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We addresstheposemismatchproblemwhich canoccurin faceveri“cation systemsthathave only a single(frontal) faceimageavailable
for training. In the framework of a Bayesianclassi“er basedon mixturesof gaussians,the problemis tackledthroughextendingeach
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and a local featuresystem(basedon DCT-derived features).Experimentson the FERET databasesuggestthat for the holistic system,
the LinReg-basedtechniqueis moresuitedthanthe MLLR-basedtechniques;for the local featuresystem,the resultsshow that synthesis
via a new MLLR implementationobtainsbetterperformancethansynthesisbasedon traditionalMLLR. The resultsfurther suggestthat
extendingfrontal modelsconsiderablyreduceserrors.It is alsoshown that the local featuresystemis lessaffectedby view changesthan
the holistic system;this can be attributed to the partsbasedrepresentationof the face,and, due to the classi“er basedon mixturesof
gaussians,the lack of constraintson spatialrelationsbetweenthe faceparts,allowing for deformationsandmovementsof faceareas.
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1. Intr oduction

Biometric recognition systemsbasedon face images
(herewe meanboth identi“cation andveri“cation systems)
have attractedmuch researchinterestfor quite sometime.
Applicationsincludesurveillance,forensics,transactionau-
thentication,and various forms of accesscontrol, suchas
immigration checkpointsand accessto digital information
[1…4].

Contemporaryapproachesare able to achieve low er-
ror rateswhendealingwith frontal faces(seefor example
Refs.[5,6]). In orderto handlenon-frontal faces,previously
proposedextensionsto 2D approachesinclude the useof
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training images(for the personto be recognized)at multi-
ple views [7…9]. In someapplications,suchassurveillance,
theremaybeonly onereferenceimage(e.g.,apassportpho-
tograph)for thepersonto bespotted.In asurveillancevideo
(e.g. at an airport), the poseof the faceis usually uncon-
trolled, thuscausinga problemin the form of a mismatch
betweenthe trainingandthe testposes.

While it is possibleto use3D approachesto addressthe
singletraining poseproblem[10,11], in this paperwe con-
centrateon extendingtwo 2D-basedtechniques.We extend
a local featureapproach(basedon DCT-derived features
[12,13]) andaholisticapproach(basedonPCA-derived fea-
tures[14,15]). In bothcasesweemploy aBayesianclassi“er
basedon gaussianmixturemodels(GMMs) [16,17], which
is centralto our extensions.

The PCA/GMM system is an extreme example of a
holistic systemwhere the spatial relations betweenface

http://www.elsevier.com/locate/patcog
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characteristics(suchasthe eyesandnose)arerigidly kept.
Contrarily, theDCT/GMM approachis anextremeexample
of a local featureapproach(alsoknown asapartsbasedap-
proach[13]). Here,the spatialrelationsbetweenfaceparts
are largely not used,resultingin robustnessto translations
of thefacewhich canbecausedby anautomaticfacelocal-
ization algorithm[18,19]. In betweenthe two extremesare
systemsbasedon multiple templatematching[20], modular
PCA [9], Pseudo2D hiddenMarkov models[21…23]and
approachesbasedon elasticgraphmatching[24,25]. As an
in-depthreview of facerecognitionliteratureis beyond the
scopeof this paper, the readeris directedto the following
review articles[26…29]. Furtherintroductoryandreview ma-
terial aboutthe biometrics“eld in generalcanbe found in
Refs.[3,30…32].

In general,an appearance-basedfacerecognitionsystem
canbe thoughtof asbeingcomprisedof

1. Facelocalizationandsegmentation,
2. featureextractionandclassi“cation.

The “rst stageusuallyprovidesa sizenormalizedfaceim-
age(with eyes at “x ed locations).Illumination normaliza-
tion may also be performed(however, it may not be not
necessaryif the featureextractionmethodis robust to illu-
mination changes).In this work we exclusively deal with
theclassi“cationproblem,andpostulatethat thefacelocal-
izationstephasbeenperformedcorrectly. Recentreviewsof
facelocalizationalgorithmscanbe found in Refs.[33,34].

Therearethreedistinctcon“gurationsof how a classi“er
canbe used:the closedset identi“cation task,the openset
identi“cation task,andthe veri“cation task.1 In closedset
identi“cation, the job is to assigna given faceinto oneof
K faceclasses(whereK is the numberof known faces).In
opensetidenti“cation, thetaskis to assigna givenfaceinto
one of K + 1 classes,wherethe extra classrepresentsan
•unknownŽor •previously unseenŽface.In the veri“cation
taskthe classi“er mustassigna given faceinto oneof two
classes:eitherthefaceis theonewe arelooking for, or it is
not.Theveri“cation andopensetidenti“cation tasksrepre-
sentoperationin an uncontrolledenvironment[35], where
any facecould be encountered.In contrast,the closedset
identi“cation taskassumesthat all the facesto be encoun-
teredarealreadyknown.

In this paper, we proposeto addressthe single training
poseproblembyextendingeachstatisticalfrontalfacemodel
with arti“cially synthesizedmodelsfor non-frontalviews.
We proposeto synthesizethenon-frontalmodelsvia meth-
ods basedon several implementationsof maximumlikeli-
hood linear regression(MLLR), aswell asstandardmulti-
variatelinearregression(LinReg).MLLR wasoriginally de-
velopedfor tuning speechrecognitionsystems[36], andto
our knowledgethis is the “rst time it is beingadaptedfor
faceveri“cation.

1 Veri“cation is also known as authentication.
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Fig. 1. An interpretationof synthesizinga non-frontalclient modelbased
on how the frontal genericmodel is transformedto a non-frontalgeneric
model.

In the proposedMLLR-basedapproach,prior informa-
tion is used to constructgeneric face models for differ-
ent views. A genericGMM doesnot representa speci“c
person•s face„instead it representsa populationof faces,
or interpretedalternatively, a •genericŽface. In the “eld
of speechbasedidentity veri“cation, an analogousgeneric
modelis known asa world modelandasa UniversalBack-
groundModel [17,37]. Eachnon-frontalgenericmodel is
constructedby learningandapplyinga MLLR-basedtrans-
formation to the frontal genericmodel.When we wish to
obtaina person•s non-frontalmodel,we “rst obtaintheper-
son•s frontal model via adapting[17] the frontal generic
model;a non-frontalfacemodelis thensynthesizedby ap-
plying thepreviously learnedtransformationto theperson•s
frontal model.In orderfor thesystemto automaticallyhan-
dle the two views, a person•s frontal model is extendedby
concatenatingit with thenewly synthesizedmodel.Thepro-
cedureis thenrepeatedfor otherviews.An interpretationof
this procedureis shown in Fig. 1.

The LinReg approachis similar to the MLLR-basedap-
proachdescribedabove. Themaindifferenceis thatit learns
a commonrelationbetweentwo setsof featurevectors,in-
steadof learningthe transformationbetweengenericmod-
els. In our casethe LinReg techniqueis applicableonly to
theholistic system,while theMLLR-basedmethodsareap-
plicableto bothholistic andlocal featurebasedsystems.

Previous approachesto addressingsingleview problems
include the synthesisof new images at previously unseen
views; some examples are optical ”o w based methods
[38,39], andlinear objectclasses[40]. To handleviews for



290 C. Sanderson et al. / Pattern Recognition 39 (2006) 288…302

which there are no training images,an appearance-based
facerecognitionsystemcould then utilize the synthesized
images.The proposedmodel synthesisand extensionap-
proachis inherentlymoreef“cient, astheintermediarysteps
of imagesynthesisandfeatureextraction(from synthesized
images)areomitted.

The model extensionpart of the proposedapproachis
somewhat similar to Ref. [8], where featuresfrom many
realimageswereusedto extenda person•s facemodel.This
is in contrastto the proposedapproach,wherethe models
aresynthesizedto representthefaceof a personfor various
non-frontalviews,withouthaving accessto theperson•s real
images.Thesynthesispart is somewhat relatedto Ref. [41]
wherethe •jetsŽin the nodesof an elasticgrapharetrans-
formedaccordingto ageometricframework.Apart from the
inherentdifferencesin the structureof classi“ers(i.e. elas-
tic graphmatchingcomparedto a Bayesianclassi“er), the
proposedsynthesisapproachdiffers in that it is basedon a
statisticalframework.

Therestof thispaperis structuredasfollows.In Section2,
webrie”y describethedatabaseusedin theexperimentsand
thepre-processingof images.In Section3, we overview the
DCT- andPCA-basedfeatureextractiontechniques.Section
4providesaconcisedescriptionof theGMM-basedclassi“er
andthedifferenttrainingstrategiesusedwhendealingwith
DCT and PCA derived features.In Section5 we summa-
rize MLLR, while in Section6 we describemodelsynthesis
techniquesbasedon MLLR andstandardmulti-variatelin-
earregression.Section7 detailsthe processof extendinga
frontal modelwith synthesizednon-frontalmodels.Section
8 is devotedto experimentsevaluatingtheproposedsynthe-
sistechniquesandtheuseof extendedmodels.Conclusions
andfutureareasof researcharegiven in Section9.

2. Databasesetupand pre-processing

In our experimentswe utilized a subsetof face images
from the FERET database[42]. Speci“cally, we usedim-
agesfrom theba, bb, bc, bd, be, bf, bg, bh andbi portions,
which representviews of 200personsfor approximately0�

(frontal),+ 60� , + 40� , + 25� , + 15� , Š15� , Š25� , Š40� and
Š60� , respectively.

The 200 personswere split into threegroups:groupA,
groupB andan impostorgroup.Thereare90 peopleeach
in groupA andB, and20 peoplein theimpostorgroup.The
classIDs for eachgrouparegiven in AppendixA. Example
imagesare shown in Fig. 2. Throughoutthe experiments,
groupA is usedasa sourceof prior informationwhile the
impostorgroupandgroupB areusedfor veri“cation tests.
For mostexperimentsthereare90trueclaimantaccessesand
90× 20= 1800impostorattacksperangle(with theview of
impostorfacesmatchingthe testingview). This restriction
is relaxed in laterexperiments.

To reducetheeffectsof facialexpressionsandhair styles,
closelycroppedfacesareused[43]; facewindows, with a

Fig. 2. Exampleimagesfrom the FERETdatabasefor 0� (frontal), + 25�

and + 60� views; note that the anglesare approximate.

Fig. 3. Extractedfacewindows from imagesin Fig. 2.

sizeof 56rowsand64columns,areextractedbasedonman-
ually foundeye locations.As in this paperwe areproposing
extensionsto existing2D approaches,weobtainnormalized
facewindows for non-frontalviews in the sameway as for
the frontal view (i.e. the location of the eyes is the same
in eachfacewindow). This hasa signi“cant sideeffect: for
large deviations from the frontal view (suchas Š60� and
+ 60� ) the effective size of facial characteristicsis signi“-
cantly larger thanfor the frontal view. Thenon-frontalface
windows thusdiffer from the frontal facewindows due to
out-of-planerotation of the faceand scale.Exampleface
windows areshown in Fig. 3.

3. Feature extraction

3.1. DCT-basedsystem

In this work we utilize the DCTmod2featureextraction
technique[12], which is amodi“ed form of DCT-basedfea-
ture extraction.First, a given faceimageis analyzedon a
block by block basis;eachblock is NP × NP (herewe use
NP = 8) and overlapsneighbouringblocks by NO pixels.
Eachblock is decomposedin termsof orthogonal2D dis-
cretecosinetransform(DCT) basisfunctions[44]. A feature
vectorfor a givenblock is thenconstructedas

x = [ � hc0� vc0� hc1� vc1� hc2 � vc2 c3 c4 · · · cM Š1]T,
(1)

where cn representsthe nth DCT coef“cient, while � hcn
and � vcn representthe horizontaland vertical delta coef-
“cients, respectively. The deltasare computedusing DCT
coef“cients extractedfrom neighbouringblocks.Compared
to standardDCT featureextraction[22], the“rst threeDCT
coef“cients are replacedby their respective horizontaland
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Fig. 4. Graphicalexampleof the spatialarea(shaded)usedin DCTmod2
featureextraction for NP = 4; left: NO = 0; right: NO = 2.

Table 1
Numberof DCTmod2featurevectorsextractedfrom a 56× 64 faceusing
NP = 8 and varying overlap

Overlap(NO ) Vectors(NV ) Spatialwidth

0 30 24
1 35 22
2 56 20
3 80 18
4 143 16
5 255 14
6 621 12
7 2585 10

It also shows the effective spatial width (& height) in pixels for each
featurevector.

vertical deltasasa way of preservingdiscriminative infor-
mationwhile alleviating theeffectsof illuminationchanges.
Note that this featureextraction is only possiblewhen a
given block hasvertical andhorizontalneighbours.In this
study we useM = 15 (choicebasedon Ref. [12]), result-
ing in an 18-dimensionalfeaturevector for eachblock. A
furtherstudyof this featureextractiontechniqueis given in
Ref. [45].

The degreeof overlap (NO ) hastwo effects: the “rst is
that as overlap is increasedthe spatialareausedto derive
onefeaturevectoris decreased(seeFig. 4 for anexample);
thesecondis thatastheoverlapis increasedthenumberof
featurevectorsextractedfrom animagegrowsin aquadratic
manner. Table 1 shows the amountof featurevectorsex-
tractedfrom a 56 × 64 facewindow usingour implementa-
tion of theDCTmod2extractor. As will beshown later, the
largertheoverlap(andhencethesmallerthespatialareafor
eachfeaturevector),the morethe systemis robust to view
changes.

3.2. PCA-basedsystem

In PCA-basedfeatureextraction[14,15], a givenfaceim-
ageis representedby a matrix containinggrey level pixel
values.The matrix is thenconvertedto a facevector, f , by
concatenatingall thecolumns.A D-dimensionalfeaturevec-
tor, x, is thenobtainedby

x = UT(f Š f� ), (2)

whereU containsD eigenvectors(correspondingto the D
largesteigenvalues)of the training datacovariancematrix,
and f� is the meanof training facevectors.In our experi-
mentswe usefrontal facesfrom groupA to “nd U andf� .

It mustbe emphasizedthat in the PCA-basedapproach,
onefeaturevectorrepresentstheentireface(i.e. it is aholis-
tic representation),while in the DCT approachonefeature
vectorrepresentsonly a smallportionof theface(i.e. it is a
local featurerepresentation).

4. GMM-based classi“er

The distribution of training featurevectorsfor eachper-
son•s faceis modeledby a GMM [12,13,17]. Thereis also
a secondarymodel, the genericmodel, which modelsthe
distribution of a populationof faces,or interpretedalterna-
tively, it represents•genericŽface.

In the veri“cation task we wish to “nd out whethera
set of (test) featurevectors,X = { xi }

NV
i = 1, extractedfrom

an unknown person•s face,belongsto personC (which we
will refer to asclient C) or someoneelse(i.e. this is a two
classrecognitiontask).We “rst “nd the likelihoodof setX
belongingto client C with

P (X |� C) =
NV�

i = 1

P (xi |� C), (3)

where P (x|� ) =
� NG

g= 1 wgN (x|� g, � g) and � = { wg, � g,

� g}NG
g= 1. Here,N (x|� , � ) is aD-dimensionalgaussianfunc-

tion with mean� anddiagonalcovariancematrix � :

N (x|� , � ) =
exp[Š 1

2(x Š � )T� Š1(x Š � )]

(2� )D/ 2|� |1/ 2
(4)

� C is the parameterset for client C, NG is the numberof
gaussiansand wg is the weight for gaussiang (with con-
straints

� NG
g= 1 wg = 1 and� g : wg � 0). Secondly, weobtain

P (X |� generic), which is the likelihoodof setX describing
someoneelse•s face(which we shall refer to asanimpostor
face).A log-likelihoodratio is thenfoundusing

� (X |� C, � generic)

= logP (X|� C) Š logP (X|� generic). (5)

The veri“cation decision is reachedas follows: given a
thresholdt, the set X (i.e. the face in question)is classi-
“ed as belongingto client C when � (X |� C, � generic) � t
or to an impostorwhen � (X |� C, � generic) < t . Note that
� (X |� C, � generic) canbe interpretedasanopinionof how
morelikely setX representsclient C•s facethanan impos-
tor•s face,andhencecanalsobe usedin an openset iden-
ti“cation system.Methodsfor obtainingthe parameterset
for the genericmodelandeachclient modelaredescribed
in the following sections.
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Notethatin (3) eachvectorin thesetX ={ xi }
NV
i = 1 was as-

sumedto beindependentandidenticallydistributed[16,46].
Whenusinglocal features,thisresultsin thespatialrelations
betweenfacepartsto benot used,resultingin robustnessto
translationsof the face[18,19].

4.1. Classi“er training for theDCT-basedsystem

First, the parametersfor the generic model are ob-
tained via the expectationmaximization (EM) algorithm
[16,17,47], using all 0� datafrom groupA. Here, the EM
algorithmtunesthemodelparametersto optimizethemaxi-
mumlikelihoodcriterion.Theparameters(� ) for eachclient
modelarethenfoundby usingtheclient•s trainingdataand
adaptingthe genericmodel.The adaptationis traditionally
doneusinga form of maximuma posteriori(MAP) estima-
tion [17,48]. In this work we shall alsoemploy the MLLR
model transformationapproachesas adaptationmethods.
Thechoiceof theadaptationtechniquedependson thenon-
frontal modelsynthesismethodutilized later (Section6).

4.2. Classi“er training for thePCA-basedsystem

Thesubsetof theFERETdatabasethat is utilized in this
work hasonly onefrontal imageperperson.In PCA-based
featureextraction, this resultsin only one training vector,
leadingto necessaryconstraintsin thestructureof theclas-
si“er andtheclassi“er•s trainingparadigm.

Thegenericmodelandall client modelsfor frontal faces
areconstrainedto have only onecomponent(i.e. onegaus-
sian),with a diagonalcovariancematrix.2 The meanand
the covariancematrix of the genericmodelaretaken to be
the meanand the covariancecovariancematrix of feature
vectorsfrom groupA, respectively. Insteadof adaptation(as
donein the DCT-basedsystem),eachclient model inherits
thecovariancematrixfrom thegenericmodel.Moreover, the
meanof eachclient modelis takento bethesingletraining
vectorfor thatclient.

4.3. Error measures

Therearetwo typesof errorsthatcanoccurin a veri“ca-
tion system:a falseacceptance(FA), whichoccurswhenthe
systemacceptsan impostorface,or a falserejection(FR),
which occurswhenthesystemrefusesa true face.Theper-
formanceof veri“cation systemsis generallymeasuredin
termsof falseacceptancerate(FAR) andfalserejectionrate
(FRR),de“nedas

FAR =
numberof FAs

numberof impostorfacepresentations
, (6)

FRR=
numberof FRs

numberof true facepresentations
. (7)

2 The assumptionof a diagonalcovariancematrix is supportedby the
fact that PCA derived featurevectorsare decorrelated[16,46].

To aid theinterpretationof performance,thetwo errormea-
suresareoften combinedinto onemeasure,calledthe half
totalerrorrate(HTER),whichis de“nedasHTER= (FAR+
FRR)/ 2. The HTER canbe thoughtof asa particularcase
of thedecisioncostfunction (DCF) [49,50]:

DCF= cost(FR) · P (true face) · FRR
+ cost(FA) · P (impostorface) · FAR, (8)

whereP (true face) is the prior probability that a true face
will bepresentedto thesystem,P (impostorface) is theprior
probabilitythatanimpostorfacewill bepresented,cost(FR)
is thecostof a FR andcost(FA) is thecostof a FA. For the
HTER,we have P (true face) = P (impostorface) = 0.5 and
thecostsaresetto 1.

A particularcaseof theHTER, known astheequalerror
rate (EER), occurswhen the systemis adjusted(e.g. via
tuningthethreshold)sothatFAR= FRRonaparticulardata
set.We usea global threshold(commonacrossall clients)
tunedto obtainthelowestEERon thetestset,following the
approachoftenusedin speaker veri“cation [3,50].3

5. Maximum lik elihood linear regression

In theMLLR framework [36,52], theadaptationof agiven
modelis performedin two steps.In the“rst stepthemeans
areupdatedwhile in thesecondstepthecovariancematrices
areupdated,suchthat

P (X |�� ) � P (X |�� ) � P (X |� ), (9)

where�� hasboth meansand covariancesupdatedwhile ��
hasonly meansupdated.Theweightsarenot adaptedasthe
main differencesareassumedto be re”ected in the means
andcovariances.

5.1. Adaptationof means

Eachadaptedmeanis obtainedby applyinga transforma-
tion matrix WS to eachoriginal mean:

�� g = WS� g, (10)

where� g =[ 1 � T
g ]T andWS is aD × (D + 1) transformation

matrix which maximizesthe likelihood of given training
data.For WS sharedby NS gaussians{gr }NS

r= 1 (seeSection
5.3 below), thegeneralform for “nding WS is

NV�

i = 1

NS�

r= 1

P (gr |xi , � )� Š1
gr

xi � T
gr

=
NV�

i = 1

NS�

r= 1

P (gr |xi , � )� Š1
gr

WS� gr �
T
gr

, (11)

3 We note that the posteriorselectionof the thresholdcan place an
optimistic bias on the results[51].
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where

P (g|xi , � ) =
wgN (xi |� g, � g)

� NG
n= 1 wnN (xi |� n, � n)

. (12)

As furtherelucidationis quitetedious,thereaderis referred
to Ref. [36] for the full solutionof WS.

Two forms of WS were originally proposed:full and
•diagonalŽ[36]. We shall refer to MLLR transformation
with a full transformationmatrix as full-MLLR. When the
transformationmatrix is forcedto be •diagonalŽ,it hasthe
following form

WS =

�

�
�
�

w1,1 w1,2 0 · · · 0
w2,1 0 w2,3 · · · 0

...
...

...
. . .

...
wD,1 0 0 · · · wD,D+ 1

	





� . (13)

We shall refer to MLLR transformationwith a •diagonalŽ
transformationmatrix as diag-MLLR. We proposea third
form of MLLR, wherethe •diagonalŽelementsare set to
one,i.e.

WS =

�

�
�
�

w1,1 1 0 · · · 0
w2,1 0 1 · · · 0

...
...

...
. . .

...
wD,1 0 0 · · · 1

	





� . (14)

In otherwords,eachmeanis transformedby addinganoff-
set;thusEq. (10) canberewritten as

�� g = � g + � S, (15)

where� S maximizesthe likelihoodof given training data.
This leadsto the following solution:

� S =

�

�
NS�

r= 1

NV�

i = 1

P (gr |xi , � )� Š1
gr

	

�

Š1

×

�

�
NS�

r= 1

NV�

i = 1

P (gr |xi , � )� Š1
gr

(xi Š � gr )

	

� . (16)

The derivation for the above solution is given in Appendix
B. We shall refer to this form of MLLR asoffset-MLLR.

5.2. Adaptationof covariancematrices

Oncethe new meansareobtained,eachnew covariance
matrix is foundusing[52]:

�� g = BT
gHSBg, (17)

where

Bg = CŠ1
g , (18)

CgCT
g = � Š1

g . (19)

Here,Eq. (19) is a form of Cholesky decomposition[53].
HS, sharedby NS gaussians{gr }NS

r= 1, is foundwith

HS =

� NS
r= 1{CT

gr [
� NV

i = 1 P (gr |xi , � )(xi Š �� gr )(xi Š �� gr )T]Cgr }
� NV

i = 1
� NS

r= 1 P (gr |xi , � )
.

(20)

Thecovariancetransformationmaybeeitherfull or diag-
onal.Whenthe full transformationis used,full covariance
matricescan be producedeven if the original covariances
werediagonalto begin with. To avoid this, theoff-diagonal
elementsof HS canbe setto zero.In this work we restrict
ourselves to the useof diagonalcovariancematricesto re-
ducethe numberof parametersthat needto be estimated.
For full covariancematricesthe dataset may not be large
enoughto robustly estimatethe transformationparameters,
which could result in the transformedcovariancematrices
beingill-conditioned[52].

5.3. Regressionclasses

If eachgaussianis transformedindividually, thenfor full-
MLLR thereareD2 + 2D parametersto estimatepergaus-
sian(i.e. D × (D + 1) parametersfor eachmeanandD pa-
rametersfor eachcovariancematrix); for diag-MLLR, there
areD + D + D = 3D parametersandfor offset-MLLR there
areD + D = 2D parameters.Ideally eachgaussianwould
haveits own transform,however in practicalapplicationsthe
training dataset may not be large enoughto reliably esti-
matetherequirednumberof parameters.Oneway of work-
ing aroundthesmall trainingdatasetproblemis to sharea
transformacrosstwo or moregaussians[36,52]. We de“ne
which gaussiansare to sharea transformby clusteringthe
gaussiansbasedon thedistancebetweentheir means.

We de“ne a regressionclassas {gr }NS
r= 1 wheregr is the

rth gaussianin the class;all gaussiansin a regressionclass
sharethesamemeanandcovariancetransforms.In our ex-
perimentswevarythenumberof regressionclassesfrom one
(all gaussiansshareonemeanandonecovariancetransform)
to 32 (eachgaussianhasits own transform).Thenumberof
regressionclassesis denotedasNR.

6. Synthesizingclient modelsfor non-frontal views

6.1. DCT-basedsystem

In the MLLR-basedmodel synthesistechnique,we “rst
transform,usingprior information,thefrontalgenericmodel
into anon-frontalgenericmodelfor angle� . For full-MLLR
anddiag-MLLR, theparameterswhichdescribethetransfor-
mationof themeansandcovariancesare� = { Wg, Hg}NG

g= 1,

while for offset-MLLR theparametersare� ={ � g, Hg}NG
g= 1.

Wg, � g andHg arefoundasdescribedin Section5. When
severalgaussianssharethesametransformationparameters,
the sharedparametersare replicatedfor eachgaussianin
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question.To synthesizea client modelfor angle� , thepre-
viously learnedtransformationsare applied to the client•s
frontal model. The weights are kept the sameas for the
frontalmodel.Moreover, eachfrontalclientmodelis derived
from the frontal genericmodelby MLLR.

6.2. PCA-basedsystem

For thePCA-basedsystem,weutilizeMLLR-basedmodel
synthesisin a similar way as describedin theprevioussec-
tion.Theonlydifferenceis thateachnon-frontalclientmodel
inheritsthe covariancematrix from the correspondingnon-
frontal genericmodel.Moreover, aseachclient modelhas
only onegaussian,we notethat theMLLR transformations
are•singlepoint to singlepointŽtransformations,wherethe
pointsaretheold andnew meanvectors.

As describedin Section4.2,themeanof eachclientmodel
is takento bethesingletrainingvectoravailable.Thusin this
caseatransformationin thefeaturedomainis equivalentto a
transformationin themodeldomain.It is thereforepossible
to usetransformationswhich arenot of the•single point to
singlepointŽtype.Let ussupposethatwehavethefollowing
multi-variatelinear regressionmodel:

B = AW, (21)
�

�
�
�

bT
1

bT
2
...

bT
N
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�

�
�
�
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� , (22)

where N > D + 1, with D being the dimensionalityof a
and b. W is a matrix of unknown regressionparameters.
Underthesum-of-least-squaresregressioncriterion,W can
be foundusing[53]:

W = (ATA)Š1ATB. (23)

Comparedto MLLR, this typeof regression“nds acommon
relationbetweentwo setsof points;henceit may be more
accuratethan MLLR. Given a set of PCA-derived feature
vectorsfrom groupA, representingfacesat 0� and � , we
“nd W. We canthensynthesizethesinglemeanfor � from
client C•s 0� meanusing

� � = [ 1 (� 0 �
)T]W. (24)

We shall refer to this PCA-speci“c linear regressionbased
techniqueas LinReg. We note that for this synthesistech-
nique, (D + 1) × D = D2 + D parametersneed to be
estimated.

7. Extending fr ontal models

In orderfor thesystemtoautomaticallyhandlenon-frontal
views, eachclient•s frontal model is extendedby concate-
nating it with synthesizednon-frontalmodels.The frontal
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Fig. 5. Performanceof theDCT-basedsystemtrainedandtestedon frontal
faces,for varyingdegreesof overlapandnumberof gaussians.Traditional
MAP-basedtraining was used.

generic model is also extendedwith non-frontal generic
models.Formally, an extendedmodelis createdusing:

� extended= � 0�
� � + 60�

� � + 40�
· · · � � Š40�

� � Š60�

=
�

i � �

� i , (25)

where� 0�
representsa frontal model, � is a setof angles,

e.g.,� = { 0� , + 60� , . . . , + 15� , Š15� , . . . , Š60� }, and� is
anoperatorfor joining GMM parametersets.Let ussuppose
we have two GMM parametersets,� x and� y , comprisedof
parametersfor N x

G and N y
G gaussians,respectively. The �

operatoris de“nedasfollows:

� z = � x � � y

= { � wx
g, � x

g, � x
g}

N x
G

g= 1 � { 	 wy
g, � y

g, � y
g}

N y
G

g= 1, (26)

where� = N x
G/(N x

G + N y
G) and	 = 1 Š � .

8. Experiments and discussion

8.1. DCT-basedsystem

In the“rst experimentwe studiedhow theoverlapsetting
in theDCTmod2featureextractorandnumberof gaussians
in the classi“er affectsperformanceandrobustness.Client
modelsweretrainedon frontal facesandtestedon facesat
0� and+ 40� views;impostorfacesmatchedthetestingview.
Traditional MAP adaptationwas usedto obtain the client
models.Results,in termsof EER(Section4), areshown in
Figs.5 and6.

Whentestingwith frontal faces,the overall trend is that
as the overlap increasesmore gaussiansare neededto de-
creasetheerror rate.This canbe interpretedasfollows: the
smallerthe areausedin the derivation of eachfeaturevec-
tor, themoregaussiansarerequiredto adequatelymodelthe
face.Whentestingwith non-frontalfaces,the overall trend
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Fig. 6. Performanceof the DCT-basedsystemtrained on frontal faces
and testedon + 40� faces,for varying degreesof overlapandnumberof
gaussians.Traditional MAP-basedtraining was used.

is that as the overlap increases,the lower the error rate.
Thereis alsoa lessde“ned trendwhenthe overlap is four
pixels or greater:the more gaussians,the lower the error
rate.4 While not shown here, the DCT-basedsystemob-
tainedsimilar trendsfor non-frontalviews otherthan+ 40� .
The bestperformancefor + 40� facesis achieved with an
overlap of seven pixels and 32 gaussians,resulting in an
EER closeto 10%.We chosethis con“gurationfor further
experiments.

In the secondexperimentwe evaluatedthe performance
of modelssynthesizedvia the full-MLLR, diag-MLLR and
offset-MLLR techniques,for varying numberof regression
classes.Resultsare presentedin Tables 2…5. As can be
observed, the full-MLLR techniquefalls apartwhen there
are two or more regressionclasses.Its best results (ob-
tained for one regressionclass)are in somecasesworse
than for standardfrontal models. Frontal client models,
obtainedby using full-MLLR as an adaptationmethod,
resultedin an EER of 0% for frontal facesfor all con“g-
urationsof regressionclasses.Thus while the full-MLLR
transformationis adequatefor adaptingthe frontal generic
model to frontal client models,the synthesisresultssug-
gest that the transformationis only reliable when applied
to the speci“c model it was trained to transform.Further
investigation of the sensitivity of the full-MLLR trans-
form, presentedin AppendixC, shows that the full-MLLR
transformis easily affectedby the startingpoint. We con-
jecture that this is probably due to the training data set
being too small to robustly estimatethe transformation
parameters.

Comparedto full-MLLR, the diag-MLLR techniqueob-
tains lower EERs (Table 3). We note that the numberof
transformationparametersfor diag-MLLR is signi“cantly

4 This is true up to a point: eventually the error rate will go up as
therewill be too many gaussiansto train adequatelywith the small size
of the training dataset. Preliminaryexperimentsshowed that therewas
little performancegain when using more than 32 gaussians.

lessthan for full-MLLR. The overall error rate (acrossall
angles)decreasesas the numberof regressionclassesin-
creasesfrom oneto eight;theperformancethendeteriorates
for higher numbersof regressionclasses.The resultsare
consistentwith thescenariothatoncethenumberof regres-
sion classesreachesa certainpoint, the training dataset is
too small to obtain robust transformationparameters.The
bestperformance,obtainedateightregressionclasses,is for
all anglesbetter than the performanceof standardfrontal
models.

Theoffset-MLLRtechnique(Table4) hasthelowestEERs
whencomparedto full-MLLR anddiag-MLLR. It mustbe
noted that it also has the least numberof transformation
parameters.The overall error rateconsistentlydecreasesas
the numberof regressionclassesincreasesfrom oneto 32.
The bestperformance,obtainedat 32 regressionclasses,is
for all anglesbetterthantheperformanceof standardfrontal
models.

8.2. PCA-basedsystem

In the“rst experimentwestudiedhow thedimensionality
of thefeaturevectorsusedin thePCA-basedsystemaffects
robustnessto varying pose.Client modelswere trainedon
frontal facesandtestedon facesfrom Š60� to + 60� views;
impostorfacesmatchedthe testingview. Resultsfor Š60�

to 0� are shown in Fig. 7 (resultsfor + 15� to + 60� , not
shown here,have very similar trends).

As canbeobserved,a dimensionalityof at least40 is re-
quired to achieve perfectveri“cation on frontal faces(this
is consistentwith the resultspresentedin Ref. [23]). For
non-frontal facesat ± 60� and ± 40� , the error rate gen-
erally increasesas the dimensionalityincreases,and satu-
rateswhen the dimensionalityis about15. Hencethereis
somewhat of a trade-off betweenthe error rateson frontal
facesandnon-frontalfaces,controlledby the dimensional-
ity. Sincein this work we arepursuingextensionsto stan-
dard 2D approaches,the dimensionalityhasbeen“x ed at
40 for further experiments.Using a lower dimensionality
of, say 4, offers betterperformancefor non-frontal faces,
however it comesat the cost of an EER of about10% on
frontal faces.

We note that the PCA-basedsystem(which is holistic
in nature) is much more affected by view changesthan
the DCT-basedsystem.This can be attributed to the rigid
preservation of spatialrelationsbetweenfaceareas,which
is in contrast to the DCT/GMM-basedapproach,where
the spatialrelationsbetweenfacepartsarevery loose.The
loosespatialrelationsallow for thedeformationsandmove-
mentsof faceareas,which canoccurdueto view changes.
Interestingly, recentempirical evidencesuggeststhat hu-
mans recognizefaces by parts rather than in a holistic
manner[54].

In the secondexperimentwe evaluatedthe performance
of models synthesizedusing LinReg and MLLR-based
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Table 2
EER performanceof full-MLLR synthesistechniquefor varying numberof regressionclasses

Angle NR = 1 NR = 2 NR = 4 NR = 8 NR = 16 NR = 32

Š60� 23.58 48.83 49.50 49.56 49.94 49.81
Š40� 13.11 49.61 49.58 49.50 49.47 49.56
Š25� 5.81 50.39 49.56 49.56 49.97 49.64
Š15� 1.58 49.83 49.47 49.67 49.75 49.69
+ 15� 1.28 50.19 49.58 49.61 49.81 49.58
+ 25� 4.69 50.17 49.67 49.69 49.97 49.56
+ 40� 9.39 49.25 49.67 49.67 49.64 49.53
+ 60� 19.53 49.81 49.64 49.81 49.75 49.64

Table 3
EER performanceof diag-MLLR synthesistechniquefor varying numberof regressionclasses

Angle NR = 1 NR = 2 NR = 4 NR = 8 NR = 16 NR = 32

Š60� 23.56 22.69 22.11 18.33 23.67 32.61
Š40� 11.86 11.97 11.14 11.19 15.28 25.17
Š25� 5.25 5.72 4.75 3.86 8.06 16.75
Š15� 1.64 1.58 1.56 1.50 3.53 16.81
+ 15� 1.36 1.36 1.33 1.36 2.50 15.67
+ 25� 4.97 4.42 4.36 3.69 5.92 20.72
+ 40� 8.97 8.33 7.86 8.78 17.14 29.28
+ 60� 19.81 16.97 16.86 15.31 31.22 31.25

Table 4
EER performanceof offset-MLLR synthesistechniquefor varying numberof regressionclasses

Angle NR = 1 NR = 2 NR = 4 NR = 8 NR = 16 NR = 32

Š60� 23.31 22.78 22.47 19.67 16.97 17.94
Š40� 12.28 11.00 10.06 10.83 9.25 7.94
Š25� 4.89 5.31 4.64 3.72 3.33 3.44
Š15� 1.58 1.58 1.56 1.53 1.44 1.44
+ 15� 1.36 1.36 1.33 1.33 1.42 1.42
+ 25� 4.94 4.67 4.42 3.33 3.08 3.28
+ 40� 9.00 7.42 7.08 7.42 6.81 6.67
+ 60� 19.86 18.94 18.81 17.11 15.44 14.33

Table 5
EER performancefor standardfrontal models (obtainedvia traditional
MAP-basedtraining) and modelssynthesizedfor non-frontal anglesvia
MLLR-basedtechniques

Angle Standard full-MLLR diag-MLLR offset-MLLR
(frontal models) (NR = 1) (NR = 8) (NR = 32)

Š60� 22.72 23.58 18.33 � 17.94
Š40� 11.47 13.11 11.19 � 7.94
Š25� 5.72 5.81 3.86 � 3.44
Š15� 2.83 1.58 1.50 � 1.44
+ 15� 2.64 � 1.28 1.36 1.42
+ 25� 5.94 4.69 3.69 � 3.28
+ 40� 10.11 9.39 8.78 � 6.67
+ 60� 24.72 19.53 15.31 � 14.33

Best result for a given angleis indicatedby an asterisk.

techniques.As thereis only onegaussianper client model,
therewas only oneregressionclassfor MLLR techniques.

Resultsin Table 6 show that model synthesiswith full-
MLLR and diag-MLLR was unsuccessful.Since the Lin-
Reg techniqueworks quite well and hasa similar number
of freeparametersasfull-MLLR, we attributethefailureof
full-MLLR anddiag-MLLR to their sensitivity to the start-
ing point, which is describedin Appendix C. While mod-
elssynthesizedby offset-MLLR exhibit betterperformance
thanstandardfrontal models,they areeasilyoutperformed
by modelssynthesizedvia theLinReg technique.This sup-
portstheview that•single point to singlepointŽtypetrans-
formations(suchasMLLR) arelessusefulfor a systemuti-
lizing PCA derived features.

8.3. Performanceof extendedfrontal models

In the experimentsdescribedin Sections8.1 and 8.2, it
was assumedthat the angleof the face is known. In this
sectionweprogressively remove thisconstraintandpropose
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Fig. 7. Performanceof PCA-basedsystem(trainedon frontal faces)for
increasingdimensionalityand the following angles:Š60� , Š40� , Š25� ,
Š15� and 0� (frontal).

to handlevarying poseby extending eachclient•s frontal
modelwith theclient•s synthesizednon-frontalmodels.

In the “rst experimentwe comparedthe performanceof
extendedmodelsto frontal modelsandmodelssynthesized
for a speci“c angle;impostorfacesmatchedthe testview.
For theDCT-basedsystem,eachclient•s frontal modelwas
extendedwith modelssynthesizedby theoffset-MLLR tech-
nique (with 32 regressionclasses)for the following an-
gles:± 60� , ± 40� and± 25� . Synthesizedmodelsfor ± 15�

werenot usedsincethey providedlittle performancebene“t
over the 0� model(seeTable5). The frontal genericmodel
was also extendedwith non-frontalgenericmodels.Since
eachfrontal modelhad32 gaussians,eachextendedmodel
had224gaussians.Following theoffset-MLLR-basedmodel
synthesisparadigm,eachfrontal client model was derived
from the frontal genericmodelusingoffset-MLLR.

For the PCA-basedsystem,modelsynthesiswas accom-
plishedusingLinReg. Eachclient•s frontal modelwas ex-
tendedfor the following angles:± 60� , ± 40� , ± 25� and
± 15� . The frontal genericmodel was also extendedwith
non-frontalgenericmodels.Sinceeachfrontal model had
onegaussian,eachextendedmodelhadninegaussians.

Table 6
EER performancecomparisonbetweenfrontal modelsand synthesizednon-frontalmodelsfor the PCA-basedsystem

Angle Frontal full-MLLR diag-MLLR offset-MLLR LinReg

Š60� 40.97 49.67 50.00 38.56 � 14.92
Š40� 32.61 50.00 49.97 25.75 � 17.19
Š25� 19.31 49.69 49.75 � 13.81 15.78
Š15� 8.69 49.58 49.72 6.86 � 6.44
+ 15� 10.39 49.67 49.69 8.36 � 5.72
+ 25� 20.83 49.58 49.97 14.00 � 7.78
+ 40� 34.36 49.78 50.00 28.97 � 15.00
+ 60� 44.92 49.83 49.47 38.44 � 14.89

Best result for a given angleis indicatedby an asterisk.

Table 7
EER performanceof frontal, synthesizedand extendedfrontal models,
DCT-derived features;offset-MLLR-basedtraining (frontal models)and
synthesis(non-frontalmodels)was used

Angle Frontal Synth. Ext.

Š60� 28.22 17.94 18.25
Š40� 15.17 7.94 9.36
Š25� 6.06 3.44 3.28
Š15� 1.61 1.44 1.64
+ 15� 1.44 1.42 1.67
+ 25� 5.67 3.28 3.53
+ 40� 9.39 6.67 5.94
+ 60� 23.75 14.33 16.56

Table 8
EER performanceof frontal, synthesizedand extendedfrontal models,
PCA features;LinReg model synthesiswas used

Angle Frontal Synth. Ext.

Š60� 40.97 14.92 15.33
Š40� 32.61 17.19 17.56
Š25� 19.31 15.78 14.94
Š15� 8.69 6.44 9.17
+ 15� 10.39 5.72 3.67
+ 25� 20.83 7.78 8.11
+ 40� 34.36 15.00 15.67
+ 60� 44.92 14.89 16.08

As can be seen in Tables 7 and 8, for most angles
only a small reduction in performanceis observed when
compared to models synthesizedfor a speci“c angle.
Theseresults suggestthat the model extensionapproach
could be used instead of selecting the most appropri-
ate synthesizedmodel (via detection of the face an-
gle), thus reducing the complexity of a multi-view face
veri“cation system.

In the “rst experimentimpostorattacksand true claims
wereevaluatedfor eachangleseparately. In the secondex-
perimentwe relaxedthis restrictionandallowedtrueclaims
and impostorattacksto comefrom all angles,resultingin
90× 9= 810trueclaimsand90× 20× 9= 16200impostor
attacks;anoverall EERwas thenfound.For bothDCT- and
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Table 9
Overall EER performanceof frontal and extendedfrontal models

Featuretype Model type

Frontal Extended

PCA 27.34 11.51
DCT 14.82 10.96

PCA-basedsystemstwo typesof modelswereused:frontal
and extended.For the DCT-basedsystem,frontal models
were derived from the genericmodel using offset-MLLR.
From the resultspresentedin Table 9, it can be observed
thatmodelextensionreducestheerrorratein bothPCA and
DCT-basedsystems,with the DCT-basedsystemachieving
thelowestEER.Thelargesterrorreductionis presentin the
PCA-basedsystem,wherethe EER is reducedby approxi-
mately58%;for theDCT-basedsystem,theEERis reduced
by approximately26%.

9. Conclusionsand futur e work

In this paper, we addressedthe posemismatchproblem
which canoccurin faceveri“cation systemsthathave only
a single (frontal) face imageavailable for training. In the
framework of a Bayesianclassi“er basedon mixtures of
gaussians,theproblemwas tackledthroughextendingeach
frontal facemodel with arti“cially synthesizedmodelsfor
non-frontal views. The synthesiswas accomplishedvia
methodsbasedon several implementationsof maximum
likelihood linear regression (MLLR) (originally devel-
opedfor tuning speechrecognitionsystems),andstandard
multi-variate linear regression (LinReg). To our knowl-
edgethis is the “rst time MLLR hasbeenadaptedfor face
veri“cation.

All synthesistechniquesrely on prior information and
learnhow facemodelsfor thefrontalview arerelatedto face
modelsatnon-frontalviews.Thesynthesisandextensionap-
proachwas evaluatedby applyingit to two faceveri“cation
systems:a holistic system(utilizing PCA derived features)
anda local featuresystem(usingDCT derived features).

Experimentson theFERETdatabasesuggestthat for the
PCA-basedsystem,the LinReg technique(which is based
on a commonrelationbetweentwo setsof points) is more
suitedthanthe MLLR-basedtechniques(which are•single
point to singlepointŽtransformsin thePCA-basedsystem).
For the DCT-basedsystem,the resultsshow that synthesis
via anew MLLR implementationobtainsbetterperformance
thansynthesisbasedon traditionalMLLR (mainly dueto a
lowernumberof freeparameters).Theresultsfurthersuggest
thatextendingfrontalmodelsconsiderablyreduceserrorsin
bothsystems.

Theresultsalsoshow thatthestandardDCT-basedsystem
(trainedon frontal faces)is lessaffectedby view changes
than the PCA-basedsystem.This can be attributed to the

parts basedrepresentationof the face (via local features)
and,dueto theclassi“erbasedonmixturesof gaussians,the
lack of constraintson spatialrelationsbetweenfaceparts.
The lack of constraintsallows for deformationsandmove-
mentsof faceareas,which canoccurdueto view changes.
This is in contrastto the PCA-basedsystem,where,dueto
the holistic representation,the spatial relationsare rigidly
kept. Interestingly, recentempirical evidencesuggeststhat
humansrecognizefacesby parts rather than in a holistic
manner[54].

Futureareasof researchincludewhetherit is possibleto
interpolatebetweentwo synthesizedmodelsto generatea
third model for a view for which there is no prior infor-
mation.A relatedquestionis how many discreteviews are
necessaryto adequatelycover a wide rangeof poses.The
dimensionalityreductionmatrixU in thePCAapproachwas
de“nedusingonly frontal faces;higherperformancemaybe
obtainedby incorporatingnon-frontalfaces.The local fea-
ture/GMM approachcan be extendedby embeddingposi-
tion informationinto eachfeaturevector[19,21], thusplac-
ing a weak constrainton the faceareaseachgaussiancan
model (as opposedto the currentabsenceof constraints).
This in turncouldmakethetransformationof frontalmodels
to non-frontalmodelsmoreaccurate,asdifferentfaceareas
effectively •moveŽ in differentways when thereis a view
change.Alternatively, the GMM-basedclassi“er canbe re-
placedwith a (more complex) pseudo-2DhiddenMarkov
model-basedclassi“er [19,21,22], where there is a more
stringentconstrainton thefaceareasmodeledby eachgaus-
sian.Lastly, it would be useful to evaluatealternative size
normalizationapproachesin order to addressthe scaling
problemmentionedin Section2.
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Appendix A. ClassIDs for group A, B and the impostor
group

Classesfor groupA: 00019,00029,00268,00647,00700,
00761,01013…01018,01020…01032,01034…01048,01050,
01052,01054…01066,01068…01076,01078…01081,01083,
01084,01085,01086,01088…01092,01094,01098,01101,
01103,01106,01108,01111,01117,01124,01125,01156,
01162,01172.
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Classes for group B: 01095…01097,01099, 01100,
01102,01104,01105,01107,01109,01110,01112…01116,
01118…01120,01122,01127…01136,01138…01142,01144,
01146…01150,01152…01155,01157…01161,01163…01168,
01170,01171,01173…01178,01180…01202,01204…01206.

Classesfor impostorgroup: 01019,01033,01049,01051,
01053,01067,01077,01082,01087,01093,01121,01123,
01126,01137,01143,01145,01151,01169,01179,01203.

Appendix B. Derivation of offset-MLLR

In theoffset-MLLR approach,eachmeanis rede“nedas
[c.f. Eq. (10)]:

�� g = � g + � g, (27)

where� g maximizesthe likelihoodof given training data.
SubstitutingEq. (27) into Eq. (4) resultsin

P (x|�� g, � g)

=
exp[Š 1/ 2(x Š { � g + � g})T� Š1

g (x Š { � g + � g})]

(2� )D/ 2|� g|1/ 2
.

(28)

In the framework of theEM algorithm,we assumethatour
training dataX is incompleteand assumethe existenceof
missingdataY ={ yi }

NV
i = 1, wherethevaluesof yi indicatethe

mixture component(i.e. the gaussian)that •generatedŽxi .
Thusyi � [ 1, NG]� i andyi = m if theith featurevector(xi )
was •generatedŽby themth gaussian.An auxiliary function
is de“nedasfollows:

Q( � , � old ) = EY[logP (X, Y|� )|X, � old ]. (29)

It canbeshown [47], thatmaximizingQ(� , � old ), i.e.:

� new = argmax
�

Q(� , � old ) (30)

resultsin P (X |� new) � P (X |� old ) (i.e. the likelihoodof
thetrainingdataX increases).Evaluatingtheexpectationin
Eq. (29) resultsin [55]

Q( � , � old )

=
NG�

g= 1

NV�

i = 1

log[wg]P (g|xi , � old )

+
NG�

g= 1

NV�

i = 1

log[P (xi |� g, � g)]P (g|xi , � old ) (31)

= Q1 + Q2, (32)

where

P (g|xi , � old ) =
wold

g N (xi |� old
g , 
 old

g )
� NG

n= 1 wold
n N (xi |� old

n , 
 old
n )

. (33)

A commonmaximizationtechniqueis to take thederivative
of Q( � , � old ) with respectto the parameterto be maxi-
mizedandsetthe result to zero.Sincewe areinterestedin
“nding � g, we only needto take thederivative of Q2:

0 =
�

� � g

NG�

g= 1

NV�

i = 1

log[P (xi |� g, � g)]P (g|xi , � old ) (34)

=
�

� � g

NG�

g= 1

NV�

i = 1



Š

1
2

(xi Š { � g + � g})T

× � Š1
g (xi Š { � g + � g})

�
P (g|xi , � old ) (35)

=
NV�

i = 1

P (g|xi , � old )� Š1
g (xi Š { � g + � g}), (36)

whereŠ(D / 2) log(2� ) andŠ(1/ 2) log(|� g|) wereomitted
in Eq. (35) since they vanish when taking the derivative.
Re-arrangingEq. (36) yields

� g =

� NV
i = 1 P (g|xi , � old )xi

� NV
i = 1 P (g|xi , � old )

Š � g. (37)

SubstitutingEq. (37) into Eq. (27) yields

�� g =

� NV
i = 1 P (g|xi , � old )xi

� NV
i = 1 P (g|xi , � old )

, (38)

which is the standardmaximum likelihood re-estimation
formula for the mean.Following [36], we modify the re-
estimationformula for tied transformationparameters(e.g.
asingle� sharedby all means).If � S is sharedby NS gaus-
sians{gr }NS

r= 1, Eq. (35) is modi“ed to

0 =
�

� � S

NS�

r= 1

NV�

i = 1



Š

1
2

(xi Š { � gr + � S})T

× � Š1
gr

(xi Š { � gr + � S})
�

P (gr |xi , � old ) (39)

=
NS�

r= 1

NV�

i = 1

P (gr |xi , � old )� Š1
gr

(xi Š { � gr + � S}), (40)

which leadsto

� S =

�

�
NS�

r= 1

NV�

i = 1

P (gr |xi , � old )� Š1
gr

	

�

Š1

×

�

�
NS�

r= 1

NV�

i = 1

P (gr |xi , � old )� Š1
gr

(xi Š � gr )

	

� . (41)

Appendix C. Analysis of MLLR sensitivity

The resultspresentedin Section8.1 show that the full-
MLLR techniqueis only reliable when applieddirectly to
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Table 10
Mean of the average log-likelihood (Eq. (42)) computedusing + 60�

genericmodel;the+ 60� genericmodelwasderived from anoisecorrupted
frontal genericmodel using a “ xed transform(either full-MLLR, diag-
MLLR or offset-MLLR)

Noise variance full-MLLR diag-MLLR offset-MLLR

0 Š74.81 Š74.81 Š74.81
1 × 10Š7 Š76.51 Š74.81 Š74.81
1 × 10Š6 Š78.76 Š74.81 Š74.81
1 × 10Š5 Š83.34 Š74.81 Š74.81

1 × 10Š4 Š91.63 Š74.82 Š74.81
1 × 10Š3 Š119.95 Š74.85 Š74.81
1 × 10Š2 Š367.01 Š75.14 Š74.81

1 × 10Š1 Š246.57× 101 Š75.55 Š74.82
1 Š313.49× 102 Š76.80 Š74.92
1 × 10+ 1 Š205.79× 103 Š78.29 Š75.96

1 × 10+ 2 Š172.71× 104 Š84.32 Š81.59
1 × 10+ 3 Š283.12× 105 Š104.29 Š95.81

the speci“c model it was trainedto transform,making the
full-MLLR transformunsuitablefor modelsynthesis(where
a relatedmodel is transformed,insteadof the model for
which the transformationwas learned).In this section,we
explore this observation further by measuringhow sensi-
tive the full-MLLR, diag-MLLR and offset-MLLR trans-
formsareto perturbationsof themodelthey weretrainedto
transform.

Thesensitivity is measuredasfollows.Thetransformation
of the frontal genericmodel to a + 60� genericmodel is
learned(using 32 regressionclasses)and the averagelog-
likelihoodof + 60� datafrom groupA is found:

A (X |� + 60�

generic) =
1

NV
logP (X |� + 60�

generic). (42)

The mean vectors of the frontal generic model are then
•corruptedŽby addinggaussiannoisewith zeromeanand
variouslevelsof variance.Formally

[� corrupted
g ]T = [ � original

g,d + R(0, � 2)]Dd= 1, (43)

where� g,d is thedth elementof � g andR(0, � ) is agaussian
distributed randomvariable with zero meanand variance
� 2. The previously learnedtransformationis appliedto the
•corruptedŽfrontal genericmodel to obtain a •corruptedŽ
+ 60� genericmodel.The averagelog-likelihood of + 60�

datafrom groupA is thenfound asper Eq. (42). This pro-
cessis repeatedten timesfor eachvariancesettingandthe
meanof theaveragelog-likelihoodis taken.Themeanvalue
representshow well the transformedmodel representsthe
+ 60� data;thelower thevalue,theworsetherepresentation.
Resultsarepresentedin Table10.

By treatingthe meanvectorsof frontal client modelsas
noisy instancesof the frontal genericmodel meanvectors
(wherethefrontal clientmodelswerederived from theorig-
inal frontal genericmodel), it is possibleto measurethe

overall •varianceŽof the frontal meanvectors;this is the
variancethat a synthesistechniquemusthandle.While the
frontal client modelsalso differ from the frontal generic
modelin theircovariancematrices,webelievethisapproach
neverthelessprovidessuggestive results.

The full-MLLR, diag-MLLR and offset-MLLR ap-
proachesfor deriving frontalclientmodels(from theoriginal
frontal genericmodel) obtainedsimilar overall •varianceŽ
of frontal client meansof around 90. From the results
shown in Table 10 it can be observed that the full-MLLR
transformationis easily affectedby small perturbationsof
the frontal genericmodel. Close to level of the required
variance(i.e. at 100), the full-MLLR approachproduces
a + 60� generic model which very poorly representsthe
dataon which thetransformwas originally trained.In com-
parison,the diag-MLLR and offset-MLLR transformsare
largely robust to perturbationsof the frontal genericmodel,
with theoffset-MLLR approachthemoststable.
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