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Supporting Contexts in the Sequential Real-Time
Refinement Calculus

Luke Wildman and Ian Hayes

Abstract.

Program window inference provides support for contextual information
such as preconditions and the scope and types of variables during derivations
in the refinement calculus. Sequential real-time programs may be developed
using a real-time refinement calculus in which variables are modelled by their
traces over time. We introduce support for the contextual information required
for derivations in the real-time refinement calculus, providing integrated sup-
port for the specification, refinement, and validation of sequential real-time
programs.

1 Introduction

The refinement calculus [Bac80,Mor94] enables the systematic derivation
of programs from specifications via a series of correctness preserving trans-
formations. The real-time refinement calculus [Mah92] allows the speci-
fication of real-time systems and their subsequent refinement to parallel
processes. In this approach, variables are modelled by their traces over
time. Utting and Fidge [UF96] have extended this work to allow formal
specifications with real-time requirements to be refined to sequential pro-
grams annotated with precise timing constraints. Based on that work, a
sequential real-time refinement calculus [HU97] has been defined which
provides refinement steps for the separation of timing constraints from
the functional requirements and for which the refinement of the func-
tional requirements is essentially the standard refinement calculus.

With an aim to develop tools supporting the refinement of real-time
specifications to sequential programs annotated with timing constraints,
we examine the application of Program Window Inference [NH95,NH97]
as currently used in the Program Refinement Tool [CHN'96]. Program
window inference provides support for contextual information during deriva-
tions in the refinement calculus.



2 Program Window Inference

Window Inference [RS93,Gru96] proposes a practical, goal-directed paradigm
for interactive theorem proving. At each step the user is presented with
the problem to be solved, F', the focus. The goal is to evaluate or simplify
F, or more generally to transform F to a related V via preorder e (a
reflexive and transitive relation). Also provided are hypotheses, H, which
may be used in the transformation. Together F', e, and H form a window.
A window defines an intention to prove a result of the form H = (F e V)
for an expression V. For example, to prove a theorem of the form H = F
we can use a window of the form H = (F < true) in which we transform
F' to true under the relation reverse implication assuming hypothesis H.
Similarly a window can be used to represent a refinement of S to S’ with
hypothesis H: H = (S C S'). Window inference thus provides a sin-
gle framework for both theorem proving and refinement, and in both, it
provides support for contextual information via the hypothesis H.

A focus, C[F], may be transformed by transforming one of its com-
ponents, F. This is achieved using a window opening rule with the com-
ponent to be transformed as its focus, F'. The opening rule describes how
to change the context (hypotheses) and the relation in the sub-window
(premiss) in order to preserve the correctness of the parent window (con-
clusion). The opening rule below states that focus C[F] can be tranformed
via relation e to C[V] in context H, provided that we can transform focus
F to V via relation €’ in context H'.

H = (F e V)
H = (C[F] e C[V))

[ open |

A focus transformation rule is used to transform a focus directly. In
general, to transform the focus F to V, preserving relation e, a trans-
formation rule with conclusion A e B must be found which unifies with
F ¢ V and which has premises P which may be discharged by the hy-
potheses.

H=P
H = (A e B)

[ transform |

Program window inference [NH97] introduces support for other forms
of contextual information corresponding more closely to the programming
context: [-value information about variables where we refer to the names of
the variables and not their values, i.e., scope, invariant information about
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Fig. 1. Program window opening rules.

variable types and other local invariants, and precondition information
about the values of variables in an initial state.

Some example program window opening rules are presented in Figure
1. The box indicates the focus. Rule pre is used for opening a window on a
refinement which assumes precondition P, where I' summarises the orig-
inal context. In the premiss, the precondition information is moved into
a hypothesis annotated pre. It represents contextual information about
the pre-state of the command being refined. The pre rule effectively de-
fines the pre context. Rule inv defines the inv context. The form of the
premiss is analogous to the way in which Morgan and Vickers [MV90]
write a sequence of refinement steps in the context of a local invariant I:
SC, s



Rule var illustrates the use of -value and invariant information. Open-
ing a program window on the body of a local variable block causes the
context to be updated with information about the declaration and type
of the variable. Any occurrences of the variable name in the original hy-
potheses are renamed to a fresh name v’, and new hypotheses are added
declaring the new name v as a variable (an l-value hypothesis annotated
lval), and recording its type T (a local invariant annotated inv). In the
Ival hypothesis, v is interpreted as an identifier and Var is a set of iden-
tifiers. Whereas in both pre and inv hypotheses, v is interpreted as the
value of the variable v in the appropriate state. A pre hypothesis holds in
the pre-state of the command, and an inv hypothesis holds for all states.

The rule con for opening a program window on a local constant block
illustrates an lval hypothesis declaring u as a logical constant. By differen-
tiating constants and variables we can, for example, restrict the left-hand
side of an assignment statement to only contain variables.

Rule post illustrates a program window opening rule which not only
updates the context but also changes the relation between the focus and
the goal. This rule encodes strengthen postcondition by renaming (to a
fresh name z') occurrences of the frame variables in the preconditions
(frame variables refer to the post-state in the post-condition) and replac-
ing the refinement relation by reverse implication between postconditions.

A refinement rule describes a program window transformation with
the associated proof obligations being the antecedants. The antecedants
are annotated according to the type of hypotheses used to discharge them.
For example, the following rule is used to introduce an assignment state-
ment.

lvalz C w
pre post[z\ €]
I'; pre P; invI; lval LIF @ : [post] C % := ¢

I'; pre P; invI; Ival L IF

[ ass ]

The lval proof obligation can be discharged using Ival hypotheses only,
as it requires only l-value information from the context. The pre proof
obligation may require use of all the context information. For example, the
above requires that the pre-state, state invariant, and I-value information
imply that the assignment will produce the desired post-condition. An
inv proof obligation must be discharged without use of pre information.

Note that the premisses and conclusion in the above example have
the same form. In the rest of this paper we will abbreviate by leaving the



duplicated context implicit, e.g., the above rule is abbreviated as follows.

lvalz C w
pre post[z\e]

W:[post) Cz:=c¢e Loss ]

3 Supporting variables in real-time refinement

In the following sections we examine the novel features of the real-time
refinement calculus for the purpose of providing contextual support in a
real-time program window inference system. In the real-time refinement
calculus, variables are treated as traces (functions of time), allowing a
variable to be modelled by its behaviour over time [Mah92]. For example,
the environmental variable level models the change in the level of water
in a mine over time and the boolean variable pump is used to control a
mine pump.

level : Time — Depth
pump : Time — Boolean

Time and Depth are modelled by the non-negative real numbers.

Variables can be one of three kinds: input variables (controlled by
the environment), and output and local variables (controlled by the pro-
gram). They are similar in that they are all functions of Time however
they are differentiated by the calculus. Input variables can not be assumed
to remain stable just because the program does not modify them. Output
variables refer to elements of the environment over which the program
has control but local variables are visible in the program only and have
no direct relationship with the environment. We distinguish the variables
directly modifiable by the program (output and local but not input) by
the term program variables. Program constants and logical constants may
also be used. A program constant represents a defined value which can be
implemented in a programming language. A logical constant represents
some abstract value in the specification. For example, program constants
limit and minlevel represent the upper and lower boundaries of the level
of water in the mine, logical constant u represents a particular time oc-
curring in the specification of the pump controller. Constants do not vary
over time.

const limit, minlevel : Depth
conu : Time



To support information about the types of variables and constants in the
context of a real-time refinement, we introduce the following environment
containing disjoint sets of names for each class of variable and constant.

__Env
Output, Input, Var, Const, Con, Names : P Ident

pairwise_disjoint ({ Output, Input, Var, Const, Con))
Names = Qutput U Input U Var U Const U Con

We define new annotations corresponding to the declaration of real-time
variables and constants.

outputv : T = Ivalv € Qutput; invv € Time — T

inputv : T =lvalv € Input; invu € Time — T
varv: T =lvalv € Var; invv € Time — T
conu: T =lvalu € Con; invu € T

constu : T =lvalu € Const; invu € T

Note that all variables are time dependent and so it is convenient to
abbreviate the type to the type of the range of the variable. For example,

inputlevel : Depth = Ival level € Input; invlevel € Time — Depth.

4 Supporting assertions

Assertions in the real-time refinement calculus allow statements about
variables over time. For instance, the pump decreases the water level
whenever it has been turned on for at least one second. This property is
expressed by the following assertion expressing an invariant over all time.
In the real-time refinement calculus, commands are prefixed with a ‘x’ to
differentiate them from the corresponding standard refinement calculus
commands.

*{(Vt: Time  pump( -t —1...t] ) = {true} = Llevel(t) < 0}

The notation -t — 1... ¢ stands for the closed interval of real numbers
ranging from ¢ — 1 upto ¢, inclusive, and pump( S ) is the set of all values
of pump(z) for z € S. We must also assume that level is differentiable.
An assertion may also be used to state an assumption about the en-
vironment at the current time. The current time is represented by the



special variable 7 of type Time which is itself not represented by a func-
tion of time. For example, the specification of a mine pump controller
assumes that the water is initially above the limit.

*{level (1) > limit}

A time dependent variable v is evaluated at time 7 by indezing, i.e., v(7).
However, many references to time-dependent variables in the assumption
refer to values of the variable at time 7. A convention is introduced so that
unindexed references to a time-dependent variable v stands for v(7) in the
assumption. For example, the assertion above can be written: x{level >
limit }. This convention is formalised by the notation introduced by Hayes
and Utting [HU97]. For a predicate P in the assumption, PQ7 stands for
P with all unindexed references to time-dependent variable v replaced by
v(7). This notation is generalised by the following definition.

Definition 1 (at time) For a predicate or expression P, PQx is defined
to be P with all unindezed occurrences of a variable v replaced by v(z)
and any occurrences of T replaced by .

A real-time assertion *{P} is semantically equivalent to an assertion in
the standard refinement calculus of the form { P@7}. It can be supported
in a real-time program window inference system using a similar rule to
the standard rule pre seen earlier. For example, consider the following
application of the pre opening rule.

pre level (1) > limit I+ cCc
*{level > limit} ; C x{level > limit} ; C

5 Supporting specifications

A real-time specification consists of a context stating any assumptions
that the program can make about the variables in the environment and
a specification command, written %7 : [ R |, consisting of

— a vector of variables, Z, called the frame, which may be modified by
the command. This must be a subset of the program variables (outputs
and local variables).

— a predicate, R, that states the effect that the command is to achieve.
It may refer to variables and constants in the environment, and the
initial and final values of the time variable (7y and 7).



For example, the specification command for the program controlling the
pump is written:

*pump : [level(T) < limit A (Vt: Fro... 7 e level(t) > minlevel)].

That is, modify pump so that the level stays above the minimum level
for the active duration of the statement, but is below the limit when the
statement finishes.

References to variables in the effect often refer to the start and finish
times 79 and 7. The convention used above for assertions is extended so
that unindexed references to time-dependent variables v and vy stand for
v(7) and v(7p) in the effect.

Definition 2 (at times) For a predicate or expression R, RQ(z,y) is
defined to be R with all unindexed occurrences of the form vy replaced by
v(z) and all unindezed occurrences of v replaced by v(y), and as well, all
occurrences of 19 and T in R are replaced by x and y respectively.

Note that the substituted predicate PQ(7y, 7) must not, for example,
contain any free occurrences of 7y if P contains no occurrences of 79 or
zero-subscripted variables. Hence 79 nfi PQ(7,7) may be true, where
z nfi F stands for ‘z does not occur free in F”.

5.1 Semantics

The real-time specification command is defined in terms of the standard
specification command using conventions in which only the time variable
is updated [UF96]. The equivalent standard specification command allows
time to increase and insists that all program variables that are not in the
frame remain stable (unchanged) for the duration of the command.

Definition 3 (stable) Given a variable, v, and a set of times, S,
stable(v,S) = (Vit,u: S e v(t) = v(u)).

Stable is frequently overloaded by applying it to a vector of variables.
In this case it should be taken to mean the conjunction of the stability
condition applied to each of the variables in the vector, i.e.,

stable(z,S) = stable(z1,S) A ... A stable(zy,, S).

The semantics of the standard refinement calculus is given in terms of
predicate transformers.

PTrans = Pred — Pred



For a given environment, p : Env, the semantics of a real-time command
describes a predicate transformer from effects to assumptions with respect
to p.

M, : Command -+ PTrans

The real-time assertion can now be defined more formally.

Definition 4 (assertion)
M,(x{P}) = {Par}

where the right side stands for the predicate transformer corresponding to
the standard refinement calculus command.

The specification command can now be defined [UF96]. The initial
value 7y is explicitly introduced as a logical constant [Mor94, pp. 69].
We use p to denote the program variables in the environment p, i.e.,
p = p.Output U p. Var.

Definition 5 (specification)

M,(x% : [R]) = |[con 19 : Time @ {19 = T};
7 : [RQ(79,7) A 19 < T A stable(p\Z,Fro...79)] ]|

where p\Z stands for the program variables of the environment with all
elements of the frame T removed.

5.2 Strengthen effect

The window opening rule post encodes the strengthen-effect rule from the
refinement calculus. Producing such a rule for the real-time refinement
calculus is complicated by the extra definitions in the meaning of the
specification command. However, a similar rule is produced by combining
several standard opening rules together. The final rule is presented first.

Opening Rule 6 (strengthen effect) For u a fresh name,

pre Plro, T\u, 0] A 10 < T A
stable(p\z,Fmo...7)

inv I[1o\u] I-| RQ(7o,7) | <= R'Q(19,7T)

Ival L]\ u]
conTy : Time

pre P; invI; Ival I IF % : [[R]] C 7 : [R']




The strengthen effect law can be used to replace an effect R by another
R’ under the assumptions P with time increasing from 7y to 7 and all
variables not in the frame being stable. The fresh constant u hides old
occurrences of 7y in the original hypotheses. The new 7y replaces 7 in
the precondition as 7 refers to the post-state in the effect RQ(7g, 7). This
rule is built from a combination of the standard program window inference
rules as follows. Starting from the refinement

pre P; invI; val LIk % : [R] C %% : [R']

and expanding the definition of the real-time specification command we
get:

|[con 7y : Time o {1y = T};

pre P 7 : [RQ(10,7) A mo < T A stable(p\Z, F10... 7)] |
invl IFC
lval L |[con 7 : Time o {19 = T};

7: [R'Q(19,7) A 10 < T A stable(p\z,F70...79)] ]|

Opening on the constant introduction using rule con (Figure 1) with a

fresh w.
{ro=17}
pre P[7o\u] T ;O[R@(TO,T) A 1o <7 A stable(p\,F70---7)]
inv I[7o\ ] -
Ival Lo\ u] P

{m=7};

con Ty : Time 7:[R'Q(19,7) A 7o < T A stable(p\Z, 1o ...7-)]

Applying rule pre.

pre P[to\u] Ao =7

inv I[1o\u]

Ival Lo\ u]

conTy : Time

I+

T : [RQ(79,7) A 190 < T A stable(p\z,Fm9...7)]
C

7: [R'Q(19,7) A 10 < T A stable(p\Z,F70...7)]



Applying rule post with a fresh 7’.

pre(P[mo\u] A 7o = 7)[7\7']

inv I[1o\u]

Ival L[7o\ u]

conTty : Time

I+

RQ(79,7) A 19 < T A stable(p\Z, ... 7)
=

R'Q(7g,7) A 1o < T A stable(p\z, [-7o...7)

The rule post renames occurrences of 7 to the fresh name 7/ within the
pre context because within the postcondition 7 refers to the post-state,
not the pre-state. In this case we have (after substitution) that 7y =
7', and hence the variable 7’ is superfluous — we can use 7y everywhere
instead, giving us P[r, 7\u, 7g]. The final rule 6 is obtained by focussing
on RQ(7y,T).

5.3 Refinement rules for simple commands

The meaning of some of the simple real-time refinement commands
given by the following definitions in which we write C =, C' for M,(C)
Mp( C,) .

I &

Definition 7 (simple commands)

idle = *[true]

p
read(v,z) =, xz : [z € v( Fro...7] )]
deadline D = *[rg = 7 A7 < D]

i:=D =, xi 1 [(ZQT) = (D@1p)]

idle advances time but does nothing else. Remember, *[true] implicitly
includes 79 < 7 A stable(p, 1o ...7).

read(v, z) puts the value read from input variable v into program variable
z. The value input must be observed during the read.

deadline D allows a time deadline to be set at the absolute time D. D can
make no reference to 7, i.e., 7o nfi DQ(7y, 7).

assignment is written Z := D. The vector of expressions, D, must be time
independent and 7o nfi DQ(rg, 7).

Other commands such as skip, gettime, and delay until are defined by
Utting and Fidge [UF96]. A set of laws for introducing and transforming



these commands is given by Hayes and Utting [HU97]. A single example
is given here to illustrate the use of program window inference. Rules for
the other commands follow similarly.

The read command illustrates the use of Ival constraints. The premiss
of the refinement rule for the introduction of the read command requires
that the variable v must be in the set Input and the variable z must
be from the set Output or the set Var and of a type compatible with v,
where Type(v) gives the declared type of the variable v.

Refinement Rule 8 (read)

lvalz € Qutput U Var
lval v € Input
inv Type(v) C Type(z)

*z : [z € v(|Fro...79 )] C read(v, z)

5.4 Sequential composition

Sequential composition is defined using the composition (o) of predicate

transformers defined in the standard refinement calculus.

Definition 9 (sequential composition) Given an environment p,
M,(C; D) = (M,(0)) o (M,(D))

The refinement rule for introducing sequential composition implements
the effect R in the specification by first achieving some other intermediate
effect @ and then achieving the effect R. The logical constant u is used to
equate the start time of the implementation with that of the specification.

Refinement Rule 10 (sequential composition)

lvalu nfi R
lval u nfi Z

*Z : [R]
C
|[con u: Time @ {u =7} ;xZ : [Q];*Z : [RQ(u,T)] ]|

Example 1 We can implement the effect ‘delay for two time units’ by
introducing a sequential composition of two single time unit delays.

Ivalu nfi (10 +2 <)

*[T0+2ST]
C
|[con u: Time e {u =7} ;x[rp+1<7];%x[u+2<7]]|



The second command refines to x[7p + 1 < 7| by assuming the strongest
post-condition of the first command (see Section 5.5).

Another version of the sequential composition rule may be used to in-
troduce a deadline at time D. The time-valued expression D must contain
no reference to 7y or zero-subscripted variables.

Refinement Rule 11 (separate deadline)
lval o nfi DQ(7g,7)
inv D@7 € Time

*i : [R A7 < D] C % : [R] ; deadline D

Example 2 We partially implement the specification of the pump con-
troller with a program which uses a sensor placed within the sump to
detect when the water level falls below a fixed limit. The limit must be
placed high enough to allow delay seconds for the pump to stop before
the water level reaches minlevel. We just consider the component that
turns the pump off. The specification is defined by the following window.
We have included only relevant information in the context.

input sensor : Boolean

output pump : Boolean

const delay : Time

con chngs : Time

pre pump(7) A (V¢ : F7...chngs + delay— e sensor(t) < chngs < t)

I+

*pump : [pump( 7o ... chngs- |) = {true} A = pump A

7 < chngs + delay] T 7

The precondition is that the pump is on and that chngs is the time that
the sensor becomes true, i.e., level goes below limit. The effect we desire
is that the pump is left on until chngs and then turned off within delay.

The first step is to separate out the timing contraint. We apply refine-
ment rule 11 to separate the deadline in the above context. The following
instance of the rule is found by unification.

Ival Ty nfi chngs + delay
inv chngs + delay € Time

*pump : [pump( F7o... chngs |) = {true} A = pump A
7 < chngs + delay]
C
*pump : [pump( F79... chngs— |) = {true} A = pump]; (1)
deadline chngs + delay (ii)



The proof obligations are discharged using information in the context.

5.5 Opening rules for sequential composition

The opening rules for sequential composition are the same as those for
the standard calculus. Opening on the first command changes nothing in
the context.

Opening Rule 12 (seql)
I; pre P invI; valLIF|S|C 8
I'; pre P; invI; IvaILII—; TCES ;T

However, when opening on the second command, we cannot assume the
original precondition P. Instead, we assume the strongest postcondition
of the first command and P as the precondition.

Opening Rule 13 (seq2)
I'; presp(S, P); invI; |va|L||— cCT1

I; preP; invI; alLIF S| T|E8; T

The strongest postconditions of some of the real-time commands are given
below. We assume 7y nfi PQ(7g,7), otherwise a fresh name must be used
instead of 9.

sp(deadline D, P) = PQTr AT < D
sp(S; T, P) = sp(T, sp(S, P))
sp(idle, P) =379 e PQ7y A 19 < T A stable(p,Fm0...7)
sp(xZ : [R],P) =371 e PQry A 79 <7 A stable(p\Z,Fm0...79) A

RQ(7y, 1)

Example 3 We focus on the second command in Example 1 using a com-
bination of the opening rule for a logical constant block (con), opening
rule for preconditions (pre), and opening rule 13 for sequential composi-
tion.

cony : Time

predry e (u=7)Qry A 79 < T A stable(p,fFro...79) A
(o +1<71)Q(719,7)

I+

*u+2<7]C 7



The precondition can be simplified by applying Definition 2 and the
one-point rule, and deleting useless predicates, leaving, v + 1 < 7 A
stable(p,Fu ... 7). We can then simplify the specification using opening
rule 6 for strengthen effect.

conu, 7y : Time

pre u + 1 < 79 A stable(p,Fu...709) A
To < 7 A stable(p, o ...7-)

Fu+2<rtr<rm+1<T

*u+2< 7] C*[1o+1<7]

The proof obligation is discharged by u+1 < g Ag+1<17=>u+2<T.

5.6 Assignment

The evaluation of the expression in an assignment command takes time.
In order to make the assignment command deterministic, we insist that
the time taken to evaluate the expression does not affect the value of the
expression, i.e., the expression is time-independent.

If the value of an expression D is unaffected by changes to variables
Z over time, then it is said to be a frame_stable with respect to Z. This
is formalised by the following definitions [HU97].

Definition 14 (frame stable expression) Given an environment, p,
and a frame, T, such that & C p, then an expression D, is frame stable
with respect to %, if and only if

V19,7 : Time ® 19 < 7 A stable(p\z,F70...7) = (DQ7) = (DQr)

As a shorthand we write frame_stable_exp(D, %).

An idle_stable expression remains stable over the execution of an idle
command.

Definition 15 (idle stable expression) Given an environment p, then
an expression, D, is idle stable, written idle_stable_exp(D), if D is a
frame stable expression with respect to the empty frame.

The assignment statement rule is now stated.



Refinement Rule 16 (assignment) For u a fresh name,

pre P[To,T\UlTO] Ao < TA Ival o nfi DQ(7o,T)
stable(p\fv, PTO s 7’%) Ival Con nfi D

inv I[7o\ u] [ ~
Ival L[7o\ u] pre idle_stable_exp(D)

con Ty : Time pre RQ(7, 7) < Z@Q7r = D@7y

pre P; invl; lvalLIF %z : [R]|C % := D

Here, and in the sequel, we have overloaded nfi by applying it to a set of
identifiers, i.e., Con nfi D means ‘no name in the set Con occurs free in
D.

A useful simplifying property is that an expression is idle_stable if it
makes no reference to the time 7 nor to any input variables.

Transformation rule 17 (idle stable property)

lval 7 nfi D
Ival Input nfi D

pre idle_stable_exp(D)

Example 4 We refine the specification of the first component (i) of
Example 2 to one which waits for the sensor to change and then turns
off the pump. Opening a window on the first statement of the previous
composition does not change the context. We then apply refinement rule
10 for sequential composition. After a process of simplification similar to
Example 3 we get the following specification.

*pump : [pump( F1o ... chngs |) = {true}] ; xpump : [- pump]
We implement turning the pump off with an assignment statement.
*pump : [- pump] C pump := false

Applying refinement rule 16 and using rule 17, the idle stable property,
gives the following proof obligations which can all be discharged without
needing to refer to the context.

Ival 7y nfi false

Ival Con nfi false

Ival T nfi false

Ival Input nfi false

pre = pump (1) < pump(1) = false



5.7 Variable introduction

Introducing a local variable may require time delays for the allocation
and deallocation of the timed local variables.

Definition 18 (local block) Given an environment, p, and a fresh vari-
able v’ not occurring in p, and provided T is nonempty, for all goal pred-
icates G owver the variables in p,

M,(|[varv: T o C ]|)(G) =
(Vo Time — T o My (idle; C'; idle) (Gv\']))

where p' is the environment p with v renamed to v' and the set of local

variables extended by v.

From this definition we get the following refinement rule, assuming the
theory of types supports a definition of nonempty.

Refinement Rule 19 (introduce variable I)

lvalv nfi T
lvalv nfi R
inv nonempty(T)

idle;xZ : [R];idle C |[var v : T e xv,% : [R] ]|

However, this rule is only useful in the context where surrounding idle
commands are available. To refine a command Z : [R] we need a way to
introduce idle commands before and after it. We can derive a simple rule
to prefix an idle if the effect is impervious to the specification command
being prefixed by an idle command. A suitable condition on R is that it
is pre_idle_stable.

Definition 20 (pre_idle_stable) Given an environment p, a predicate
R is pre-idle-stable, if and only if

Y u, 19,7 : Time o
u <719 <7 A stable(p,Fu...79) A RQ(9,7) = RQ(u,T)

As a shorthand we write pre_idle_stable(R).
Refinement Rule 21 (idle before)

pre pre_idle_stable(R)
*Z 1 [R] Cidle; % Z : [R]




Similarly, a simple rule for adding an idle after a command can be
derived if the effect is impervious to the command being postfixed by an
idle.

Definition 22 (post_idle_stable) Given an environment p, a predicate
R is post-idle-stable, if and only if

YV u, 79,7 : Time o
u < 19 <7 A stable(p,F19...79) A RQ(u,19) = RQ(u,T)

As a shorthand we write post_idle_stable(R).
Refinement Rule 23 (idle after)

pre post_idle_stable(R)
*Z : [R] C xZ : [R] ;idle

An alternate definition for introduce variable is now derived.

Refinement Rule 24 (introduce variable IT)

lvalv nfi z

Ilvalv nfi R

inv nonempty(T)

pre pre_idle_stable(R)
pre post_idle_stable(R)

*xZ:[R]C|[varv: T e %xv,% : [R] ]|

Example 5 Returning to the sequential composition in Example 4, we
implement the component which leaves the pump on until time chngs.
We introduce a local variable sens with which to read the sensor.

Ival sens nfi pump

Ival sens nfi (pump( F7o ... chngs- |) = {true})

inv nonempty (Boolean)

pre pre_idle_stable(pump( 1o . .. chngs |) = {true})
pre post_idle_stable(pump( 7o ... chngs- ) = {true})

*pump : [pump( Fro... chngs |) = {true}]
C

ﬁvar sens : Boolean o
*sens, pump : [pump( 70 ... chngs+ |) = {true}] ]|  (iii)



Discharging the pre_idle_stable obligation requires showing

Y u, 79,7 : Time o
u <719 <7 Apump( Fro...chngsT|) = {true} A
stable(pump,Fu...70) =
pump( Fu...chngs- |) = {true}.

This may be discharged because we know that pump = true in subinterval
7o to chngs inclusive, and pump is unchanging in the adjoining subinterval
u to 7 inclusive, so pump must equal true in interval u to chngs. As 1y
is contained in both subintervals the concatenation of the subintervals is
also an interval on which pump = true.

The post_idle_stable obligation is discharged more easily as the effect
is required only up to chngs and so idling longer will not negate that.
Note that the original deadline (ii) limits the amount of idling allowable.

5.8 Opening rule for a local variable block

The opening rule for a local variable block adds the local variable to the
environment and updates the context by the time taken for the variable
allocation.

Opening Rule 25 (var) For a fresh w’,

pre sp(idle, P[w\w'])
inv I [w\w']

Ival Ljw\w']

varw: T

S| E s

pre P
invl IF|[var w: T e[S]]|C|varw: T » §']|
lval L

When opening on the body of a local variable block, the pre-state of the
body does not correspond directly to the pre-state of the block because
allocating a local variable may take time. Hence the pre-state of the body
corresponds to the strongest postcondition of idle with respect to the
pre-state of the block.

Example 6 Using opening rule 25 on the previous specification (iii).



var sens : Boolean
pred7y: Time @
pump(19) A 70 < T A stable({sens, pump},F19...79) A
(Vt:F7o...chngs + delay— e sensor(t) < chngs < t)
I+
*sens, pump : [pump( F7o...chngs |) = {true}] C ?

This may be refined by a loop testing the sensor in a manner similar to
that used in [HU9S].

6 Conclusion

Window inference is now an accepted technique for supporting both pro-
gram refinement and theorem proving within a single framework. Program
window inference extends window inference by representing information
about the program context via explicit 1-value, precondition and invariant
contexts. In this paper we have studied the use of program window infer-
ence to support the sequential real-time refinement calculus. Fortunately,
this has ended up being reasonably straightforward, in theory at least.

For 1-value information we have had to extend the l-value context with
support for differentiating between input, output and local variables, as
well as constants and logical constants. This can be done in the same
way that standard program window inference differentiates variables from
other identifiers. In addition, in the real-time calculus variables are traces
over (or functions of) time. These can be represented directly via the
invariant context.

Program window inference does not provide support for Morgan’s
initial value (zero-subscripted) variables. The intention is that the user
of program window inference would explicitly introduce logical constants
when initial values are needed. Unfortunately, for the real-time calculus
every command needs to make reference to the initial time, 7y, even if it
is only to state that time progresses: 79 < 7. This problem is overcome by
defining the real-time specification command as a composition of standard
constructs. The opening rule for a real-time specification can then be
derived via the composition of standard opening rules.

The real-time calculus also introduces subtleties because the value of
an expression/predicate can change without the program itself explicitly
changing the values of any variables. This is because the value of inputs
can vary over time independently of any action of the program, and be-
cause the value of 7 changes with the progression of time. Hence we need



to be able to state properties about the stability of expressions/predicates
over time. For example, we need to be able to state that the expression
in an assignment statement is time independent. The statement of such
properties using program window inference has been straightforward.

There are constructs in the real-time language, such as the allocation
and deallocation of a local variable, that take time but otherwise do not
affect the values of the program variables. To handle the passing of time
in such cases, the real-time calculus introduces concepts of pre-idle-stable
and post-idle-stable. Again these can be directly modelled using program
window inference.

Overall the modelling of the sequential real-time refinement calculus
using program window inference has been straightforward, although the
complexities of the real-time calculus over the standard calculus do show
through. As a side effect, the rigour required for expressing the constructs
using program window inference has meant that we have in some cases
ended up with more general rules than the equivalent rules earlier devised
by Hayes and Utting [HU97].
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