}] Pr{N =n}
n

but theX; are independent, so this can be written

J(2) = E{ZX1)E(Z2X2) xE(ZXn}] Pr{N =n}

n

and if theX; are identically distributed, which is the most coamtase, this becomes

2 = [K(@]"Pr(N =n) (6.23)

n
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And now recall that the PGF is defined by

2 = EE = * pizl = ’ Z'Pr(X =n) (6.24)
0

i=0 n=
Comparing (6.24) and (6.23), we see that (6.28)bsawritten
32 = E[:x@)" = W[N] (6.25)
The use of this expression will be demonstratedl tutorial.

6.3.2 Computing moments from the probability generéing function

Recall that the PGF applies only to random varmktkose values are restricted to the
non-negative integers and for axXvs defined by

¥
X2 = Ef= . piz! (6.26)

and sincelx(1) = 1, it is clear that the series convergegzor 1.

For most rvs it will converge fog||slightly greater than 1 as well, and this is what
will now assume for the following.

Suppose thaly(1+y) converges for a very small valueyfSubstituting in (6.26) we

find that the coefficient of in the summation is

* i(i-030-2) »i-r +1)% = —r(Lll (6.27)
=r : :

wheremy is known as theth factorial moment of rnx.
SoJx(1+y) is sometimes called the factorial moment genegditiinction forX.
The factorial moments can be found by differemigadx(1+y) and settingy = O or,
what is the same thing, differentiatidgz) and setting = 1.
Thus
dl‘
(O lalers I (2)] |z:1'
Note in particular from (6.27) that

my = EX)

and my = (2-D)p = B E(X
=2

i
so that ) =My + EX) = mpy + my) .

Thus, the mean and variance Xfare easily calculated from its PGF. We will not
worry about calculating higher order moments frdra PGF because it will obviously be
more complicated than using the MGF.

One other point. Like the other generating functiothe PGF is equivalent to a
classical transform widely employed in engineeriimgthis case the equivalence is with the
z-transform. The fact that equivalent transformsl agenerating functions have been
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developed in quite different disciplines (mathewsgand engineering) is simply an indication
of the fact that if a useful theoretical tool egjsit will be discovered and used wherever it
can be used productively.

7 Limit theorems
7.1 The laws of large numbers

7.1.1 An illustrative example

Trial | Red | Succ-| Rel. | Trial | Red | Succ-| Rel. | Trial | Red | Succ-| Rel.
No. | cards| esses| Freq. | No. | cards| esses| Freq. | No. | cards| esses| Freq.
1 17 0 0.00| 34 14 7 0.21 | 67 12 18 | 0.27
2 13 1 0.50 | 35 14 7 0.20 | 68 15 18 | 0.27
3 13 2 0.66 | 36 13 8 0.22 | 69 12 18 | 0.26
4 13 3 0.75 | 37 12 8 022 | 70 17 18 | 0.26
5 14 3 0.60 | 38 13 9 024 | 71 15 18 | 0.25
6 13 4 0.66 | 39 11 9 023 | 72 12 18 | 0.25
7 11 4 0.57 | 40 16 9 022 | 73 15 18 | 0.25
8 14 4 0.50 41 13 10 0.24 74 11 18 0.24
9 12 4 0.44 | 42 10 10 | 0.24| 75 13 19 | 0.25
10 15 4 0.40 43 13 11 0.26 76 11 19 0.25
11 13 5 0.45| 44 11 11 | 0.25 | 77 14 19 | 0.25
12 11 5 0.42 | 45 12 11 | 0.24 | 78 13 20 | 0.26
13 11 5 0.38 | 46 14 11 | 0.24 | 79 14 20 | 0.26
14 14 5 0.36 | 47 14 11 | 0.23 | 80 15 20 | 0.25
15 15 5 0.33| 48 12 11 | 0.23| 81 15 20 | 0.25
16 14 5 0.31| 49 12 11 | 0.22 | 82 17 20 | 0.24
17 14 5 0.29 | 50 11 11 | 0.22 | 83 13 21 | 0.25
18 15 5 0.28 | 51 13 12 | 0.24 | 84 13 22 | 0.26
19 13 6 0.32| 52 13 13 | 0.25| 85 13 23 | 0.27
20 18 6 0.30 | 53 13 14 | 0.27 | 86 11 23 | 0.27
21 14 6 0.29 | 54 17 14 | 0.26 | 87 12 23 | 0.27
22 16 6 0.27 | 55 14 14 | 0.26 | 88 11 23 | 0.26
23 12 6 0.26 | 56 12 14 | 0.25| 89 15 23 | 0.26
24 11 6 0.25 | 57 13 15 | 0.26 | 90 11 23 | 0.26
25 11 6 0.24 | 58 12 15 | 0.26 | 91 16 23 | 0.25
26 16 6 0.23 | 59 13 16 | 0.27 | 92 13 24 | 0.26
27 15 6 0.22 | 60 13 17 | 0.28 | 93 16 24 | 0.26
28 12 6 0.21| 61 14 17 | 0.28 | 94 15 24 | 0.26
29 15 6 0.21| 62 16 17 | 0.27 | 95 11 24 | 0.25
30 12 6 0.20 | 63 14 17 | 0.27 | 96 12 24 | 0.25
31 14 6 0.19| 64 13 18 | 0.28 | 97 17 24 | 0.25
32 13 7 0.22 | 65 10 18 | 0.28 | 98 10 24 | 0.25
33 11 7 0.21 | 66 15 18 | 0.27 | 99 15 24 | 0.24
100 9 24 | 0.24

Table 7.1
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To motivate the discussion, we will start with ataeple that illustrates the kinds of
concepts we will be dealing with in this sectioracB in the early eighteenth century, James
Bernoulli proved the very first version of the lafvlarge numbers. What he proved was that
for a sequence of (Bernoulli) trials, the averagenber of successful trials converges to the
probability of success in an individual trial. Ttrath of this result has been demonstrated in
many experiments over the years and | will hereadyce one from Gnedenko’s “Theory of
Probability” [1]. In this experiment, each trialasganized as follows.

A standard deck of 52 playing cards is dividedaatdom into equal parts. One half-
deck is checked to see if it contains equal numbkred and black cards. If it does, the trial
is considered a success and otherwise it is ardaillhe experiment consists of 100 trials.
The outcomes are detailed in Table 7.1.

A success occurs when there are 13 red cards inatfieleck. These are counted up in
the “successes” column and the proportion of sasesverall is given in the column headed
“Rel. freq.” (relative frequency).

In a tutorial you will be asked to prove that thehability of obtaining an equal
number of red and black cards in the half-deck 22 OFigure 7 shows how, in the sequence
of trials in Table 7.1, the proportion of succestgls towards 0.22. If the number of trials
were increased, the proportion of successes waqpdbach 0.22 much more closely. This is
a typical outcome for this kind of experiment asdaiso a practical illustration of the of
Bernoulli’s version of the law of large numbers.

In the remainder of Section 7.1, we will investg#hie law of large numbers in greater
detail.

Figure 7 Proportion of successes against numbef wials

7.1.2 Preliminary results

We have previously considered situations wherenalam variableX represents the
outcome of a coin toss. We can consider a coin evtiex probability of obtaining a head is
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Pr(Xx=H) =p for some 0 9 <1 and PiX=T) =1 p. Suppose this coin is tossedimes and

let X; be determined by the outcome of tWetoss, taking on the value 1 if a head is obtained,
and the value zero otherwise. The total numbeeatlh in the tosses is then

Si=Xi+Xe+  +Xq (7.1)

where theX; are independent random variables.
The average number of heads inthtesses is given by

Ah:%:%(xﬁxﬁ £X) (7.2)

Now we generally expect thatnfis reasonably large, the average number of heads i
series o tosses will not vary very much from one series tdsses to another. We will now
show how this kind of behaviour can be quantifisthg equation (7.2) for the case where the
X; are arbitrary random variables. This will leadtasne form of the so-called “weak” law
of large numbers.

The n rvs Xy, X, , X are called sampleof sizen from the rvX. §,in (7.1) is

called the sample sum and in (7.2) is called the sample average. We will relvow that
the sample average is a random variable with a melare that is the same as the mean value
of X but with a variance that is much smaller thanvidugance oix.

First consider the mean value of the sample aveReeall equation (5.16) which states

EfaiXy + @xXo + - - - +apXy] = aiE(Xy) + @E(X2) + - - - +anE(Xp)

SO we can write
E[A)] = E[i1 f X2 s ﬁ] -1 E[Xy] + 1 E[X)] + 1 E[X] (7.3)
n n n n n n

If the mean value oX is m then we have Bj] = E[X;] = = E[X,] = mso that
(7.3) becomes

1
ElA] = = (hm =m
confirming that that mean of the sample averagejisgl to the mean value Xf

Now for the variance of,,. We will make use of equation (5.38) which stafes,
independent random variables,

val(i Xi) = var(X) (7.4)

so that we have

varfAn] :var( i ?) = i var(é) (7.5)
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Equation (7.5) follows from (7.4) because (7.4) leggpto any set of independent
random variablesX; and theX; /n clearly are independent random variables. From the
definition of variance, vak;/n) = var{; )/n® so that (7.5) can be written
varfA,] = iz Svar(Xi) =

|

12[nvar(X)] = 1var()() (7.6)
n n

n
which tells us that the variance of the sample ayemdecreases as the sample size increases
and since the mean value of the sample averagéhis means that the sample average tends
to concentrate around its mean value. And thisamplwhy the sample average doesn't vary
much from one series ofcoin tosses to another.

Chebyshev’s inequality

An inequality due to Chebyshev helps to quantify tlegree of concentration around
the mean value for a single rv, séylf X has mean valumand variance? Chebyshev's
inequality states that the probability thatakes on a value more th&istandard deviations
away from the mean is no greater thakf.IThat is

1
Pr{|X m]|>ks} 2

This result holds true so long as the mean andwveei ofX are finite. Other than that
requirement, it holds whatever the distributionXofln particular, the inequality holds for
both discrete and continuous distributions. | wribve it for the case whebéis continuous.

Proof: Let I, I, I3 be the three intervals (, m ks), [m ks, m+ ks], (m+ ks, + )
respectively. Then, from (5.23)

s? = Y (x- )2f (x)dx
- ¥

so that we can write
s = (x- )2f(x)dx + I(x- )2f (x)dx + I(x- )2 (x)dx
Iy 2 3
The three integrals are all positive quantitiesif see drop the middle one, we have
s? (x- )2f(x)dx + I(x- )2f (x)dx (7.7)

Now consider the squared term in the integrandhefiéft-hand integral. In the interval
l1, it attains its smallest value at the upper limit ks, so if we replace in the squared term
by m ks the value of the integral will decrease. Similaifyye replacex in the squared
term of the right-hand integral bjn+ ks, the value of that integral will also decreaseviHg
made these changes, the inequality in (7.7) obiyat#l holds and we have

s2 k22 f(x)dx + k2 2 If(x)dx (7.8)
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s k2 2[Pr{XT1 I3+ Pr{XT 13}] (7.9)
or
1 K2[Pr{XT I3+ Pr{XT 13}] (7.10)

But the term in square brackets is simply Rrg m ks} + Pr{ X > m+ ks}, that is,
Pr{|x m]|>ks}. Substituting this in (7.10) we obtain
1 KP{|x m|>ks}
or

Pr{|x m|>ks} ki (7.11)

and Chebyshev’s inequality is proven.

Chebyshev’s inequality tells us that the probapitit a random variable taking on a
value more thark standard deviationsway from its mean is inversely proportionakfoBut
we have also seen, in (7.6), that the variancehefsample average tends to zero as the
sample size increases. The two results togethaatadthat for large, the probability mass

(or area under the density curve) for the sampézaaeA, must be very much concentrated
around the mean value. One way of stating thisiastive following “weak” law of large
numbers.

7.1.3 The weak law of large numbers

If A, is the sample average for samples drawn frod and if the meamand standard
deviations of X are both finite, then

r]LCFiDm¥ Pr((A,-m|>¢€ = 0 (7.12)

and this applies for arg/ regardless of how small.

Proof

We will make use of Chebyshev’s inequality, (7.0ith random variablé\,. In order
to do this, lete =k ,,, where ,, is the standard deviation of the sample averagéh @i

assigned this value, we hake e/ ,,. Substituting this value &fin (7.11) we obtain

Pr{|A, m|>g} izz

But we know from (7.6) that vai}] = %var()() so that », = —= and this, of course,

Jn

means that ,, ® 0 asn ®¥ . Hence Pr{A, m| >¢e®0 asn ® ¥ and the proof is
complete.

Note that Pr{ |A, m| > €} approaching O is equivalent to Pr{A, m| €}
approaching 1 so that if we takesamples from a random variab{ethe sample averagg,
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will, for large n, be found to be within a distaneef the mean oK with a probability close
to 1, say 1 d. How close the probability is to 1 dependsmiut in general, for specifiesl
andd, we can calculate how largeneeds to be.

7.1.4 The strong law of large numbers

The weak law of large numbers is so-called for iy g®od reason — it is not as strong
as it could be. In words, it says that the proligtihat the sample mean differs framby an
arbitrarily small quantitye approaches 1 as sample size increases. Put anaeit says
that for anyn > ng, with ng suitably large, it is highly probable tha&g differs frommby less
thane. This looks fine, but what does notay is that foall n > ng, with ng suitably large, it
is highly probable thagveryA, differs frommby less thar. This latter statement is what the
stronglaw of large numbers provides. One way of stathng strong law of large numbers,
which makes this difference quite clear, is asofol:

If A, is the sample average for samples drawn frod and if the meamand standard
deviations of X are both finite, then

nL@i{)m¥ Pr(max|A,-m|>¢€ = 0 (7.13)

n>n0

Comparing this with the statement of the weak |awlZ) we see that this is stronger

because it tells us that far> ny, the probability ofall A, differing frommby more thare is
very small.

7.1.5 Additional remarks

Equations (7.12) and (7.13) illustrate two diffaréarms of convergence for sequences
of random variables. The weaker form of converge(®é&?2) is termedconvergence in
probability and the stronger one is callatnost sure convergenc&he term “almost sure”
refers to the fact that in experiments involvingjrine sequences, there exist points in the
sample space where convergence does not take plaicthese points have probability zero.
An example is the case involving an infinite serdscoin tosses where the outcome is a
“head” every time. If this were to happen, the skEngverage obviously would not converge
in the way predicted by the laws of large numbbrtg,the probability of such a sequence is
clearly zero.

Importantly, almost sure convergence is a stronfyjgm of convergence than
convergence in probability. That is, if a sequeogeverges almost surely, it also converges
in probability. But not vice-versa.

The strong law of large numbers was first proved909 by the French mathematician
Emile Borel. The proof is quite deep, so we willt ook into it here. Since Borel's
contribution, many other issues relating to congaog of sequences of random variables
have been studied, but these are generally tosagbsb be of much interest to engineers.
The one remaining topic in this area that we wothgider is very important to engineers — the
central limit theorem.

7.2 The central limit theorem

From an engineering point of view, the central titheorem (CLT) is important
because all engineering production processes ai#yitnvolve minor random variations and
what the CLT tells us is that the overall effecttbése variations (say on the distance
between two transistors on an IC chip) has a nodisatibution. In the following, | prove a

61



version of the CLT for independent, identicallytdisuted random variables. This is for
simplicity — the assumption that the rvs are id=ily distributed can be dropped and, under
fairly general conditions the CLT still holds. Thisf course, is very important because the
minor random variations that occur in productiorogasses are most unlikely to be
identically distributed. | give a proof for thisngpler case because the proof for rvs that are
not identically distributed is quite involved. Theerested reader should consult Gnedenko’s
book [1]. | should also point out that there hasrbeonsiderable research into the extension
of the CLT to the case of dependent rvs. Someisftbrk is discussed in [2].

The CLT | will prove can be stated as follows: gt X;, . . . , X, be independent
identically distributed (iid) rvs, each with finilmeanmand finite variancs? Let S, = X, +
Xo + ... +X, Then the standardized sum

z=n- N (7.14)

Jn

converges to a standard normal nnas
Before we proceed to the proof, we should checkmbaning of the standardized sum

in (7.14). TheX; making up the sur, have meammand variancs?. So what are the mean

and variance 0§,? We know that the expectation of the sum of tvsiswequal to the sum of

their expectations — this was demonstrated in énvation of equation (5.14). And this result
can obviously be extended to the surm ofs so the mean of the sum (ie the meag,pivill

be nm The variance of the sum of two independent nexjigal to the sum of their variances,
as demonstrated in the derivation of equation {536 the variance &, must bens? and its

standard deviation is therefokén . Thus, comparing with (5.25) we see tlan (7.14) is

the standardized version §f.
Now we can proceed with the CLT proof.

Proof:
Zin (7.14) can be written

= (Xgm )+ (K- )0+ (XKn- )

Jnx

Now let M(t) be the moment generating function (MGF) X~ mand recall from (6.6)
that the MGF of the sum of two independent rvsgsat to the product of their individual
MGFs. It follows that the MGF of the numerator ih15) is the product of the individual
MGFs, ie M(t)]".

Now, +/nx is simply a constant, so how does a constant idiyidn rv affect the MGF
of that rv? Recall that for an arbitrary Xy the MGF is defined allx(t) = E[etx]. So if we
have an rw = X/k, wherek is a constant, the MGF afis M(t) = E[etx’k] = Mx(t/k). So if an
rv is divided by a constant, the effect on its MiSkequivalent to dividing the parametan
the MGF by that constant. The MGF &f is therefore the MGF of the numerator in (7.15)

(ie M(t)]") with parametet divided by~/nx , ie

7 (7.15)

My (t) = [M (ﬁ)] " (7.16)
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Since this expansion is abaout 0 (ie smallt) we can, as usual, ignore higher order
terms. Now recall tha#(t) is the MGF of the variabl®  m so that, from (6.31¢ (OF

E(X; nm) = 0. And similarly,M « (O E(, m)? =s? so that (7.17) can be written

Now consider a Taylor expansion[dﬂ ( )] aboutt = 0. This can be written

[ (

(7.17)

t t2
[M (\/ﬁx )] 1+ %
and hence we can write
_ t n t2yn
Mz (t) = [M (W)] (1 + - (7.18)

We can now make use of a well-known formula foréRponential function:
. ayn a
Lim (1+—-) =¢€ 7.19
n® ¥( ”) (7.19)
so that as increases in (7.15), the MGF &f tends to a limit:
. t2yn 2
Myo(t) = Lim (1 + —) = ¢e®/2 7.20
oz (¥) nN® ¥ ( 2n) (7.20)

and this is the MGF of the standard normal distiisu You can check this by comparing
with (6.6)and substitutingn= 0 ands?= 1.

7.2.1 Central limit theorem applied to discrete ramlom variables

The above derivation was carried out for almosttiaty random variables — the only
restriction was that they should be independent lzanee finite mean and variance. This
means that it applies to discrete rvs as well asimoous ones. What does this mean? In what
sense can the distribution of a discrete rv teméatd a normal distribution, when the normal
represents a continuous rv? We will see how thisicin terms of the binomial distribution.

The binomial distribution is defined in equation5by the expression

Pr{k successes in Bernoulli trials} = ({(‘) pkqn k. (7.21)

whereg=1 p.
So, ifX is the rv representing the outcome of a singé@ &ndX; = 1 when the trial is a

success anilj = 0 otherwise, the, = X, + Xo + . . . +X, is the rv that counts the number of
successes. Thus (7.21) can be written

Pris =k = (P) p'q" . (7.22)

The CLT in (7.14) states that the variable

63



z=n""N (7.23)

tends to the standard normal @as . In (7.23)nmis the mean of, and Jns is the

standard deviation &,. From section 5 we know that the meargofs np and its variance is
np(1 p). Thus, for the binomial, (7.23) becomes

Z= ~Sh- P (7.24)
Vnp- p)
and the CLT tells us that as , (7.24) tends to the standard normal. This resals

proved for the binomial distribution long beforeetmore general CLT and is known as the
De Moivre — Laplace theorem.

So, given thag, is a discrete rv, in what way does it convergéhostandard normal?
An example is shown in figure 8 for the cgse Y2 andn = 8. This binomial has mean 4 and
variance 2 and in the figure, both a histogranttierbinomial and the pdf of a normal rv with
the same mean and variance have been drawn.

Figure. 8 Normal approximation to a binomial

The histogram is essentially a plot of the probabihass function for the binomial
except that the points where the binomial variablenonzero have been broadened into
rectangles centred on the nonzero points. Thus$,Pr{4}= 0.27 and this appears on the
histogram as a rectangle of height 0.27 extendiogp k = 3.5 tox = 4.5. It has been found,
especially for smallisim, that the best approximations are obtained wherfiths measured
over the span of a set of full rectangles.

Thus, consider a set of Bernoulli trials with paedensn andp, and suppose we wish to
determine the probability of the number of succe$gag betweerk; andk,. From (7.22) the
exact probability of this event is

kTR Lk nk
Pia S kd= (R) pf (7.25)
=K1
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To obtain the normal approximation to this we write
Priki & k}=Pr{S k} P{ & ki} (7.26)
Now, whenS, = k;, the standardized variable Z in (7.24) is given by

7 - _ka-np_ (7.27)

\npd- p)

But Z is a standard normal variable, so r{ ky} is equal to the value of the cdf of the
standard normal rv determined at the valu& of (7.27). Thus, iF represents the cdf of the
standard normal, we have

(ka- np)/+/npq
PHS, ko= F[ﬂ] = L o x@izgy (7.28)

\Jnpd- p) -y 2p

whereg=1 p.
Similarly

(kq- np)/ynpg

PHS, ki = L o x@izgy (7.29)
v 2
so that (7.26) can be written
(ka- np)/+/npq 1 (ky- np)/y/npq 1
Priki S ko) = e ¥*12qx — e ¥*12qx
-y 2p ¥ 2p
(kg- @)/ npa
= L e 2izgy (7.30)
2p

(ky-np)/y/npq

But, as pointed out above, best results are oddaloy extending the probability
interval over a complete set of rectangles in ikgram. This is achieved by writing

(ko +Y2- np)/ynpq 1
Prik, %2 S lkot+¥%}= Ze- X2 12qx (7.31)

(Ky- ¥ - np)/ynpq

To gain an appreciation of the accuracy of ther@pmation in (7.31), consider the
following example.
Example 7.1.
A fair coin is to be tossed 400 times. What is phebability that the number of heads
will exceed 190 and be less than 220, ie Pr{19%, 219}? In terms of (7.31) we hake
=191,k; =219, np = 200 and npg = 100. Substituting tivedees, (7.31) becomes
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195
P{191 S, 219}= —te ®/24x = 0.8033

- 095

The exact value from tables of the binomial disttibn is 0.8034 showing that the
approximation is excellent and that the CLT is gy\edfective theorem.

Note that if full rectangles from the histogram @@ot employed in the approximation
and that instead we made use of (7.30) the valugvovdd obtain is 0.8126, which is a far
inferior approximation.

Remark.If the parametep is close to either zero or unity, the binomial psfquite
unsymmetrical and the normal approximation is galhepoor. Whatever the situation, the
approximation tends to improve with increasim@nd a rule of thumb for deciding if the
approximation will be satisfactory is to requiratinp > 3s andn(1 p) > 3s, wheres =

Vnpd- p) .

8 Markov chains and Markov processes

The Markov chain is a generalization of the sch&hBernoulli trials. Recall that in
Bernoulli trials, each trial is independent. In tklarkov chain, the probabilities associated
with trial n depend on the outcome of the trial at timé. But they are independent of any
earlier history. An example will help explain.

Example 8.1 The simple random walk

Let X, be an rv representing the position at (discréteg b of a moving particlen(= 0,
1,2, --+). Suppose that initially the partidat the origin, i€, = 0.

Case (a):Suppose that ab = 1, the particle jumps one step, jumping upwaas
position 1 with probability ¥2 and downwards to piosi 1 with probability %2 . Atn = 2,
there is a further jump, again of one step, upwardsownwards, with equal probability, the
jumps at times = 1, 2 being independent. The process is contigodtiat at time

Xn = Xn 1 +Zn (81)

whereZ,, the jump at step, is such that the rveZ{, Z,, . . . } are mutually independent and
all have the distribution defined by

Prga=1) = Piz,= 1) =% n=1,2...) (8.2)

So far, the random walk has been described justdilset of Bernoulli trials, which
indeed it is. So where does the Markov chain canteit? This can be seen by looking again
at equation (8.1). The position of the particlegaftialn (ie the value oK) depends not only
upon the outcome of the current tridh) but also uporX, 1. A Markov chain can be used to
describe the behaviour of the Xy.

Before | introduce the Markov chain, it will be pil have a look at one or two minor
variations on the random walk we have been looking

Case (b):Suppose now that at each timethe particle either makes a jump of one unit
upwards (with probabilityp), a jump of one unit downwards (with probabilify or stays
where it is (with probability 1 p ). In this scenario, (8.2) is replaced by

Prg,.=1) =p, Prg,=1) =qand PiZ,=0) =1 p q (8.3)

Case (c) “Gambler’s ruin”: The gambler's ruin problem introduces the idea of
absorbing barriers. Consider two gamblers A andhB start off witha andb units of capital
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respectively. The game consists of a sequencedependent turns and at each turn A wins
one unit of B’s capital with probability and B wins a unit of A’s capital with probabilipy

(p + g =1). LetX, represent B’s cumulative gain at the end of ngufirhen provided b <

Xn < a we haveX, = Z; + - - - &,, where thez; are mutually independent and distributed
according to

Prgn=1) =p, Prg,=1) =q=1 p. (8.4)

The distinguishing feature here is, as all the mrdamblers among you would know, is
that if at any stag¥,, = a then B has gained all A’s capital and A is ruin@dd if everX, =

b then B is ruined. This means thf is a simple random walk starting at the originhwit
absorbing barriersat b anda. The term “absorbing barrier” reflects the facattlthe
process terminates if one or other of the barigersached.

We will use these versions of the simple randomkwal introduce some of the
elementary ideas relating to Markov chains and Magrocesses.

First we must define some basic terms. In the alexanples of a random walk, the
possible values of the variab¥g are discrete, being integer values of positionqugown)
in the first two cases and being units of capitahie third case. Whatever valdghas at any

given time is called thstateof X, and the full set of all possible values tKatcan assume is
called thestatespacefor the problem. Each of the examples above opgiatdiscrete time,
so these are all examples of a process with aedésstate space operating in discrete time. A
process like this is Markov chainif it also satisfies thdlarkov property which we already
described this property at the beginning of thistisa. A process satisfies the Markov
property if the probabilities associated with stasgmsitionn depend on the outcome of state
transitionn 1 but are independent of any earlier history. Hm@ple random walk defined by
equation (8.1) can be seen to have the Markov piope

Thus, a Markov chain is a process with a discr&te sspace that operates in discrete
time and satisfies the Markov property. Anotheretygf process is one that operates in
discrete space but, unlike the Markov chain, @ggitions from state to state can take place at
arbitrary times; in other words, the process hadisgtrete state space but operates in
continuous time. Such a process is a Markov pra€ésalso satisfies the Markov property.

There are other types of process, eg continuoues tontinuous state space, but we will
not pursue them here. They are covered in morenaédacourses on stochastic processes.

8.1 Markov chains

The state space of the Markov chain may have anitmfnumber of states. For
example, unless we insert some sort of barrier idosimple random walk, the number of
possible states is infinite both upwards and dowdws:aBut whether the states of the chain be
finite or infinite, the chain will commence at time= 0 in some stat¥, and move at tima =

1 to stateX; and so on. And if we know the stafg of the system at any future time= m,
then, by the Markov property, the probabilities casasted with the next transition are

independent of the values X1, Xn2, etc. Mathematically, this can be written
Pr{Xme1 =K | Xm Xm1, Xma2, - - -Xo} = PH{ X1 =K | X} (8.5)

Now, remember thaX,, represents a state from within the state spacenatethat it
could be any one of those states. Suppose ittisjsia X, =j. Then the probability in (8.5)
can be written PXm1 = k | X = j}and this probability will, in general, be differefor
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different values oK, That is, in general, P&n1 =K | Xn =]} PrH{Xm1 =k | Xm=i}. We
use a simplified notation for these probabilities avrite

Pk = Pr{iXme1 =K [ Xm =]} (8.6)

which obviously represents the probability of asition from statg to statek.

We assume that these probabilities remain unchgnggnthe Markov chain evolves
from state to state. A chain in which the probébksi are fixed in this way is called a
homogeneoushain. For obvious reasons, nonhomogeneous caensuch more difficult to
deal with and we will not pursue them here.

Now note that if the system is in some sjaie any timen, it will either stay where it is
at timen+1 (as can happen in calgeof the random walk above) or it will move to some
other state. This means that the probabilities gorg transitions from state(including the
“transition” from j to j) must sum to unity. For example, if there is afinite number of

states in the chain numbered from zero to infirnitg,will have
¥

Pk =1 (8.7)
k=0
for all j.
Thepj define a matrix of transition probabilities:

Poo Poz1
P =] P Pps

where P is called a stochastic matrix and has tibeepties that its elements are non-negative
and that each of its rows sums to unity.
Example 8.2 The simple random walk with a reflegcboundary at the origin.

This is a random walk where the state space isirgahfto the positive side of the
origin. That is, the state space of the systerhasset of positions 0, 1, 2, . . . If the patrticle
undergoing the random walk comes down to the ariggronly allowed transitions are either
O Oor0 1

Suppose the probability of the transition 01 isp. That is,p,y; = p. Then, because the

only other possible transition in state 0 is 00, we must havg,, = 1 p.

Now suppose that all upward transitions have pritibalp, that isp;,j+1 =p forj =0, 1,

. . and suppose all downward transitions havéaliity g, ie pj,j1 =qforj=0,1, ...
Besides upward and downward transitions, it is alsssible for the particle to stay where it
is. Since this is the only other possibility, weshbavep; =1 p ¢. The transition matrix
therefore has the form

0 1 2 3 4
0 1p p 0 0 0
1 q 1 pg p 0 0
2 0 q 1 pg p 0
P =
3 0 0 q 1 pg p
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4 0 0 0 q 1 p g

Observe that the rows all sum to unity. Note afsat in this case the state space is
infinite, so the transition matrix has infinite damsion. In tutorials, you will see examples of
Markov chains with a finite number of states.

8.1.1 Calculatingn-step probabilities

Consider now a Markov chain with infinite state apd0, 1, . . . }. Let its transition
matrix beP. Let pi(”) be the probability of the chain being in stat timen, i.e. pi(”) = Pr{X,

=i}. Collect these probabilities into the row vecpSP :[p(()n), 1(”), ]
Now note that the probability of being in stdet timen (ie pk(“)) is equal to the

probability of being in state O at tinme 1 multiplied by p,, plus the probability of being in
state 1 at time@ 1 multiplied by p; and so on. That is

¥ n-1
pk(n) = J_Opj( )ka n= 1, 2, R (88)

Equation (8.8) gives tHé" entry in the vectop™ and the summation in (8.8) is equal to
the multiplication of vectop™ ™) by columnk of the transition matri®. The full vectorp™
is therefore given by the multiplication of vecp$t) by the full matrixP. That is

g = p"hp (8.9)
From (8.9) we see that” = p©@P, p® = p®P =p@P2? and so on, so that
p” = p?p" (8.10)

Note that the system will normally start in a pastar state (say staj¢ so that the
vectorp® will have zero entries everywhere except positiomhere the entry will be a one.
Equation (8.10) therefore tells us that the prditgbof being in statek at timen, having
commenced in state is equal to thejK) entry in then™ power of the transition matriR.

This is known as the-step transition probability and is denom}@) .
Now, given thatt"=P"' P! the entry pj(l?) can be calculated by multiplying th8

row of P" ' by thek™ column ofP', that is

ol = p(" Vp (8.11)

r

where the summation is over all states, which pl®whe rows and columns of the transition
matrix.
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Equation (8.11) is known as th€&hapman-Kolmogorov equatioand it must be
satisfied by all Markov chains. We will see anothersion of this equation when we come to
continuous-time discrete space systems.

8.1.2 Classification of states

The states of a Markov chain are classified acogrdo their long-term behaviour.
Suppose, for instance, that a chain is initiallysiatej. If it is a certainty that the chain will
eventually return to this state, then staie said to beecurrentand, in addition, the time
taken to return to stafeis called theecurrence timelf the mean recurrence time is finite,
state | is callegbositive-recurrentand if it is infinite, the state is calledill-recurrent If it is
not a certainty (probability less than 1) that thain will eventually return to staje then
statej is called aransientstate.

Suppose again that the chain is in sjad time zero. Letfjj(”) denote the probability

that the next occurrence of statés at timen. In such casefjj(
probability that the chain stays in stagg any time. And fon=2,3,...n 1,

) _ Pjj where Pj is the

fjj(”) = PrfX,=j X =j AND X, j,r=1,2,...n 1} (8.12)

fjj(”) is called the first return probability for tinmeand the sum

¥ m
n=1

is the probability that stajewill eventually be re-entered. Thusfif = 1, statg is recurrent
and iff;; < 1, statg is transient. Note that becausﬁén) sums to unity for recurrent state |,

this means that in such a casfﬁ(,n) behaves like a probability mass function and we ca
compute its mean value:

¥
m = " (8.14)
n=1

which is called thenean recurrence time
In a similar way, if the chain starts in stateve can consider the probability of entering

some other statk at timen. Thus we Ietfjé”) denote the probability that, having started in

statej, the chain first enters stateat timen. Thus, fjk(l) = Pik where Pik is the probability of

a transition from statgeto statek. And forn=2,3,...n 1,
fjén) = PriX,=k|Xo=j AND X, kr=1,2,...n 1} (8.15)

and the sum

om
n=1
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is the probability of ever entering stdtd j is called theirst passage probabilitfrom statg
to statek. And as before, ifj = 1, fjé”) behaves like a pmf and

¥ o
m = nfjk (8.17)
n=1

is the meatiirst passage tim&om statg to statek.

In case (a) of the simple random walk above, th@nchlways jumps one state up or
down at each tick of the clock. Thus, if it commesiin state zero at tinre= 0, it can only
return to state zero whan= 2, 4, 6, . . . State zero is said topegiodic with period 2. All
other states in this simple random walk are petiadih period 2.

A state that is not periodic is callegieriodic Essentially it has period 1. An aperiodic
state that is positive-recurrent is calkErdodic

Statej is said to be accessible from statk starting from state, it is possible to enter
statej. Two states are said tommunicatef they are accessible to each otlianch states are
also said to belong to the same cla&dMarkov chain is said to bereducible if all states
belong to the same class
Example 8.3 An irreducible Markov chain.

Consider a Markov chain with three states 0, Witse transition matrix is

0.5 0.5 0
P= 05 025 0.25
0 0.33 0.67

This chain is irreducible because it is possiblgd from any of the three states to any
other state. For instance, it is possible to gonfgiate O to state 1 with probability 0.5 and
from state 2 to state 3 with probability 0.25. Sarly you can verify that it is possible to
make transitions from state 3 to state 2 and themstate 1.

Example 8.4 A Markov chain that is not irreducible.
Consider a Markov chain with states 0, 1, 2, 8, @ansition probability matrix

05 05 0 0

05 05 0 0

025 025 025 0.25
0 0 0 1

In this case, it is possible to go from state @taie 1 and back again (each with probability
0.5) but it is not possible to go from state 1 tthex state 2 or state 3 (the transition
probability is 0 in each case). Similarly it is npaissible to go from state O to either state 2 or
state 3. The fact that you can go from state 2date< or state 1 does not mean that these
three states belong to the same class. Statesbehiyig to the same class if they are
accessibleto each other Finally, note that if you go to state 3, you stagre for ever
(probability 1 of staying in state 3 at every tiing).

8.1.3 Limiting probabilities
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Consider a simple example in which the weatherosered as a 2-state Markov
chain.
Example & Weather forecasting

To introduce the Markov property into weather fastng, let us assume that we can
predict if it will rain tomorrow purely on the basof whether or not it is raining today, so that
previous days’ weather is irrelevant. Then suppbatif it rains today, the probability that it
will rain tomorrow is 0.7 and if it does not rainday, the probability that it will rain
tomorrow is 0.4. (This looks rather like Hobart idgra good summer.)

In our Markov chain, we let state O be the statemwh rains and state 1 be the state
when it does not. The transition matrix for thigiation is then

0.7 0.3

04 0.6

In the (0,0) position, we have the probability oé transition O 0, ie rain today and
rain tomorrow, which has probability 0.7. Positidn0) has the probability of the transition
1 0, which has probability 0.4. The other two erstrége the complementary events and so
have values that make the row sums equal to unity.

Now suppose that it rains today. What is the proiabhat it will rain in four days
time?

Solution: Remember that equation (8.10) tells us that tludadility of being in staté& at
time n, having commenced in stajeis equal to thejk) entry in then™ power of the
transition matrixP. In this case we wish to calculate the probabditypeing in state O in four
days’ time having commenced in state 0. Thus we h@eompute the go,O) entry i,

Observe thaP * = P and gives the probabilities for tomorrof® gives probabilities
two days hence and is given by

0.7 0.3 0.7 0|3 0.61 .39
P2 = . =
0.4 0.6 0.4 0|6 0.52 .48
Then : : :
0.61 0.3 0.61 0.39 0.5759 2B
P4 = (P2)2 = . =
052 04 0.52 0.48 0.5668 38

and the required probability ipo(g) = 0.5759.

Now see what happens when we raise the transitamixrin the example to a higher
power.

0.572 042

P® = P*ep? = (8.18)
0.570  0.43
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Comparing this wittP # calculated in the above example, we see thatritiees inP®
andP * differ very little. What is actually happeningtisat the entries if® " are converging
toward fixed values as increases. What this reflects is that the probghihhat the process
will be in a given state has a limiting value aftelarge number of transitions, and this value
is independent of the initial state. As we shadl Below, the limiting value for the probability
of rain is 0.571 and for no rain, 0.429, and bativg of the matrix are already very close to
this.

In fact, for any Markov chain that is both irredalei and ergodic (see previous section),
limiting probabilities of this kind always exist. dve formally, we can state the following
theorem:

Theorem 8.1.For an irreducible ergodic Markov chalrl]rl'@gn¥ pign) exists and is independent

of i. Furthermore, letting; = I’I]_i®r>n¥ pign) thenp; is the unique nonnegative solution of
i=0 j=0

In this theorempij is the (j) entry in thes” s transition matrixP and the fact that the

limiting values of pi(j”) are independent df is illustrated in (8.18) where convergence has
almost been achieved and both rows are almostitaéntThe fact that the limiting
probabilitiesp; can be obtained from the set of equations (8.48)be argued informally as
follows.

We can write an expression for Kg{; = j} by conditioning on the state at tinmeand
summing over all possible states:

¥
PriXni1 =]} = Pr{Xn 1 =11 X, =1} Pr{X, =i}
i=0

¥
= p Pr{X,=1} (8.20)
1=
But in the limit, Pr{X,+1 =]} pj and Prik, =i}  pj so that (8.20) becomes
¥
A= b

satisfying the left-hand part of (8.19). The ridfand part of (8.19) must be satisfied because
the state probabilities must sum to unity.

Example & The weather forecasting example revisited
Using the probabilities in ExampleS3.the first of the limiting equations in (8.19) can
be written

p = 0.7p + 0.4p (8.21)

there being only two states apgh= 0.7 andp;,= 0.4. Similarly, the second equation can be
written

pp = 0.3p + 0.6p (8.22)
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The third equation is, of courspy + pp = 1. Equations (8.21) and (8.22) are both
saying thatO0.4p, = 0.3 and are therefore linearly dependent. But the fthett the
probabilities must sum to unity tells us tipgt= 1 - p;, so we findpg =0.571 andp; = 0.429
which is what we expected after calculatjin (8.18).

8.1.4 Branching processes

We will now consider a class of Markov chains tbaginally arose in the study of
population growth but which have application in ethareas, eg the growth of neutron
numbers in a nuclear chain reaction.

Suppose we have a population of individuals antléhah individual, independently of
the others, is capable of giving rise to a numlb@fispring. Let the number of offspring be a
random variable taking on values 0, 1, 2, . . thyrobabilities py, p;, p,, . .. We start with
one individual and examine the development of @scéndants generation by generation. The
initial individual is regarded as belonging to gextn zero, its offspring as belonging to the
first generation. The total number of offspring tbe first generation then comprise the
second generation, and so on. And if all the imtlimis of a particular generation fail to
reproduce, the population becomes extinct.

An interesting example of this process that we usk in what follows is the survival of
family names. A family name stemming from a patacunale survives until a generation
fails to produce any male descendants. So the appalunder consideration in this example
are the male offspring of a given man.

We will assumep,> 0 because ifo, = 0 each individual will produce at least one male
offspring and extinction of the family name will bepossible. The assumption is obviously
realistic, in any case.

The number of male offspring in generatiois denotedX,, and the process commences
with Xo = 1. Then ifZ is the rv representing the number of male offgpfiom thei™
individual in generationn(- 1), X, is given by summing; over all individuals in generation
(n-1). Thatis

X = Z; (8.23)
i=1
Before we proceed further, | should point out that will assume that the number of
male offspring from any male in any generation \wdlve the same distribution with mean
and variances®. We also assume that the number of male offsppragiuced by each

individual is independent of the number producedahy other individual. Thus, thg in
(8.23) are independent and identically distributed.
Now, from (5.20) we can write

EXn = E[E [Xn|Xn_ 1]]

which, from (8.23) can be written

Xn-1
Exd = E[E[ ~ Z1%,.4]] (8.24)
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Now, whatever the value ok, _ ,in this expression, we add up thefromi = 1 toi =
X,.1- That is, we add togeth}, _ , of the rvsZ;. So, since the mean value of e@ths m
the expected value of the summX, _ ;. Thus (8.24) can be written

EX.] = EmX,_,] = mE[X,_,] (8.25)

where the right-hand equality comes about becaus@ constant.

Next note that B{;] is the expected number of individuals in thetfgeneration, ie
the expected number of male offspring from the Jast male. But we are assuming this
expectation is the same for the males of everyrgéioe and is equal tm So we can write

EI_X]_] =m
Then, from (8.25) we have
EXo] = mE[Xy] = nf.
EXJ] = mE[X,.1] = nf (8.26)

We must now find the variance ¥f, and this is done in a similar fashion to the way w
found E[X,] only this time we make use of the conditionaliaace formula (5.29):

VarX) = E[VarX|Y)] + Var[EX[Y)]

SettingX = X andY = X, _,the formula becomes
Var(Xn) = E[VariXny|X,.1)] + Var[EXn | X, . 1)] (8.27)
Equations (8.23) to (8.25) show thaig(X,. ;) = mX,_, so (8.27) can be written

Var(Xny) = E[VarXy|X,.1)] + VarmX,_,] (8.28)
and it is trivial to show that Vaa¥) = a®var(X) and using this (8.28) becomes

Var(Xy) = E[Var,|X,. )] + miVar[X,_,] (8.29)

Now, from (8.23)X, is the sum oK, _,random variableg; and, as stated in the

paragraph immediately after equation (8.23), these are independent and identically
distributed. Equation (5.38) tells us that the asace of a sum of independent rvs is equal to

the sum of their variances. So, given that eadh®Z; has variance?, the sum ofX, _, of
them will have varianc,, ;s Obviously we need to knoX, _ ;to calculate this variance,
SO we write

Varn | X, 1) = X, _4S°

and (8.29) becomes
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Var(Xy) = E[X,.,s7] + mVar[X,_,]
=s?E[X,_,] + nfvar[ X, ,] (8.30)
But we have just shown (Equation (8.26)) thatx[= n for all n so (8.30) becomes
Var(Xp) =s’m ' + nfvar[ X, _,] (8.31)

and this is a recursive relationship, allowing \(&r) to be calculated from VaK,, _,],
starting withXo.
We knowXo = 1, so Varky) = 0, and, from (8.31), Vaxg) =s?nf =s2

Substituting back in (8.31) this gives

Var(X,) = s®m+ nfs?=s%n(1+m).
Again substituting back into (8.31) we find

Var(Xs) = s?nf + nfs?m(1+m) = Srf(1+m+nA)
These results suggest the general formula

n-1

Var(Xp) = s2m! (1 +m+rh+ soex+Mil) =s? nf? (8.32)

r=0
and we can prove (8.32) very simply by inductiohafis, we assume it is true ¥ and

show that it is true foXp+1.
The recursive formula (8.31) tells us that

Var(Xy) = s’m"* + nfvar[ X,_,]

so if (8.32) is true, we have
n-1

var(Xpe1) = 2l + n‘?szrﬁ"lr

r
=0
n-1 n

:szn?[1+mr 1= s r

=0 r=0

which completes the proof because we assumed (8.32)e forn and that assumption leads
to the same formula for+1.

Now letpo represent the probability that the family namd esentually die out. This
probability can be written formally

= Li Pr{X,=0| X,=1
P = Lim PriX,= 0| Xo =1}

First consider the case whema 1. Note that from (8.26) we have
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¥ ¥
= EX = PG =0 > L =)
j= j=

But the right-hand term is equal to P{f3 1}so we have Pr,3 1} < nf', butm< 1

so thatl' ® 0. It follows that Pr{X,3 1}® 0 and hence that PK,= 0}® 1.

Thus, form< 1 (ie for the case where the expected numbarabé offspring from each
individual is less than one) it is certain that thmily name will die out. This is unsurprising.

It can also be shown that the family name will dig if the expected number of male
offspring from each individual is exactly one. Tigsa little messy to prove and we will not
pursue it here.

We will now consider the case> 1, for which the probability of extinction isske than
one. To determinpy we condition on the number of offspring of thdiadiindividual:

po = Pr{family name dies out}
¥

= Pr{family namediesout | X, = j} Pr{X; = j} (8.33)
j=0

Now, if X; =, the family name will only die out if the familyame from each of the
individuals in the first generation eventually diest. But the probability that the family
name dies out from any single individual is alw#ys same, i@o. So, since the numbers of
male offspring in each family are assumed indepetide we can write

Pr{family name dies outq; =j} = po j

Substituting in (8.33) gives
¥ _
p = . o) Pr{X;=j} (8.34)
J:

and it can be shown that wher» 1 pg is the smallest positive number satisfying (8-34ge,
for instance, [4]or [5].
Example 87 Determination oj.

Let p; represent the probability that an individual proglii male offspring. Then
determine the extinction probabilities for the teases:

@) po=Y ,p1=%andn=%. (b)po =Y+ ,p1 =% andn=%.
Solution.

(@) m=jip; = ¥a which is less than unity, pg = 1.

(b) m> 1 so we must use (8.34). We require the smallesitive solution to

Po = Ya+ Y4 + 1/4[:)02

and the smallest positive solution of this quadratguation ispp = % . So the
extinction probability in this case is 0.5.

8.2 Markov processes with discrete states in contilous time

The Markov chains we have just been investigatiageha discrete state space and
transitions from state to state are made in diediate. For this reason they are sometimes
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referred to as Markov processes with discrete statediscrete time, but they are more
commonly known as Markov chains. We are now gomigvestigate Markov processes with
discrete states whose transitions can take plaaeydime (iecontinuousas againgtliscrete
time). We will introduce the basic ideas in termshe so-calledirth-death processes

As its name implies, the birth-death process candeel to model mortality and hence is
useful to actuaries. But a related area is sysediability (systems survive or fail) and, as we
will see in later coursework, equations of the kicmhsidered here are very useful for
reliability modelling and as a basis for the schieduof equipment maintenance. They are
also valuable in modelling queueing systems withdtrival of a customer corresponding to
a birth and a departure corresponding to a deathida variety of queueing situations can be
represented by this type of process, eg the qugueinmessages in a communications
network, or the queueing of data for processinghiwita computer system. We will
commence with the case where there are no “deattal. This case is known as a pure birth
process. The simplest of these is the Poisson ggpadiich has been found to provide a very
good model for such things as the process of dsrivfacalls at a telephone exchange or the
arrival of messages at a node in a communicatietgank.

8.2.1 The Poisson process

To obtain the most widely-used birth process irclséstic modelling (ie the Poisson
process), we must assume that in a short timevaitét, the probability of a birth taking
place is proportional to the length of that timeemal. Let us write this probability 3B t.

A second assumption that we must make is thatittlespwhich take place at random
times, occur independently of one another. Thisvadl us to use the rule that says that the
probability of two independent events occurringdgial to the product of their probabilities.
So, if the probability of a birth occurring in tini is ID t, the probability of two births in that
time is (D t)? and, sinceDt is a very small time interval, any term I’ can be considered
negligible. Thus, we can assume that no more tharbath occurs in the intervBt.

Let us define the state of the system at any tignthé population within the system at
that time or, what amounts to the same thing, theber of births that have taken place up to
that time.

We begin our analysis by considering the possikdgswin which we could find the
system in stat& at timet+Dt, given the state of the system at titn&lote that because only
one birth can take place in tinde there are only two mutually exclusive possibisitie

1. The system is in stakeat timet and no change of state takes place,it+Dt).
2. The systemisin stake 1 at timet and there is one birth im, (+Dt).

Now let P, (t) represent the probability of the system beingtatek at timet. Then,
from the above discussion, we have

P(t+DX) = RM[L—ID1] + Pa(t)IDt+ ot (8.35)

and this equation states that the probability ohdpén statek at timet+Dt is equal to the
probability of being in statk at timet multiplied by the probability of no birth takindgee in
the interval Dt plus the probability of being in state 1 at timet multiplied by the
probability of one birth in the intervdlt. The term dpt) simply represents the higher order
terms inDt that cover the negligible probabilities of morarthone birth occurring in the
interval Dt (egthe probability of moving from state 2 to statek in time Dt).
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Equation (8.35) applies to &lexceptk = 0. The system can only be in state 0 at time
t+Dt if it was in state O at time - it cannot move to state 0 from any other stékeis, fork =
0, (8.35) becomes

Po(t+Dt) = R(t)[1 —IDt] + o(Dt) (8.36)
(8.36) can be rearranged to read
Po(t+Dt) — Po(t) = —ID t Po(t) + o(DY)
or

Po(t + Dt) - Po(t) _
- =

Po(t) +

o(LY) (8.37)
Dt
and, if we now take the limit of (8.37) & ® 0, the left-hand side tends to the derivative of

Po and the right-hand term on the RHS tends to z8m.in the limit asDt ® 0, (8.37)
becomes

dPyt)
=- P(t 8.38
i A0 (8.38)
In the same way, (8.35) can be rearranged to give
P (t +Dt) - P(t) o(Dt)
=- P(t)+ P _.t)+—2 8.39
o k(1) k- 1(t) O (8.39)
and in the limit, a&x ® 0, this becomes

d%t(t) = - P®+ Py kK 1 (8.40)

Now let us assume that the system begins at tim&® with a population of zerae
P«0) = 1 fork = 0 and RO) = 0 fork 0. This condition allows us to solve (8.38)
immediately for R(t):

Po(t) =e™ ! (8.41)
We can now solve fdt = 1 bysubstituting (8.41) into (8.40) which gives

RO - P+ e ! (8.42)

whose solution is
P(t) = te” ! (8.43)

as can be checked by direct differentiation.
If (8.43) is now substituted into (8.40) wikh= 2, the solution we obtain is
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P,(t) = Lje' t

and, in general, we find

P(t) = (—t)ke' t (8.44)

ki

which is the equation that defines the Poisson ggecCompare this equation with (2.7)
which gives the equation for the Poisson distrinutand you will see that the equation for
the Poisson process is simply the Poisson distobuwtith| replaced by t.

8.2.2 The memoryless property of the exponential stiribution

| mentioned above that the Poisson process is d gmmlel for the process of arrivals
of messages, calls, etc, in communication systédanisequently, the terms “births” and
“arrivals” are often used interchangeably. In windibws, | will use the term “arrivals”. We
will now consider the times between arrivals incsBon process.

Let the random variablé represent the time between two arrivals and let th
distribution function and probability density furmt for this random variable be #(and
a(t) respectively. Note that A(is defined by the expression

At) = Prf t) = 1-Pr(>t) (8.45)

Now, Pr¢ >t) is just the probability that no arrivals occuran interval of length. If
we set the time of the previous arrival as the tarigin, we see that this probability is simply
the probability of no arrivals in timeie Ry(t) above. Thus

At) = Pr¢ t) =1-¢e" ! (8.46)
and, differentiating, the probability density fuioct is
att) =le ! (8.47)

which, if you compare with (3.9), you will see is axponential density function. What this
means is that the for a Poisson process, the aiteivetween arrivals are exponentially
distributed.

The exponential distribution has a very importardaperty — it ismemorylessTo see
what this means, consider the situation in whichaanval occurs at timg = 0. The
distribution of the time to the next arrival is givby equation (8.46).

Now, what if some time passes, daywithout an arrival occurring. What is now the
distribution of the time to the next arrival? Tosamer this question, note thattifrepresents
the actual time of the next arrival, we may usé&fB) = Pr(AB) / P(B) and write

Prito< £t+ty] _ Pr[ £t+ty] - Pr[ £1tg]
Pr[ >t Pr[ >tg]

Pl £t+ty| >ty = (8.48)

But, from (8.46), this can be written
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PI'[ £t+t0| >t0] =

= 1€ ! (8.49)

which shows that the distribution of the remaintitge to arrival, conditional on no arrival
up to timety, is precisely the same as the unconditional distion of time to arrival. What
this means is that with Poisson arrivals (ie exptia#ly distributed times between arrivals)
the distribution of the time to the next arrivakisvays the same, regardless of how long it is
since the last arrival took place.

From here on, the parameteiin the Poisson process will be referred to asatnival
rate. This is standard terminology.

8.2.3 Modelling a queueing system as a birth-deafrocess

To help fix ideas and to show an immediate appboat will explain the basic ideas of
birth-death processes in terms of queues. | mesdi@bove that a pure birth process can be
used to model the process of arrivals at a teleplescchange. In a queueing system, there are
both arrivals and departures (of customers, calsssages, or whatever, depending on what
is being modelled). The following will discuss geéwy systems in terms of the arrival and
departure of customers.

Let us define the state of a queue as the numbeugibmers in the system (ie either
gueueing or being served). We will assume that difbetween arrivals are exponentially
distributed but, to be as general as possible, Vlealso assume that the parameter of the
distribution depends on the system state. So ifsglstem is in statk, the parameter of the
exponential distribution representing times betwaeivals will bel . Having the parameter
of the distribution depend on system state allogjsamong other things, to take account of
the fact that customers are less likely to joinuauwe if there are lots of people standing in
line.

In the birth-death model, lifetimes have randongtés, and in the queueing context,
this allows us to model the length of time it takeserve a customer as a random variable.
We assume that service times are exponentiallyilised and that the departure rate (the
reciprocal of the service time) . Thus, when the system is in st&teservice times are
exponentially distributed with parametet

The assumptions we have made allow us to desdrésystem in terms of single state
transitions. To see this, note that

Pr[An arrival in intervalt( t+Dt) | system in state) = | \Dt + o(Dt) (8.50)

The probability of more than one arrival in tirde is negligible and captured in the
term oQt). Similarly,

Pr[A departure in interval, {+Dt) | system in state) = mDt + o(Dt) (8.51)

And for what follows, we will also need the follavg, which follow from (8.50) and
(8.51):

Pr[Zero arrivals in intervat,{+Dt) | system in state) = 1 | Dt + o(Dt) (8.52)
Pr[Zero departures in intervalt¢Dt) | system in state) = 1 mbDt + o(Dt) (8.53)
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We want to use the above four equations to fineggression for the probability that
the queueing system is in stétat timet. Denote this probability byyR).

Remember that the system is in stRteshen it containk customers. We begin our
analysis by considering the possible ways in wiwvehcould find the system in stdtet time
t+Dt, given the state of the system at titndlote that because only one event can take place
in time Dt, we only need to consider transitions from neighbw states. Thus there are just
three mutually exclusive possibilities:

1. The system is in stakeat timet and no change of state takes place, it+Dt).
2. The system is in stake 1 at timet and there is one arrival it {(+Dt).
3. The system is in staket 1 at timet and there is one departure int{Dt).

Now let pjj (Dt) represent the probability of the system makirtgaasition from state

to statg in intervalDt. Then, from the three mutually exclusive posdiesi above, we may
write:

P(t+Dt) = R(BPu(DE) + Bea(t)pca k(D) + Rea(t)prea k(DY) + oOF) (8.54)

This equation applies to dlexceptk = 0, because there can be no departures from state
0. Fork = 0 we have

Po(t+Dt) = Ry(t)poo(Dt) + Pu(t)pro(DL) + oY) (8.55)

Substituting for thepj; (Dt), which are defined by equations (8.52) — (8.%f) have

R(t+Dt) = R(O[1 -1 «Dt + oOY][1 — mDt + oO)] + Pa(t)[/ k4Dt + oO1)]

+ Re1(Y)[m+1Dt + oDL)] + o(Dr) (8.56)
and
Po(t+Dt) = R(D[1 —1 oDt + o[DX)] + P(t)[ 7Dt + o(X)] + o(DY) (8.57)
Expanding the right-hand sides of these equatioresg
Pe(t+Dt) = R(t) — ( x + m)Dt Pi(t) + /1Dt Pa(t) + /41Dt Piaa(t) + 0(OF) k 1
(8.58)
Po(t+Dt) = Ry(t) —1 oDt Po(t) + mDt Pi(t) + o¥) (8.59)
Rearranging
AEB A L G RO+ ke Pea® + P+ 28
(8.60)
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Po(“D[t))t' Po® — . pt) + 4Pyt) + O(Stt) (861

Now lettingDt 0 in (8.60) and (8.61) we obtain
T = P10+ e Pea® - (et 0RO (5.62)
dF;Ot(t) = - P+ Py (8.63)

Equations (8.62) and (8.63) constitute what is km@s a set of differential-difference
eqguations and their solution will give ugtp

We have arrived at these equations in a fairly &rfashion, but it is not always
necessary to proceed in this way. Consider the stiaigram in figure 8. Note that we are
dealing with a dynamic situation and that them can be considered to represent rates of
flow into and out of the various states.

l o Q |1© |2> lk1 | | o1
< m < Mk+1 Mk+2

m m m

Figure 8

From the state diagram
Flow rate into statk = | y_1Pi_1(t) + M1Pea(t)
Flow rate out of statk = ( « + m)P«(t)
The difference between these two is the rate atlwtiie probability of being in stake

is changing. Thus

d|1<t(t) = k-1Pk-1®) + k1P - (k+ kPk() (8.64)

and this is exactly the same as equation (8.62)chwivas derived more formally above.
Equation (8.63) can be derived similarly as willdeen in a tutorial.

8.2.4 Stationarity

All well-designed queues attain a steady state afteinitial transient period when, for
instance, a queue is opened up for business. Hm@lststate is often termexdatistical
equilibriumand when in this state the queueing processdstsdiestationary.

When a queueing process is stationary, the statbkapilities have settled down to
steady-state values and hence are not varyingtim#h Thus the time derivatives are zero so
that equations (8.62) and (8.63) become

O="-(Ckt kWPt k-1Pc-1% Kk+1Pc+1 k 1 (8.65)
and

0=- gPp+ {P (8.66)
oro 171
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It is becoming tedious to write a separate equdtioi = O all the time, so let us agree
to the following:

|_1:|_2:|_3:xxx:0; oM =My = x x x =0,
and, of course, because we can't have a negatimberwf customers, we must also have
Pi1=P,=P3=xxx=0 (867)

Equation (8.65) is now true for &l Note that (8.65) defines a homogeneous set of
equations, so something else is required beforecam® solve it uniquely. The extra
information is that the state probabilities musd &alunity, ie

P =1 (8.68)

where we have assumed condition (8.67) is true.

Note that we could have obtained equation (8.65¢dnyating the rate of flow into and
out of statek in much the same way as we obtained equation )8Téwe only difference is
that we are assuming the process is stationathasdime derivatives are zero.

Another way of obtaining a valid set of equationsa equate the rates of fldvetween
states. Figure 8 is redrawn below as figure 9 ardcan see that the rate of flow between
states 0 and 1is,Pp in one direction, anthP; in the other. Equating the two gives

| oPo = mPy
and following the same procedure for the rate$onf between states 1 and 2, we obtain
| 1P1 = mP,

and in general, we have

| k1Pe1 = mPx (8.69)
C IOI@ |1@ 2 |k—1.© |k.3|k+1!
m m m < m < M1 Mk+2
Figure 9

Note that the simple equations we have just derivad be used to generate the
sequence

P = 2Py
1

P, = —tp = -21p,
2 12

etc., and in general
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ko1
P = PbO— k 1 (8.70)
i=0 i+1

Now, from the normalizing condition (8.68), we have

¥
Po =1 - Pk
k=1
and from (8.70) this can be written
¥ k1
Pb=1-Pp Q —
k=1i=0 i+1
from which we have
1
Po = ol (8.71)
1+ QO
k=1i=0 i+1

and if this is substituted in (8.70), it gives #8@ution for allk.

Now refer to figure 9 and observe tHatis the rate of customer arrivals when the
system is in statg and thatm., is the rate at which any such arriving customdt be
served. Then note that (8.71) indicates thb{ # m.1 for all i, the value of P= 0. What does
this mean?

All it means is that if the arrival rate is alwayseater than the service rate, the queue
length will increase without bound, so when thewgubas been operating for a long time, the
probability of finding zero customers in the systesrzero. And, referring to (8.70) we see
that this also implies that, after a long time, firebability of findingk customers in the
system is also zero for finite

If, on the other hand) (/ m.,) < 1 fori > M, where M is a finite constant, theg PO
and a steady state solution exists. This implied th solution exists only if the system
empties itself from time to time. If a steady statdution exists, the queueing process is said
to beergodic

8.2.5 The simplest birth-death process

The simplest birth-death process has all arrivedsrgbirths) equal and all departure
rates (deaths) equal, lig =1 andny = mfor all k. For this simplest of cases, the differential
equations (8.62) and (8.63) take the form

_d'j;t(t) = - (+ P)+ P qg(t) + Peyqlt) k 1 (8.72)
and
dF;ot(t) = - Polt) + Pyt) (8.73)

and for this set of equations an explicit solutionPy(t) can be obtained. | will not reproduce
it here because it is very complicated, involvirmgnplex summations of Bessel functions. If
you'd like to see it, you'll find it in ref. [6].
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Example 8.6 The M/M/1 queue

Queueing theory uses the notation A/B/c to distisigubetween different types of
gueueing system. In this notation, the A descrithes distribution of the times between
arrivals, the B describes the distribution of seeviimes and the c is an integer equal to the
number of servers in the system. The M’s in the K/lueue stand for “memoryless” and
therefore indicate that both arrival and servieee8 are exponentially distributed. The ‘1’
indicates that the queue has a single server.

We can therefore assume that the M/M/1 queue kasyke server with constant service
rate m and that customers arrive at constant fatéoth rates being independent of the
number of customers in the system. Obviously thian idealized model for situations where
both customers and the server are human beingsfobugituations where the queues lie
within automated systems, as in computer or comaation systems, the model sometimes
comes close to reflecting reality. The state diagishown in figure 10.

m m m
Figure 10
From (8.71) the probability of the queue being gnpgiven by
Py k (8.74)
1+ ()
k=1

and the summation in this expression will conveage finite value so long ds<m
Recall now that the series representation fox(1 equals 1 & +* + - - - and
converges forx| < 1. This tells us that if <m, (8.74an be written

PO:— = 1 — (875)

and, since for the general case (8.70) states

kel
P = PoO— k 1
i=0 i+1
we have, for the M/M/1 queue
_ k
= (- -)() .76

Note that this expression is true forkalincludingk = 0.
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