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Abstract

Checking for propertiesof Web ontologiesis important
for thedevelopmentof reliableSemanticWebsystems.Soft-
ware speci�cation and veri�cation tools can be used to
complementtheKnowledgeRepresentationtoolsin reason-
ing aboutSemanticWeb. Thekey to this approach is to de-
velopsoundtransformationtechniquesfrom Web ontology
to softwarespeci�cationssothat theassociatedveri�cation
toolscanbeappliedto check thetransformedspeci�cation
models. Our previouswork hasdemonstrateda practical
approach to translatingWebontologiesto Z speci�cations.
However, froma soundengineeringpointof view, thetrans-
lation is lacking the theoretical work that can formally re-
late the respectiveunderlyinglogical systemsof OWL and
Z. In this paper, we take the advantage that the logics un-
derlyingOWL andZ canberepresentedasinstitutionsand
weshowthat theinstitutioncomorphismprovidesa formal
semanticfoundationfor thetransformationfromOWLto Z.

1. Intr oduction

The developmentof SemanticWeb (SW) takes a lay-
eredapproachwhereontologylanguagessuchasRDF[10],
DAML+OIL [14] andOWL [11] providesemanticmarkups
for describingresourcesontheWebandthey form thefoun-
dationfor developmentof upper-layer technologiesin SW.
Therefore,it is utterly importantto ensurethe correctness
of Webontologies.

VariousSW reasoningengineshave beendevelopedto
facilitatereasoningaboutWebontologies.Fully automated
arethesetools, they have certaindisadvantages.Firstly, as
they are automatedtools, reasoningtasksinvolving com-
plex undecidableontologiescannotbe carriedout very ef-
fectively. Secondly, althoughinconsistenciescan be de-
tectedby thesetools,thesourceof theinconsistency cannot
belocatedaccurately. Thismakesdebuggingfairly dif�cult.

In our previous works [2, 3], we have proposedto
usesoftwareengineeringtoolswith complementingpower

to RACER [7] in a combined approach to checking
DAML+OIL ontologies. As the �rst step,we constructed
theDAML+OIL semanticsin formal languagesZ [15] and
Alloy. By transformingontologiesto modelsin theselan-
guages,we arethenableto verify propertiesinexpressible
in DAML+OIL (andOWL) andto �nd thesourceof incon-
sistenciesdetectedby RACER.

Our previous works focusedon the practicalaspectsof
the approach. The formal proof of the soundnessof the
Z semanticsof DAML+OIL languagewasnot shown. As
ontologylanguagessuchasDAML+OIL andformal meth-
ods suchas Z are basedon different logic systems,such
proof requiresa high-level device that representsandrea-
sonsaboutsoftwaremodelswithout assumptionof theun-
derlyinglogical systems.

Thenotionof institutions[6] wasintroducedto formal-
ize the conceptof “logical system”. Institutionsprovide a
meansof reasoningaboutsoftwarespeci�cationsregardless
of the logical system. Institutionsaresuitablefor proving
thesoundnessof ourapproachastheunderlyinglogicalsys-
temsof DAML+OIL (OWL) andZ canberepresentedasin-
stitutionsandby applyinginstitutioncomorphisms[5], we
canprove thesoundnessof theZ semanticsfor OWL.

Basedon our previous works [3], we have constructed
the Z semanticsfor OWL DL1. The semanticsis de�ned
for OWL DL asit is moreexpressive thanOWL Lite and
still decidable,unlike OWL Full. Somechangeshave been
madefrom the semanticsfor DAML+OIL to re�ect more
faithfully themodel-theoreticsemanticsof OWL [12].

In thispaper, weshow theformalproofof thesoundness
of the Z semanticsfor OWL DL2 usinginstitution comor-
phisms[5]. Therestof thepaperis organizedasfollows. In
Section2, we give a brief accountof institutionsandinsti-
tutionmorphisms.In Sections3 and4,wepresenttheOWL
andZ institutions,respectively. Theproof of soundnessof

1The full speci�cation canbe found at http://www.comp.nus.
edu.sg/˜liyf/OWL2Z.tex

2OWL DL is very similar to DAML+OIL, only a smallnumberof lan-
guageconstructsarechanged.



the transformationis given in Section5. Finally, Section6
concludesthepaper.

2. Institutions & Institution Mor phisms

Institutions were introduced by J. Goguen and R.
Burstall [6] to formalize the notion of logical systemand
to provide a basisfor reasoningaboutsoftwarespeci�ca-
tion independentlyof theunderlyinglogicalsystemchosen.
The basiccomponentsof a logical systemaremodelsand
sentences,relatedby thesatisfactionrelation.Thecompat-
ibility betweenmodelsand sentencesis provided by sig-
natures,which formalizesthenotionof vocabulary usedto
build sentences.Modeling the signaturesof a logical sys-
tem as a category, we get the possibility to translatesen-
tencesandmodelsacrosssignaturemorphisms.Theconsis-
tency betweenthesatisfactionrelationandthistranslationis
givenby thesatisfactionconditionwhich intuitively means
thatthetruth is invariantunderthechange of notation.

Formally, an institution is a quadruple = =
(Sign; sen; Mod; j=) whereSign is acategorywhoseobjects
arecalledsignatures, sen is a functor sen : Sign ! Set
which associateswith each signature � a set whose
elementsarecalled� -sentences, Mod : Signop ! Cat is a
functor which associateswith eachsignature� a category
whoseobjectsare called � -models, and j= is a family of
binary relationsj= � between� -modelsand � -sentences,
calledsatisfactionrelations, suchthat for eachmorphism
� : � ! � 0, thesatisfactioncondition

Mod(� )(M0) j= � e , M0 j= � 0 � (e)
holds for eachmodel M0 2 Mod(� 0) and eachsentence
e 2 sen(�) .

Thefunctorsen abstractstheway thesentencesarecon-
structedfrom signatures(vocabularies)andextendsthesig-
naturemorphismsto translationsbetweensentences.The
functor Mod is de�ned over the oppositecategory Signop

becausea translationbetweentwo signatures� : � !
� 0 de�nes a forgetful functor Mod(� op) : Mod(� 0) !
Mod(�) suchthat for each� 0-modelM0, Mod(� op)(M0) is
M0viewedasa� -model.Thesatisfactionconditionmaybe
readas“M0satis�esthe� -translationof eiff M0viewedasa
� -modelsatis�ese”, i.e.,themeaningof eisnotchangedby
the translation� . We oftenuseSign(= ), sen(= ), Mod(= ),
j= = to denotethecomponentsof theinstitution= .

Themigrationfrom onelogicalsystemto anotheris cap-
tured by institution morphismor institution comorphism.
An institution morphismexpressesa relationshipfrom a
“richer” logical systemto a “poorer” one, and an institu-
tion comorphismexpresseshow a “poorer” logical system
is encodedin a “richer” one. In this paperwe useonly the
later one. An institution comorphism(� ; � ; � ) : = ! = 0

consistsof a functor � : Sign ! Sign0, a naturaltransfor-
mation � : sen ) � ; sen0, anda naturaltransformation

� : � op ; Mod0 ) Mod suchthat the following satisfaction
conditionholds:

M0 j= 0
�(�) � � (e) if f � � (M0) j= � e

for any �(�) -modelM0 from = 0 and� -sentencee from = .
Thefunctor� translatesthesignaturesin = to signaturesin
= 0.

Thenaturaltransformation� consistsof a function� � :
sen(�) ! sen0(� op (�)) , translating� -sentencesto �(�) -
sentences,for eachsignature� in = . The natural trans-
formation � consistsof a functor � � : Mod0(� op (�)) !
Mod(�) , associatinga � -modelto each� op (�) -model,for
eachsignature� in = . If = 0 is a theoroidalinstitution,i.e.,
aninstitutionwhosesignaturesaretheoriesof otherinstitu-
tion, then(� ; � ; � ) is a theoroidal comorphism.

We recommend[5, 13] for systematicinvestigationsof
therelationshipsbetweeninstitutions.

3. The OWL Institution O

We recall from [9] the de�nition of the institution for-
malizingthelogic underlyingtheWebOntologyLanguage
OWL DL. We note that in OWL DL we have the mutual
disjointnessbetweenclasses,properties,andindividuals.

We supposethat all the OWL speci�cationssharethe
samedatatypes. Thereforewe considergiven a setD of
datatypenames, asetV of datavalues, anda function[[ ]]
which associatesa subset[[D]] � V with eachdatatype
nameD. Thesetof dataexpressionsis de�ned asfollows:

D ::= D j f v1; : : : ; vng
whereD rangesover datatype namesand vi rangesover
data values. We extend the de�nition of [[ ]] over data
expressionsby setting[[f v1; : : : ; vng]] = f v1; : : : ; vng. In
OWL de�nition [12] a data type D is characterizedby a
lexical space,L(D), a value space,V(D), and a mapping
L2V(D) : L(D) ! V(D). We representa datatype in a
moreabstractway by forgettingthe lexical space.V(D) is
denotedhereby [[D]]. For instance,(D; [[ ]]) might be the
setof theXML datatypesand/orthesetof theOWL built-
in types. We separatethe dataworld from the world over
which we de�ne ontologies.A �rst reasonfor this separa-
tion is that the speci�cation of the datatypesis quite dif-
ferent from that of ontologies. Another reasonis that we
getmore�e xibility in relatingwebontologieswith various
formalisms.For instance,we mayusedirectly thebuilt-in
implementationsof thedatatypesin theseformalismsand
focusonly on the translationof the taxonomyandits sen-
tences.

An OWL signature consists of a quadruple O =
(C; R; U; I ), whereC is thesetof theconcept(class)names,
R is the set of the individual-valuedproperty names, U
is the set of the data-valuedproperty names, and I is
the set of individual names. We denoteby N (O) the
set C [ R [ U [ I . An OWL signature morphism� :



(C; R; U; I ) ! (C0; R0; U0; I0) consistsof a quadrupleof
functions� = (� co; � op; � dp; � in) where� co : C ! C0,
� op : R ! R0, � dp : U ! U0, and� in : I ! I0. We denote
by Sign(O ) thecategory of theOWL signatures.Givenan
OWL signatureO = (C; R; U; I ), an O-structure (model)
is a tuple A = (� A; [[ ]]A; ResA; r esA) consistingof a set
of resourcesResA, a subset� A � ResA called domain,
a function r esA : N (O) [ D ! ResA associatinga re-
sourceto eachnamein O or D, andaninterpretationfunc-
tion [[ ]]A : C [ R [ U ! P(Res) [ P(Res) � P(Res) such
thatthefollowing conditionshold:

V � ResA,
� A \ V = ; ,
[[C]]A � � A for eachC 2 C,
[[R]]A � � A � � A for eachR 2 R,
[[U]]A � � A � V for eachU 2 U,
r esA(o) 2 � A for eacho 2 I .

Weoftenwrite [[o]]A for r esA(o) to haveauniformnotation.
The de�nition above correspondsto that of abstractin-

terpretationof an OWL vocabulary given in [12]. In par-
ticular we have � A = O, [[ ]]A jC= EC, [[ ]]A jR[ U= ER,
andr esA = S. Here[[ ]]A jX denotesthe restrictionof the
function [[ ]]A to the subsetX. The meaningof the inclu-
sion V � ResA shouldbe readas“there is a total relation
� � V � Res” andthecondition� A \ V = ; shouldberead
as� A \ ran � = ; . It is of worth to have a look over the
semanticsof theemptyOWL signature; = (; ; ; ; ; ; ; ). A
; -structureis of theform A = (; ; [[ ]]A; ResA; r esA), where
[[ ]]A is the uniquefunction ; ! ResA andr esA : D !
ResA; i.e.,A consistsonly of thedatatypes.

Given two O-structuresA = (� A; [[ ]]A; ResA; r esA)
andA0 = (� A0; [[ ]]A0; ResA0; r esA0), anO-homomorphism
h : A ! A0 is a functionh : ResA ! ResA0 suchthat:

1. h(� A) = � A0;
2. r esA0 = r esA; h;
3. for eachC 2 C andx 2 � A, if x 2 [[C]]A thenh(x) 2 [[C]]A0;
4. for eachR 2 R and x; y 2 � A, if (x; y) 2 [[R]]A then

(h(x); h(y)) 2 [[R]]A0;
5. for eachU 2 U, x 2 � A, andv 2 V, if (x; v) 2 [[U]]A then

(h(x); v) 2 [[U]]A0.

We denote by Mod(O )(O) the category of the O-
models.If � : O ! O0 is anOWL signaturemorphismand
A0 = (� A0; [[ ]]A0; ResA0; r esA0) anO0-structure,thenthe� -
reductA0� � is theO-structureA = (� A; [[ ]]A; ResA; r esA),
whereResA = ResA0, � A = � A0, r esA(N) = r esA0(� (N))
for eachnameN 2 N (O), andthe interpretationfunction
[[ ]]A is de�ned asfollows:

[[C]]A = [[� co(C)]]A0 for eachC 2 C;
[[R]]A = [[� op(R)]]A0 for eachR 2 R;
[[U]]A = [[� dp(U)]]A0 for eachU 2 U.

We may consider now the functor Mod(O ) :
Sign(O )op ! Cat mappingeachOWL signatureO to
the category of its models Mod(O )(O) and eachOWL

signaturemorphism� : O ! O0 to the forgetful func-
tor Mod(O )( � op) : Mod(O )(O0) ! Mod(O )(O) by
Mod(O )( � op)(A0) = A0� � andMod(O )( � op)(h0) = h0� � .

Thesetof theO-expressionsis de�ned by:

C ::= ? j > j C j Cu C j Ct C j : C

j 8 R :C j 9 R :C j 6 nR j > nR j R : o

j 8 U:D j 9 U:D j 6 nU j > nU j U : v

j f o1 ; : : : ; ong

R ::= R j Inv(R)

wheren rangesover naturalnumbers,C rangesover con-
ceptsnames,R rangesover individual-valued properties
names,U overdata-valuedproperties,v overV, andoi over
individualsnames.

Thesetof O-sentencesis de�ned by:

F ::= C v C j C � C j Disjoint(C; : : : ; C)

j Tr(R) j R v R j R � R

j U v U j U � U

j o : C j (o; o0) : R j (o; v) : U j o � o0 j o 6� o0

whereo ando0 rangeover individualsnames,andv over
datavalues. We denoteby sen(O )(O) the set of the O-
sentences.If � : O ! O0 is anOWL signaturemorphism,
thensen(O )( � ) : sen(O )(O) ! sen(O )(O0) is thefunc-
tion translatingtheO-sentencesin O0-sentencesin thestan-
dardway; for instance,

sen(O )( � )(8 R:C u C0) = 8 � op(R):� co(C) u � co(C0).
Thesemanticsof theO-expressionsis givenby:

[[? ]]A = ; ,
[[> ]]A = � A,
[[Inv(R)]]A = f (y; x) j (x; y) 2 [[R]]Ag,
[[Cu C0]]A = [[C]]A \ [[C0]]A,
[[: C]]A = � A n [[C]]A,
[[ 8 R :C]]A = f x j (8 y)( x; y) 2 [[R ]]A ) y 2 [[C]]Ag,
[[6 nR ]]A = f x j #( f y j (x; y) 2 [[R ]]Ag) 6 ng,
[[R : o]]A = f x j (x; [[o]]A) 2 [[R]]Ag,
[[ 8 U:D]]A = f x j (8 v)( x; v) 2 [[U]]A ) v 2 [[D]]g,
[[6 nU]]A = f x j #( f v j (x; v) 2 [[U]]Ag) 6 ng,
� � �

The satisfaction relation betweenO-structuresand O-
sentencesis de�ned asfollows:

A j= O ;O C v C0 if f [[C]]A � [[C0]]A,
A j= O ;O C � C0 if f [[C]]A = [[C0]]A,
� � �

The OWL institution O is given by O =
(Sign(O ); sen(O ); Mod(O ); j= O ).

The de�nition of the institution O follows mainly the
lines describedin [12] and[8]. The useof the institution
theoryoffersseveralsigni�cant advantages:ability to work
with structuredontologies,useof constraintsto distinguish
betweenOWL DL andOWL Full ontologies,anda solid
foundationfor toolsextendingandlinking OWL languages



with otherformalismssimilar to thosepresentedin [2, 4].
In thenext sectionwewill show thatthesemanticsof OWL
ontologiesin Z (basedon thatof DAML+OIL presentedin
[3]) de�nes in factan institutioncomorphism.This proves
thatthatencodingis correct.

4. The Institution Z

Z [15] is a formal speci�cationlanguagebasedon �rst-
orderlogic andZF settheory. It is well suitedfor modeling
systemdataandstates.Z hasa rich setof languagecon-
structsincluding given type, abbreviation type, axiomatic
de�nition, schemade�nitions, etc.

We brie�y recall from [1] the institution Z, denotedby
S in [1], formalizingthe logic underlyingthespeci�cation
languageZ.

A Z signature Z is a triple (G; Op; � ) whereG is theset
of the given-setsnames, Op is a setof the identi�ers, and
� is a functionmappingthenamesin Op into typesT (G),
whereT (G) is inductively de�ned by:

1. G � T (G),
2. T1 � � � � � Tn 2 T (G) for Ti 2 T (G), i = 1; : : : ; n,
3. P (T) 2 T (G) for T 2 T (G),
4. hx1 : T1 ; : : : ; xn : Tni 2 T (G) for Ti 2 T (G) andxi is a

variablename,i = 1; ::; n, suchthati 6= j ) xi 6= xj .

A Z signature morphism� : (G; Op; � ) ! (G0; Op0; � 0)
is a pair of functions� gs : G ! G0 and� op : Op ! Op0

such that � ; T (� gs) = � op ; � 0. T (� gs) is the standard
extensionof � gs to T (� gs) : T (G) ! T (G0). We de-
noteby Sign(Z) the category of Z signatures.Given a Z
signatureZ = (G; Op; � ), a Z -structure (model)is a pair
(AG; AOp) whereAG is a functor from G, viewed asa dis-
cretecategory, to Set, andAOp is a set f (o; v) j o 2 Opg
wherev 2 AG(� (o)) . ThefunctorAG is thestandardexten-
sion of AG to AG : T (G) ! Set. A Z -homomorphism
h : (AG; AOp) ! (BG; BOp) is a natural transformation
h : AG ) BG given by h� (o) (v) = v0, where(o; v) 2 AOp

and(o; v0) 2 BOp; again, h is the usualextensionof h to
h : AG ) BG. We denoteby Mod(Z)(Z ) the category of
Z -structures.Givena Z signaturemorphism� : Z ! Z 0

anda Z 0-structureA0 = (A0
G0; A0

O0), the� -reductA0� � is the
Z -structureA = (AG; AOp) given by AG = � gs ; A0

G0 and
AOp = f (o; v) j (� op(o); v) 2 A0

Op0; o 2 Opg.
Given a Z signatureZ , the setsof Z -expressionsE, Z -
schema-expressionsS, and(part) of Z -formulasP arede-
�ned by:

E ::= id j x j (E; : : : ; E) j E:i j hx1 7! E; : : : ; xn 7! Ei

j E:x j E(E) j f E; : : : ; Eg j f S � Eg j P (E)

j E � � � � � E j S

S::= x1 : E; : : : ; xn : E j (S j P) j : S j S_ S j S^ S

j S) S j 8 S:S j 9 S:S j Sn [x1 ; : : : ; xn]

j S[x1=y1 ; : : : ; xn=yn] j SDecor j E

P ::= true j false j E 2 E j E = E j : P j P _ P j P ^ P

j P ) P j 8 S:P j 9 S:P

TheZ -sentencesareZ -formulaswell de�ned, i.e., all the
operatorsandquanti�ersaregivenover expressionshaving
thetypescompatiblewith their de�nition.

Example1 ThefollowingsimpleZ speci�cation:

[Class; Resource]

ClassesAsResources
instances: Class! PResource
res: Class� Resource

8 c; c0 : Class; r : Resource; pr : PResource�
c 7! r 2 res) : (r 2 pr ^ c0 7! pr 2 instances

is describedin thetermsof theinstitutionZ asCR = ((G;
Op; � ); P) whereG = f Class; Resourceg, Op = f instances;
resg, � (instances) = P(Class� P(Resource)) , � (res) =
P(Class� Resource), andP includestheformulasexpress-
ing thefunctionalityof therelationinstances,thefunction-
ality and the injectivity of the relation res, together with
the invariant of the stateschemaClassesAsResources. It
is easyto see, e.g., that c 7! r 2 res is a CR-expression
andc; c0 : Class; r : Resource; pr : PResource is a CR-
schema-expression.

The interpretationof the Z -formulasby Z -structuresand
the satisfaction relation between Z -structuresand Z -
sentencesarede�nedasexpected;e.g.,A j= c 7! r 2 resiff
for all variablebindingsf (c; vc); (r; vr )g, (vc; vr ) 2 w and
(res; w) 2 AOp.

The institution Z is given by Z = (Sign(Z); sen(Z);
Mod(Z); j= Z ), whereSign(Z) is the category of Z signa-
tures,thefunctorsen(Z) mapseachZ signatureZ to its set
of Z -sentences,thefunctorMod(Z) mapseachZ signature
Z to the category of Z -structures,andj= Z ;Z is de�ned as
above.

5. EncodingO in Z

In our previous works [2, 3], we developedthe seman-
tics for DAML+OIL languagein formal languageZ asan
extensionof thestandardlibrary. Thissemanticlibrary was
lateronrevisedfor thenew ontologylanguageOWL, incor-
poratingchangesincurredin OWL from DAML+OIL. In
this section,we will demonstrate,throughinstitutionsco-
morphisms,thattheZ encodingof OWL is indeedsound.



Themain ideais to associatea Z speci�cation�( O; F)
with eachOWL speci�cation (O; F) suchthat an (O; F)-
model can be extractedfrom each�( O; F)-model. The
constructionof �( O; F) is given in two steps:we �rst as-
sociateaZ speci�cation�( O) with eachOWL signatureO
andthenweaddto it thesentencesF translatedvia anatural
transformation.

Since�( O; F) canbe seenasa Z semanticsof (O; F),
it includesa distinctsubspeci�cation(Z ; ; P; ) de�ning the
main OWL conceptsand the operationsover sets. More
precisely, we consider(Z ; ; P; ) asbeingthe vertex of the
colimit having asbasethestandardlibrary, thespeci�cation
of thedatatypes,togetherwith thefollowing speci�cation:

givensets:
Resource ;

identi�ers:
X correspondingto OWL signatures:

Class ; Property ; Thing ; Nothing ; ObjectProperty ;
DatatypeProperty ; Individual

X giving Z semanticsto OWL signatures:
instances ; subVal

X correspondingto OWL classaxioms:
disjointClasses ; equivalentClasses ; subClassOf

X correspondingto OWL descriptionsandrestrictions:
unionOf ; intersectionOf ; complementOf ; oneOf ;
� � �

X correspondingto OWL propertyaxioms:
domain ; range ; functional ; inverseOf ; symmetric ;
� � �

� ; for the new identi�ers:
X correspondingto OWL signatures:

� ; (Class )= � ; (Property )= � ; (ObjectProperty )=
� ; (DatatypeProperty ) = P(Resource )
� ; (Thing ) = � ; (Nothing ) = Resource

X giving Z semanticsto OWL signatures:
� ; (instances ) = P(Resource � P (Resource ))
� ; (subVal ) = P(Resource � P (Resource �
Resource ))

X correspondingto OWL classaxioms:
� ; (disjointClasses ) = � ; (Class � Class ) =
P(Resource � Resource )
� ; (subClassOf ) = P(Resource � Resource )
� � �

X correspondingto OWL descriptions,restrictions
� ; (unionOf ) = � ; ((Class � Class ) � Class )

= P((Resource � Resource ) � Resource )
� � �

X correspondingto OWL propertyaxioms:
� ; (domain ) = P(Resource � Resource )
� ; (range ) = P(Resource � Resource )
: : :

sentences:
X correspondingto OWL signatures:

Class \ Property = ;
Class \ Individual = ;
Property \ Individual = ;
� � �

X giving Z semanticsto OWL signatures:
instances (Thing ) = Individual
instances (Nothing ) = ;
8 c : Class � instances (c) � Individual
� � �

X correspondingto OWL classaxioms:
8 c1 ; c2 : Class � c1 7! c2 2 disjointClasses ,

instances (c1) \ instances (c2) = ;
8 c1 ; c2 : Class � c1 7! c2 2 subClassOf ,

instances (c1) � instances (c2)
� � �

X correspondingto OWL descriptions,restrictions:
8 c; c1 ; c2 : Class � (c1 ; c2) 7! c 2 unionOf ,

instances (c) = instances (c1) [ instances (c2)
� � �

X correspondingto OWL propertyaxioms:
8 p1 ; p2 : Property � p1 7! p2 2 subPropertyOf ,

subVal (p1) � subVal (p2)
8 p : Property ; c : Class � p 7! c 2 domain ,

dom subVal (p) � instances (c)
� � �

We de�ne � � : Sign(O ) ! Sign(Z) as follows. Let
O = (C; R; U; I ) be an OWL signature.Then � � (O) =
(G; Op; � ) is de�ned asfollows:

G = G; ;
Op = Op; [ C [ R [ U [ I ;
� (C) = Resource for eachC 2 C,
� (R) = Resource for eachR 2 R,
� (U) = Resource for eachU 2 U,
� (o) = Resource for eacho 2 I .

If ' : O ! O0 is an OWL signaturemorphismand
� � (O) = (G; ; Op; � ) and � � (O0) = (G; ; Op0; � 0), then
� � (' ) : �( O) ! �( O0) is theZ signaturemorphism(id :
G; ! G; ; � � (' )op : Op ! Op0) suchthat � � (' )Op is the
identity over the subsetOp; and� � (' )op(N) = ' (N) for
eachnameN in O. It is easyto checkthat � ; T (id) =
� � (' )op ; � 0.

We extend � � to � : Sign(O ) ! Th(Z) by de�ning
�( O) = (� � (O); P), whereP is P; togetherwith the fol-
lowing sentences:

f C 2 Class ) j C 2 Cg [
f R 2 ObjectProperty j R 2 Rg [
f U 2 DatatypeProperty j U 2 Ug [
f o 2 Individual j o 2 Ig.

If O is anOWL signature,then
� O : sen(O )(O) ! sen(Z)(�( O))

is de�ned by:



� O (? ) = Nothing , � O (> ) = Thing ,
� O (C1 u C2) = intersectionOf (� O (C1); � O (C2)) ,
. . .
� O (8 R:C) = allValuesFrom (� O (R); � O (C)) ,
. . .
� O (6 nR) = maxCardinality (� O (R); n), . . .
� O (C1 v C2) = � O (C1) 7! � O (C2) 2 subClassOf ,
. . .
� O (E) = f � O (e) j e 2 Eg.

Lemma 1 � = f � O j O 2 Sign(O )g is a natural trans-
formation� : sen(O ) ) � � ; sen(Z)3.

If O = (C; R; U; I ) is an OWL signatureand A0 =
(A0

G; A0
Op) a � � (O)-model, then � O (A0) is the O-model

A = (� A; [[ ]]A; ResA; r esA) de�ned asfollows:
ResA = A0

G(Resource ),
r esA(N) = v where(N; v) 2 A0

Op for eachnameN2O,
� A = v where(Thing ; v) 2 A0

Op,
if C 2 C, then[[C]]A = vC where(instances ; v) 2 A0

Op

and(C; vC) 2 v,
if R 2 R, then[[R]]A = vR where(subVal ; v) 2 A0

Op and
(R; vR) 2 v,
if U 2 U, then[[U]]A = vU where(subDVal ; v) 2 A0

Op and
(U; vU) 2 v.

We extend� O to a functor� O : Mod0(� � (O)) ! Mod(O)
asfollows: if h : A0 ! B0 is a � � (O)-homomorphism,then
� O (h) is theO-homomorphism� O (h) : � O (A0) ! � O (B0)
givenby � O (h) = hResource .

Lemma 2 � = f � O j O 2 Sign(O )g is a natural transfor-
mation� : � � op; Mod(Z) ) Mod(O ).

Theorem1 (� ; � ; � ) : O ! Z is a simpletheoroidal co-
morphism.

6. Conclusion

The complementarypower of SemanticWeb and soft-
wareengineeringtoolshavebeenshown to verify ontology-
relatedpropertiesmoreef�ciently andeffectively. Theover-
all correctnessof the combinedapproachlargely depends
onthesoundnessof thetransformationfrom OWL to Z, two
languagesof differentunderlyinglogical systems.

In this paper, we demonstratedthe soundnessof the
above transformationthrough the use of institution mor-
phisms.Thisallowsusto useZ reasonersfor proving prop-
ertiesof OWL ontologies.If e is apropertyof theOWL on-
tology (O; F) andwe prove that theZ-encodingof (O; F)
satis�esthe translationof e, � O (e), then(O; F) satis�ese
by the satisfactionconditionfrom the de�nition of the co-
morphism.

Themethodweusedcanbeappliedto any translationof
OWL ontologiesinto institution-basedformalismandmany
of the formalismswe know can be formalizedas institu-
tions.

3Theproofsof thisandfollowing lemma/theoremcanbefoundin [9].
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