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Abstract.  This paper preserts a framework for compositional veri ca-
tion of Object-Z speci cations. Its key feature is a proof rule based on
decomposition of hierarchical Object-Z models. For eadh componert in
the hierarchy local properties are proven in a single proof step. How-
ever, we do not consider componernts in isolation. Instead, componerts
are envisaged in the context of the referencing super-component and
proof steps involve assumptions on properties of the sub-componerts.
The framework is de ned for Linear Temporal Logic (LTL).

1 Intro duction

Object-Z [Smi00,Smi92 is an extensionto Z [Spi9 which facilitates modelling
in an object-oriented style through the addition of classes.Thus, an Object-Z
speci cation models a system in a natural way by means of its componerts.
It seemsquite obvious to suggesta compositional approach for the analysis of
such speci cations that exploits this compositional structure. This raises the
questions:ls it possibleto split the proof task for the whole systeminto smaller
sub-tasksin which we consideronly a single sub-componert at a time? Are these
sub-taskssuited to being solved by model chedking?

Smith [Smi95h suggestsan approad for modular reasoningby meansof an
axiomatic semartics which provides a deductive system basedon the logic W
[WB92]. This sematrtics allows single state and operation schemasto be analysed
enabling classinvariants to be proved by structural induction. When a classis
used as an object within another class,its invariants can be usedto help prove
invariants of the incorporating class. Arbitrary properties on the behaviour of
classeshowever, cannot be proven.

Similarly, Griths [Gri97] intro ducesan approacd for modular reasoningfor
Object-Z facilitating proof-stepsfor single classes.As in [Smi95H, this work is
basedon a referencesematrtics for Object-Z. Griths adopts a particular view
on the referencesemartics that allows for strict modularity . Strict modularity
renders classessematrtically independent of the rest of the speci cation. The
semairtic properties of an object arethusindependert of its ervironment and can
be provenin isolation (in corntrast to systemproperties which must be proven for
a particular speci cation asa whole). To achieve this independence,operations
involving calls to operations in other componerts are consideredto consistof an
internal transition and an external interaction. Similarly, an independenceof the



object's state is achieved by viewing attributes of other componerts asreferenced
variables which do not in uence the local state semarically. The e ect is that

componerts are treated as open systemswhose ervironment is unknown, and
henceunconstrained.

Both approacheswere developed for usewith an interactive theorem prover
(e.g.,[SKS03). Theorem provershave no limitation in terms of the model's state
spaceand its environment. However, as soon as model cheding is consideredfor
the veri cation task, the complexity of the state spaceof targeted componerts
becomesa vital criterion for applicability. Model cheders, as automated tools,
handle nite systemsthat are closel. That is, the component hasto be consid-
eredtogether with its ervironment. If the environment is unrestricted (asin the
approach of Griths [Gri97]), this leadsto an explosion of the state spaceand
makes model cheding infeasible.

In this paper we presert an approac for modular veri cation of Object-Z
speci cations aimed at using model cheking. It doesnot consider single com-
ponerts of a system in isolation but maximal restrictions of componerts. A
maximal restriction of a component represerts an object in the specic context
in which it is used. The environment is thus restricted to the conditions of the
actual speci cation. This notion allows us to treat the smallest possible ertit y
of a complex systemat ead step. Sincethe context imposesrestrictions on the
behaviour of a componen, impossiblebehaviour is cut out.

The componerts in our approacd are objects, not classes.Classescould also
be consideredascomponerts sincethey canbeincorporated into other classesvia
inheritance. However, the exibilit y of inheritance in Object-Z, and especially
the ability to cancel and rede ne operations [SmiOQ], meansthat behavioural
properties are not in generalshared betweena classand the classesit inherits.
Hence,the potential for modular reasoningis limited.

Maximally restricted componerts can only be de ned for hierarchical ob-
ject systemswithout circularities. Therefore, our approach focuseson Object-Z
speci cations with xed object hierarchies and with value semartics [Smi92]
rather than referencesemartics. As shown recertly by Smith [Smi0Z, Object-Z
speci cations with value semartics can be re ned to those with referencese-
mantics. Hence,our approach doesnot limit the potential for transformation of
speci cations to object-oriented code. It does, however, focus reasoningon the
functionality of the speci ed system rather than the lower-level details of the
object-oriented design.

Restrictions on componenrts are not only given through the context of the
super-componert but also through the properties of the sub-componerts. For
instance, not much can be proven about the behaviour of a componernt without
any knowledgeof the e ect of operations of its sub-componerts that are involved
in the behaviour. To solve this problem we adopt the assume-guaantee style
reasoningthat is suggestedor the veri cation of parallel processesnd hardware
designs(e.g., [Pnu85,GL94]).

Within the assume-guaratee paradigm, assumptionsabout the environment
are employed when verifying properties of a process.Properties are stated asa



triple of the form H iMh i, where' and are temporal logic formulas and M
is a process.This triple is satised if M satises whenewer the environment
of M satises ' . A typical proof rule of this paradigm supports compositional
reasoning,e.g.:

hruei M H i

Hi MO hi

hruei M jj MO% h i
The overall system consists of the sub-processM and M ° running in parallel.
Properties on eat sub-processare proven in single steps where property ',
proven for processM, is usedas an assumptionto prove property — on process
M C From thesetwo proof stepsit can be concludedthat property also holds
for the systemasa whole.

We adopt the assume-guaratee paradigm for a compositional proof rule for
Object-Z. The parallel composition of two processesM jj M ? is replaced by
the concept of incorporating maximal restrictions of Object-Z componens. We
basethe formal de nition of incorporating componerts and maximal restrictions
of componerts on OZ structures. An OZ structure de nes the sematrtics of an
Object-Z componert in terms of a temporal structure (or Kripk e structure). This
provides the foundation for the compositional proof strategy for Object-Z and
allows usto prove soundnesof the corresponding proof rule for Linear Temporal
Logic (LTL) [Eme9Q.

Section 2 introducesour compositional strategy in terms of maximal restric-
tions of systemcomponerts. The underlying conceptof OZ structures and their
corresponding operations are formally de ned in Section 3 and Section 4. This
formalisation is usedin Section 5 to formalise our proof rule in order to prove
its soundnessWe concludein Section 6 with a discussionof future directions.

2 Decomp osition of an Object-Z class hierarc hy

Our work is based on a value semartics for
Object-Z [Smi954. As a consequencean Object-
Z model does not specify any object refer- / \
ences.Instead, a class may instantiate other
objects, which are then part of the class. —
Therefore, we are able to give a hierarchy / \ $
of components that is free of circularities. )
Each componert is instantiated by one super-
component, i.e., this super-componert is unique, )
and it can only refer to sub-omponents that
are strictly lower in the hierarchy (seeFigure 1
whereunsuitable rel_ations be_twe_enclgssesare Fig. 1. Hierarchy of componerts
crossedout). The hierarchy is givenin terms for value semartics

of levels The example in Figure 1 comprises

VA




levels lg;11;12; and I3. We exclude models in which one operation evokes more
than one operation on the same sub-componert (since this violates Object-Z's
history semarics [Smi95d).

Semartically, every super-componert together with its sub-componerts can be
consideredasan object of an ordinary Object-Z classin which the classde nition
of eath sub-componert is simply incorporated into the class de nition of the
super-componert.

Example We presert a simple example of a super-componert incorporating its
sub-componert. Assumewe de ne two classesD and A asfollows:

— D

INIT
a:A (a:le N'n=0
n:fo0;1;2g

ax>n

Incd[ (N)jn°=n+1]
Dec b [a:x > 1] a:Dec
Both b Inc ™ Dec

A

INT
x;y :f0;1;2;3g (x=3" y=20

__Dec
(%)

Xx>1
x0=x 1

—_Add

(¥)
y?:10;1; 29

yo=y+y?

Class D, the classof the super-componert, contains an object a of classA,
the sub-componert. The full systemof A incorporated into D can be modelled
asan Object-Z classB below. The operations incorporated from classA are not
included in B's visibilit y list. The operation a:Dec is called from D's operation
Dec. The operation a:Add is not usedby D and so can never occur.



_ B

(n;a:x;ay;InT ;Inc; Dec; Both)

INIT
n:f0;1;2g (a:x:3"a:y:0"n20
ax;ay :f0;1;2;3g
ax>n
_a:Dec _a:Add

(a:x) (azy)

’). . .
ax > 1 y?:10;1; 29
ax®=ax 1 ay’= ay +y?
Incb[ (n)jn=n+1]

Dec b [axx > 1] a:Dec
Both b Inc ™ Dec

Note that B is self-cortained with respectto all de nitions of state variables
and operations that are used within the class. The object declaration a : A
has been replaced by declarations of two new variables represerting its state
variables x and y. To avoid name clashes,the namesof these variables include
the prex "a!' (i.e., a:xx, auy).

2.1 Maximally restricted comp onents

While proving properties, however, we would lik e a stepwise approacd instead of
targeting a componert incorporating all its sub-componerts. We want to be able
to consideronly the smallest sub-systemat eadt step. Therefore, we are aiming
at the maximal restriction for eadh componert within a hierarchy of Object-Z
componerts.

The maximal restriction of a componert is de ned in terms of the operator
driven by: A component a of classA is driven by a component d of classD. This
operator captures the notion of a componert operating within the particular
context of its super-componert. It allows the componernt to undergo only the
subsetof its class'sbehaviour that is actually possiblein the particular hierarchy
that is given.

We de ne the driven-by operator more formally basedon temporal structures
in Section 4.1. In terms of Object-Z classes,we can derive the classde nition
for a sub-componert driven by its super-componert from the classde nitions of
sub-componert and super-componert (classesA and D in our example) in four
steps:

1. Replace the initial conditions of A with those initial conditions given in
D that concernA (i.e., that contain state variables of A). Note that sub-
componernts must be explicitly initialised in Object-Z using the notation
a:Init if this is intended. This is necessarysince it is also possiblethat a



sub-componert is not in its initial state when its super-componert is in its
initial state.

2. Add all state invariants of D to A which concernstate variablesof A. If such
an invariant involvesa state variable x of D then all occurrencesof x must
be replacedby a local variable which can take on any value of x's type.

. Remove all operations from A that are never calledin D.

4. Add all preconditions that occur on A's operations within D to the opera-

tions in A.

w

The following example shows how to apply this simple procedureto a given
Object-Z model.

Example revisited. Given the classde nitions of D and A as above, then
the driven sub-componert a is an object of a classC which can be modelled as
shown below. Note that all attributes in classC are referred to using the pre x
al, i.e., axx and avy.

Class C contains only the operation Dec whose precondition is further re-
stricted by the precondition (a:x > 1), the precondition on the operation call
in classD. Furthermore C adopts the state invariant on variable a:x from D,
ensuringthat a:x > 0. To get this invariant we have to replacen, which is a state
variable within classD, by its possiblevaluesand therefore have the expression
9m :f0;1;2g a:x > m. The initial state remains unchangedsinceit coincides
with the initial condition in classD.

—C

INT
ax;ay :f0;1;2;3g (a:x =3"M ay=0

I9m:f0;1,29g ax>m

_ Dec
(a:x)

ax>1
ax>1
ax%=ax 1

The maximal restriction of a componert is given as the componert driven
by its maximally restricted super-componert. We adopt the notation [_] for
the driven-by operator. Assumec(i) is a sub-componert on level i of the given
hierarchy and c(i 1) is the super-componert of c(i) onleveli 1. Then the

maximal restriction of c(i) is denoted as &i) = [C(i)]cg " On the top-most

level of a hierarchy &0) = c(0).



2.2 Comp ositional pro of strategy

With the de nition of a maximal restriction of a componert we can now intro-
ducea proof strategy that relieson a decomposition of a hierarchy of componerts.

i cation. We start with the lowest level in this hierarchy, namely |, .

1. For all maximally restricted componerts on level I,, &n), we prove some

properties f' ,g that are observablein &n). Properties are obsenable in
a componert if all free variables contained in the property are local state
variablesin the componert.

2. We use the properties f' ,g which are proved on the componerts {n) as
assumptionsfor proving properties on the maximal restriction of the super-
componert c(i¥ 1).

3. We repeat the last step until we reach the componert on the highest level,

&0).

For this stepwise proof procedurethe userhasto nd for eat level the neces-
sary obsenable properties that can be proven locally on a maximally restricted
componert and will be helpful to prove properties on the next higher level. The
bene t of this approad is that at ead step only the local behaviour of an ertit y
hasto be considered.We obsene that the maximally restricted componerts on
ead level are smaller than componerts that incorporate all sub-componerts of
all lower levels.

In the remainder of this paper, we formalise this procedurein order to prove
it sound. We introduce a simple proof rule for temporal logic properties which
is formally de ned in terms of temporal structures. The next sectionsintroduce
these temporal structures for Object-Z, called OZ structures, and the corre-
sponding operations that are usedin our context.

3 A Z Specication of OZ Structures

In this section, we intro ducethe notion of an OZ structure to represen the value
semariics of an object in Object-Z. An OZ structure models the behaviour of
one object and its interface to other objects. It comprisesa unique identi er
together with a single state transition system of the form hS; | ; Ri, where S is
a set of states, | is a set of initial states, and R is a transition relation. Since
an OZ structure represerts a single object of a classand not the classitself, the
identi er is neededin order to refer to the object from OZ structures of other
objects in the speci cation.

Each OZ structure coversthe information that is obsenable at its own level.
Thus, the OZ structure of each componert includesinformation about the inter-
faceto its sub-componerts, i.e., input variables, operation calls and the existence
of output variables, but not de nitions from its sub-componernts.

Inputs and output variables are embeddedinto the state spacefollowing the
approach of Smith and Winter [SWO03]. Special variables are included in the



state to denotethe component and sub-componert events which occurred in the
transition to the current state. A componert may also refer to state variables
of sub-componerts for the sake of restricting them, e.g., within state invariants.
This allows state variables from the sub-componert to be related to the local
variables. Hence, such referencedvariables are also included in the states of an
OZ structure.

3.1 OZ Structure

A state of an OZ structure mapsa nite set of (variable) namesto their current
values.

[Name; Value]

State == Name !7 Value

For notational convenience,we assumenamescompriseidenti ers suc asn, a,
etc., denoting local state variables;a:x, a:y, etc., denoting sub-componert state
variables; and the special namesev and a:ev, etc., denoting the namesof the
operation last called locally and on sub-componerts respectively.

Values comprise allowable Z values as well as operation names. The latter
are assignedonly to nameseyv, a:ev, etc., and include the values none, which
models that no operation was called, and init , which models that initialisation
has just happened.

An OZ structure is de ned as follows.

__OZStruct
Ident : Name
S : P State
| : PState
R : P(State State)

8s:;5:S doms; = doms;
I S

R (S 9)

8s:S 9s%:S (s;892R

Apart from the identi er, OZ structures are de ned similarly to temporal
structures (Kripk e structures) [Eme9Q: Each state refersto the samevariable
names,i.e., the set of state variables cannot be increasedor decreasedn an OZ
structure. The set of initial statesis a subsetof all statesin the structure, i.e.,
I S. The transition relation R is total, which is a characteristic of temporal
structures. That is, eadh state in S has an outgoing edge.When deriving an OZ
structure from an Object-Z class,this completenesscan be achieved by adding
to ead state s without an outgoing edge (i.e., ead state that is not a valid
pre-state to any of the available operations) a transition badk into itself such



that no operation is called. Howewer, sincethe event variable ev is part of the
state space,we have to introduce a copy of the state in which we modify the
event variable to none (i.e., all state variables remain unchangedexcept ev).
Usually, a labelling function L is de ned for temporal structures which maps
ead state of the structure to a set of satis ed atomic propositions AP, i.e.,
L:S ! AP.In OZ structures, this information is encaded into the states
themselwes: The mapping from variable namesto their current evaluation in a
state provides the set of atomic propositions that are satis ed in the state.

The example revisited To illustrate our notion of structures we describe the
structure of an object d of the classD of the exampleintroducedin Section 2
in terms of its state graph (seeFigure 2).

Fig. 2. Structure of object d of classD.

To keepthe represeriation nite for the gure, we refer to the value of a:x
\symbolically" by meansof the given state invariant stating that a:x is greater
than n. The states, in fact, represen setsof statesthat form a sub-graphwhose
behaviour is not distinguishable on the level of d.

Note that on the level of d the e ect of operation Dec, and a:Dec respectively,
is not obsenable. Therefore, states sy; s5; and s; can loop forever. Theselooping



transitions also help to provide a total transition relation betweenthe states.
Therefore, we do not have to introduce additional states in which no evert
occurs(i.e., ev = none). To prove propertiesin D, we obviously have to employ
assumptionson the e ect of a:Dec on variable a:x.

3.2 Auxiliary Functions on OZ Structures

To allow for arelation betweenstates of sub-componerts and super-componerts,
we de ne an auxiliary dot operator as a meta-relation on states. This operator
changesthe namesof a state to include a pre x re ecting the sub-componert to
which the state belongs.That is, giventhat id isthe identi er of a sub-componert

We also de ne a notion of agreemei betweenstates. A state s; agrees with
another state s;, 55 s, if it hasthe samevalue for any name the two states
have in common.

‘ _ _:State$ State

8s,;s : State
ss S, (8n:doms;\ doms; s1(n) = sp(n))

Additionally , we de ne a function namesfor retrieving the domain of a struc-
ture. The domain of a structure is the set of state variable namesoccurring in
the domain of its states:

‘ names: OZStruct ! FName

8m : OZStruct
8s:m:S namegm) = dom(s)

4 Operations on OZ Structures

We now de ne operations on OZ structures that correspond to the operations on
Object-Z classeswhich are informally introducedin Section 2, namely A driven
by D and D incorporating A.

41 A driven by D

An OZ structure a can be seenin the environment of another OZ structure d,
[alq. That is, welook at a within the corntext of d. This imposesthoserestrictions
on states and initial states of a that are de ned in d. Especially, the possible
operations are reducedto those which are actually called by d.

This restriction is speci ed using the relation  betweenstates of the driven
componert and states of the driving component.



We de ne the OZ structure of a driven sub-componernt as follows:

[-] :(OzStruct OZStruct) |7 OZStruct

8a: OZStruct; d : OZStruct
(a;d) 2 dom[_] , a:ldent 2 namegd) ~
(a;d) 2 dom[_] )
(let c== [a],; id == a:ldent
cildent = id »
c:S=fs:Statejs2 a:S” (9ds:d:S (id dots) ds)
id dot sg”
cil = fi:Stateji 2 rana:R (a:l )~ (9di :d:l (id doti) di)
id dotig”
c:R = fs: State;s?: State] (s;s9 2 a:R *
(9ds: State; ds°: Statej (ds;ds?) 2 d:R
(id dots) ds~ (id dots®) ds9
((id dot s); (id dot s9)g)

All namesin the domain of the statesin a are substituted in [a], by names
with the appropriate pre x. For example,the variable namex is replacedby a:x
in our example in Section 2. This applies to all state variables, including the
variable ev.

The set of states of a driven sub-componert includes only those states of
the sub-componert that agreewith a state in the super-componert. That is,
identical variable namescarry the samevalue in these states. We use the dot
operator to gain identical names,i.e., (id dot s) ds.

Similarly, the set of initial states collects all reachable states of the sub-
componert that agreewith an initial state in the super-componert. If the initial
condition of the sub-compnert does not coincide with the initial condition of
the super-componert then the latter condition is adopted. That is, the initialisa-
tion of the driven structure is overwritten by the driving environment. However,
initially the driven sub-compnert must be in a state reachable within the struc-
ture, i.e., in the range of the re exiv e-transitiv e closure of relation R on initial
states (ran a:R ( a:l })). This is required by the history sematrtics of Object-Z
[Smi95q.

The transition relation of a driven structure is de ned as a set of pairs of
states of the sub-component that have a matching pair of statesin the super-
componert. That is, for ead transition (s;s9 there is a corresponding transition
in the super-componert suc that pre- and post-state agreewith s and s® (mod-
ulo name pre xes).

4.2 Stuttering comp onents

If we consider componerts in the ervironment of super-componerts, we have
to allow for non-active behaviour in which the super-componert is active but



not referring to the local operations of the driven sub-componert. In terms of
structures, this forcesus to introduce stuttering behaviour of sub-componernts.

Stuttering is represerted in a structure by stuttering states. A stuttering
state leaves all state variables unchanged except the evert ev which becomes
none. The structure may stay arbitrarily long in a stuttering state before it
becomesactive again. In nite stuttering is not excluded.

We formalise these additions to states and transitions in the following way.
(Note that id:ev denotesa namein this de nition and not an expression.)

stutt : OZStruct |7 OZStruct

8c : OZStruct
c 2 domstutt , (9a;d :OZStruct c= [a],)"
¢ 2 domstutt )
let e == stutt(c); id == c:ldent
elldent = id ~
e:S = c:S[ fs: Statej doms = names(c) * s(id:ev) = none "
(8p : (nhameqa) nfid:evg) (9cs:c:S s(p) = cs(p))g”
el =cl "
eR=cR [ fs:esS;s’: e:SjsYid:ev) = none "
(8p : (namega) nfid:evg) s(p) = sYp))g
[f t:eS;t% e:Sjt(id:ev) = none” t = t%
[f g:eS;q°: e:Sjq(id:ev) = none”
(9cs:c:Sj(cs;q%) 2 cR
(8p : (names(c) nfid:evg) cs(p) = d(p))) g

An example of a stuttering componert is given in Figure 3 wherea and d
are objects of classesA and D, respectively, of the example given in Section 2.
The structure [a], consistsof the states s, s1, and s;. To get the structure
stutt([a],) we have to extend the set of states by sog, S15, and szg , in which
the structure is passive. These states, although not important on the level of a,
are necessaryfor generating a correct incorporating structure (seeSection4.3).

Again, this graph only shows everts locally obsenable to a. Operation Add
is never active in this structure since within the ervironment of d it is never
called. Sincethe state variable a:y doesnot occur in a delta-list of any of the
operations of [a],, it remains unchangedin every state.

4.3 D incorp orating A

A system comprising an OZ structure d incorporating an OZ structure a is
denotedby d  fag. Sinced may incorporate seweral objects, the right-hand
argumert is modelled as a ( nite) set of the corresponding OZ structures. To
be self-cortained, d aset incorporates all de nitions of state variables and
operations that are referred to in the super-componert d but leaves out non-
referencedde nitions and operations of the sub-componerts. The de nition of
_  _coincideswith our suggestedObject-Z model of classB in the examplein
Section 2 and is formalised as follows.



Fig. 3. Structure of the object stutt([a]q).

— _:(Ozstruct FOZStruct) ! OZStruct

8d : OZStruct; aset: F OZStruct
(d;aset) 2 dom_ _, (8a:aset a:ldent 2 namegd)) "
(d;aset) 2 dom_  _)
(let b=d aset aset’= fa:aset stutt([a],)g
b:ldent = d:ldent
b:S = fs: State] dom(s) = (name%d) n fa:aset a:ldentg)
[ fa:aset’ namega)g

N (9ds:d:S ds s)
N (Ba:ase 9as:a:S as s)g
bl = fis:b:Sj(9di:d:l di is)
N (8Ba:ase Qai:ail ai is)g
b:R = fs:b:S;s?: b:S |
(nameg(d) C s;nameg(d) Cs9 2 d:R
N 8a:aset
(nameg(a) C s;nameg(a) C s% 2 a:Rg)

The de nition relieson restricting all sub-componerts a in asetto stuttering
componerts driven by the super-componert, i.e., to the form stutt([a]d). As a
consequencethe restrictions from the super-componert are already included.
All state variable namesin the sub-componerts are given with an appropriate
pre x (seede nition of [_] ). The initial states do not necessarilyagree with
the initial states of ead of the sub-componerts a but needonly agreewith one
of their reachable states (seethe de nition of initial statesin a driven structure
in Section4.1). Also, the sub-componerts include passiwe behaviour (when none
of their operations are called).

This assumption keepsthe de nition of the operator  very simple: Each
state of the incorporating structure d aset contains those namesthat are
names of the super-componert d except the identi ers of the sub-componerts
(i.,e., fa : aset a:ldentg) and the names of the sub-componernts which are
annotated with the identi er of the sub-componert through pre xing (e.g.,a:x).



Moreover, for ead state in the state spaceofd  asetthere existsa matching
state in the super-componert aswell asa matching state in the sub-componerts.
This is de ned by meansof the relation . Accordingly, ead initial state of the
incorporating structure has a matching initial state in the super-componert as
well asin ead of the sub-componerts.

The de nition of the transition relation ensuresthat ead pair of pre- and
post-states has a matching pair of states in the super-componernt and in the
sub-componerts. The inclusion of stuttering states in the sub-componerts in
aset enablesthis de nition of the transition relation to be satis ed.

5 Comp ositional Pro ofs

Based on the de nition of OZ structures in Section 3 and operations thereof
in Section 4, we are now able to formally de ne our proof strategy employing
decomposition.

Following the strategy informally
givenin Section2.2, a proof of a tem-
poral property of a large hierarchical proof
system is divided into smaller proof- 2 \c‘ step 3
steps.In ead of thesesteps,we prove

B
a locally observable property for a oroof /\
E

A

maximally restricted componert ona step2
single level. For proving local proper- D
ties, we employ properties proven for
the sub-componerts on the next lower proof
level as assumptions For the system step 1
depicted in Figure 4, three proof step
are suggested: proof-step 1 involves
componert E and assumptionsproven
on sub-componernt F, proof-step 2 in-
volvescomponent B and assumptionsproven on sub-componerts D and E, proof-
step 3 involvescomponert A and assumptionsproven on B and C.

To argue that this stepwise procedureis sound, we intro duce the following
proof rule on OZ structures.

Fig. 4: Proof stepsfor a hierarchical system

De nition 5.1: Pro of rule for hierarc hical OZ structures

Let' ;"  betemporal logic properties and A and B be two OZ struc-
tures, where B is a sub-componert of A. Then the following proof rule
can be assumed:
hruei stutt([B],) H i
HeM'i A hi

Hei A fBg hi



If Hruei stutt([B],)H i and H ¢~ ' iAh i can be proven, we can deduce
that H .i A fBgh i is satised aswell. (Property true represers that no
assumptionis made.' ¢ represerts any arbitrary assumptionon the environment
of the overall system.)

Using the proof rule above, our proof stepsare simplied to local proofs on
the smaller componerts stutt ([ B ]A) and A instead of the incorporating structure
A  fBgasawhole. Structure stutt ([ B ]A) reducesB to that part that is used
within the context of A. Structure A doesnot incorporate attributes and state
variables of B (other than thosethat are already referredto in A itself), instead
the proof step relies on assumptionson the behaviour of B, namely ' .

The list of proof stepsin our proof rule can easily be extendedif we consider
larger hierarchies of componerts (e.g., as showvn in Figure 4):

hruei stutt([F J) M ai

i stutt([E];) N ai
hruei stutt([D ]5) H i
Hon'sio stutt([B],) N i
hruei stutt([C],) M si
He( a5 A hi

hei A fB fD;fE fFgggCg hi

Note that ead single proof step targets a much smaller componert than the
overall systemA fB fD;fE  fFggg Cg which incorporates six compo-
nerts.

We prove the soundnessof our proof rule for Linear Temporal Logic (LTL).
The following sectionintroducesLTL and its semartics.

5.1 The temp oral logic LTL

LTL is a temporal logic for which model cheding algorithms exist. It is de ned
on paths, i.e., sequence®f states of a temporal structure, in the following way
[GL94,Eme9q;:

De nition  5.2: Linear Temporal Logic (LTL)

LTL formulas are those which can be generatedby the following rules
{ ead atomic proposition n = v is aformula, wheren is variable name
and v avalue in the domain (i.e., type) of n
{ if' and areformulas,then:' and' ~ areformulas
{ if" and areformulas,then' U and X' areformulas

Theserules allow us to derive formulas of the form ' 1 "5, " 1! ' 2 (iMm-
plication), the Boolean constarts true and f alse, aswell asF' = trueU"
(\eventually ' ") and G' =:F:' (\always'").



The semartics of LTL is givenin terms of temporal structures (or OZ struc-
tures asde ned in Section3). A path of atemporal structure M = (S;I;R) isan

in nite sequenceof states = $5:S;::: sudch that (s;s+1) 2 R for all indices
0 i. The notation ; is usedfor the sux of path starting at index i, i.e.,
i = SS+1S+2 1

De nition 5.3: Semantics of LTL

Assume M is a temporal structure, = s9$;S::: a path of M, and
' '1;' 2 areLTL formulas.

M; E(n=v) ifandonlyif (n7'v)2s

M; F:° if andonly if M; 6"

M; E'17', ifandonlyif M; F'iandM; E '

M; F X' ifandonlyif M; 1F°

M; F'iU", ifandonlyif 9j(M; jF"'2)and 8k<j(M; «F "1)

A formula ' is called valid in structure M, if M; | ' for any path  of
M that starts in an initial state of M. That is, to satisfy an LTL property every
possiblebehaviour of our systemor sub-componert hasto satisfy the property.
Welift the operator = to arelation on structures and formulasin order to denote
validation of a formula in a structure which is then denotedby M | ' .

5.2 Soundness of comp ositional pro ofs

Sincethe sematrtics of LTL is givenin terms of the relation E we reformulate the
proof rule givenin De nition 5.1. The statemernt i ;iMH »i can be formulated
in the following way: ' , is valid in M under the assumptionthat ' 1 holds if any
path from an initial statein M satises' ;! ',,i.e,M; F (‘1! ') for
all andthereforeM E (" 1! ' ).

To ensuresoundnessf the proof rule, we haveto provethe following theorem
for all LTL formulas.

Theorem 1

8 'e; swit([BIE' N AFE(e”')!
) (A fBOF !

With the two following lemmasthe proof of Theorem 1 becomesstraightfor-
ward.

Lemma 1 8' swtt([B].)F' ) (A fBgF"
If a property is valid in structure stutt ([ B ]A) then it is alsovalid in structure
A fBg.

Lemma 28" AfF' ) (A fBgF'



If a property is valid in structure A then it is alsovalid in structure A fBg.

Intuitiv ely, these lemmas are true since the structure A fBg, the full
system, is more restricted than structures A or stutt ([ B ]A).

Pro of of Theorem 1. Let'; '; and be any LTL formulas. Assume

stutt([B],) F ' and AfF (e”')! . With Lemmal and Lemma 2 it
followsthat A° fBgE ' and A fBgE (‘e ')! . According to the
semartics of LTL, this implies A fBgF ' ~(("e”')! ) from which it
followsthat A fBg F'e! . 2

For the proof of Lemma 1 and Lemma 2, we intro duce two additional Lem-
mas, Lemma 3 and Lemma 4 later on.

In the following, wereferto Sp, S and Sag asthe setsof statesof the corre-
sponding structures A, stutt ([ B ]A), and A fBg accordingto the de nitions
in Sections 3.1, 4.1, 4.2, and 4.3. A similar notation is used for sets of initial
states Ia, Ig and Iag , and transition relations Ra, Rg and Rag . Recall also
that function names providesthe set of state variables of a structure (as de ned
in Section 3.2, note that names(stutt ([B ],)) = name<[B ],)).

Lemma 3 For all paths B = tot;:::in structure A  fBg there existsa path
B = sps,:11in structure stutt([B ],) suchthat 8i 0t s.

For every path in the incorporating structure A fBg there exists a cor-
respnding path in the stuttering driven sub-componert stutt ([ B ]A). That is,
every state in the path of the incorporating structure hasa corresponding state
(i.e., a state that agreeswith it) in the path of the driven componert. This
lemma holds only for sub-componerts which include stuttering statesasde ned
in Section 4.2. They allow the sub-componert to remain unchanged while the
super-componert calls operations outside the sub-componert.

Pro of: 8t; in path “B = tot;:::in A fBg there exists a state s; 2 Sg
such that (names([B],)Ct) 2 Sg and8i 0 (si;s+1) 2 Rg (per de nition
of Rag in Section 4.3). It follows that there exists a path B = sys1:::in
structure stutt([B ], ). 2

Using Lemma 3 we are now able to prove Lemma 1. The proof is given
inductiv ely over the structure of LTL formulas.

Pro of of Lemma 1:

{ Assume' = (n=v)andstutt([B],) F '.
Proof by contradiction:
Assume A fBg6j'



) 9 AB =8t of A fBgsud that
(A fBg); *® 6 (n=v)
) 9tg 21as  (n;Vv) 62AZ°
) 98 21g (n;v) 628 (by de nition of I g )
) 9 B =g ofstutt([B],) sud that
stutt([B1,); B & (n=v)
) stutt([B],) & (by de nition of F)

{ Assume' = X' jandstutt([B],)F " .
Proof by contradiction:
Assume A  fBg6j'
) 9 AB =8t of A fBg
such that (A fBg); 1° 6 '
) 9 B=spsp:i: ofstutt([B],) suc that 8) 0(s” t) and

stutt([B1,); 261 (by Lemma 3)
) 9 B ofstutt([B],) sud that stutt([B],); © 6"
) stutt([B],) 6" (by de nition of )
{ Assume' ="' U"'andstutt([B],)F"

Proof by contradiction:

Assume A fBg§j'
) 9 AB =3¢t :::of A fBgsud that

@ (A fBg {® F ') or

9j(A fBg M F ') and9k<j(A fBg ° 6 ')
) 9 B =gfs i of stutt([B],) suchthat 8) 0(s” t*) and

@ (stutt([B],); B F '2)or

9j(stutt([B],); P F'2) and9k < j(stutt([B],); £ 6 ' 1)

(by Lemma 3)

) 9 B ofstutt([B],) suhthat) stutt([B],); 6" '1U" >

) stutt([B],) 6" (by de nition of )

{ Assume' =:'jandstutt([B],) F .
Proof by contradiction:
Assume A  fBg6j'
) 9 AB =3t :::of A fBgsud that
(A fBg; *® F '
) 9 B=spaP:::ofstutt([B],) suchthat 8j 0(s® t) and

stutt([B1,); BF "1 (by Lemma 3)
) 9 B ofstutt([B],) such that stutt([B],); © 6"
) stutt([B],) 6" (by de nition of )
{ Assume' ="' 17", andstutt([B],) F " .

) stutt([B],)F'1andstutt([B],)F ' 2



. (A fBgF'i1and(A fBO)F ">
(following the results from above)

. (A fBYF’
2

The proof for Lemma 2 follows the sameinduction. In fact, all proof steps
are similar if we usethe following Lemma 4 instead of Lemma 3.

Lemma 4 For all path A8 = toty::: in structure A  fBg there exists a
path A = sps;:::in structure A suchthat 8i 0 t; s.

All pathsin the incorporating structure A f B g have a corresponding path
in structure A which doesnot incorporate all restrictions of sub-componert B.

Pro of of Lemma 4:
For all paths “B = tot;:::in A fBgit holdsthat 8i 0 9s;S4+1 2 Sa
such that (namegqA)Ct;) = 5 and (hamegA)Cti+1) = S+ and(s;S+1) 2 Ra
(with de nition of path and Rag in Section4.3). It followsthat » = sys;:::is
a path in A. 2

6 Conclusion and Future Work

This paper introduced a compositional proof strategy for Object-Z that is in-
spired by results for the veri cation of parallel processesand hardware design
(e.g, [Pnu85GL94]). Based on a value semartics for Object-Z, this approac
allows us to prove temporal properties given in Linear Temporal Logic (LTL).
It aims at the use of model chedking for single proof stepson sub-componerts.
OZ structures, a concept for temporal structures of Object-Z componerts, is
intro duced as a semartic foundation of the proof rule.

We adopt a value sematriics for Object-Z in order to avoid circularities in
the hierarchy of the system speci cation. Howewer, referring to work by Smith
[Smi0Z, we argue that a system speci cation on an abstract level given in a
value semarics can be re ned to a more concrete speci cation in a reference
semariics. Compositional veri cation, assuggestedn this paper, is to be applied
on the abstract level focusing on properties of a system's functionality, rather
than details of its object-oriented design.

The sub-componerts to be consideredin a single proof step in the composi-
tional strategy are still possiblyin nite structures. Thus, to render our approac
feasible for model cheding, a suitable abstraction technique is needed.An ab-
straction relation over temporal structures mapsan in nite structure to a nite
(more abstract) one which presenesthe properties to be showvn. The work by
Smith and Winter [SWO03 intro ducessud an abstraction technique for Z. Future
work will investigate how this abstraction technique can be adapted for Object-Z
and how it can be combined with our compositional proof strategy.

Further investigation is alsonecessaryto develop a proof strategy for systems
with a non- xed hierarchy in which the number of componerts on ead level may
change.
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