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Abstract

Tableau style proof systems for many-valued logics have either been nonexistent or more complex
than they need be. Here we demonstrate how good tableau style proof systems may be constructed
for many-valued logics and give proof systems for the many-valued logics L3, K3, Q3, Gg, S3,
S/é, F and T. The techniques that are described may also be used to construct, among others,
resolution and connection method style proof systems for many-valued logics.

1 Introduction

Many-valued logic grew out of the work of Lukasiewicz [34-39] and Post [51]. Lukasiewicz was mo-
tivated by philosophical issues such as the problem of future contingents. Post was motivated by
mathematical issues such as generality. Briefly, whereas classical logic has just two truth values,
many-valued logics have three or more truth values. Many-valued logics arise naturally out of many
issues within logic. For example, while we might say that the proposition “Alice had tea with the Mad
Hatter.” is true, what are we to say about the proposition “Alice had more hairs on her right arm
than her left.”? Is it true, false, neither true nor false, or perhaps both true and false? If we choose
to say it is neither true nor false since we simply cannot tell, then we need a new truth value i for
neither true nor false; and we need to modify our semantics to deal with 1.

Several many-valued logics have been developed. The most famous, and probably the earliest, is
Lukasiewicz’s 3-valued logic (Lg) [34-36,38,39,62] which is intended to deal with future contingents
(i.e. statements like “It is possible that I will be in Warsaw on the 21st of December.”). Lukasiewicz
generalized the logic to n-valued and even an infinite-valued logic [37,48]. Post defined n-valued logics
where the truth values consist of the set {0,1,...,n — 1}, and the operators V and — are primitives
defined so that v(aV@) = min(v(a),v(f)) and v(-a) = v(a+ 1) (mod n) [51]. Bochvar developed
a many-valued logic having a new value i (meaningless) to avoid the logical paradoxes [11,14,15].
Sobociiiski developed a 3-valued logic (Sg) [19,59,61,65] that avoids many of the paradoxes of material
implication. Kleene, motivated by consideration of the theory of recursive functions, developed two
3-valued logics called the systems of strong (Kg) and weak connectives (Kleene’s weak 3-valued logic
is identical to Bochvar’s logic) [30]. In developing the logic K3, Kleene assumed parallel evaluation of
the logical connectives. If instead we assume sequential evaluation (left-hand side first) then we have
the logic commonly known as lisp-logic.

Often the development of a many-valued logic is motivated by nonphilosophical concerns. For
example, Godel, in proving that intuitionistic propositional logic is not finitely valued, developed a
sequence of many-valued logics (Ga,Gs,...) [21]. Also, Stupecki developed a 3-valued logic S3 [29]
with the peculiarity that classical propositional logic (PC) is part of it. And, as part of a survey of
many-valued logics, Rescher [55] developed two 3-valued logics called T-split (T) and F-split (F).

Quantum mechanics poses special problems for logic—the truth or falsity of a predicate may be
unknowable [53,54]. For example, the act of measuring the truth of a predicate P may prevent the
measurement of the truth of a conjugate proposition P’. Or, more strongly, in some interpretations
of quantum mechanics, propositions P and Q may both be considered meaningful but the statement
PAQ meaningless. In essence, quantum mechanics both limits the logical statements that can be



Table 2.1: Truth tables for the operators of Lg, where t denotes true, f false, and i indeterminate. The
designated truth value is t.

alAf aVp a—f a—f
a || —a ASIf t 1|f ¢ 1|f ¢ 1|f t 1
fi t f ||f £ £/ f ¢t 1]t t t|t f i
t f t f ¢t i|t t t|f t 1|f t 1
i i i f i 1|/i ¢t i|1 ¢t t|1 1 t

simultaneously asserted and requires new kinds of assertions (e.g. P and P’ are conjugate). Consider-
ation of such issues led Reichenbach to developed a 3-valued logic called quantum logic (Qg) [53,54]
with 10 operators: cyclic negation (*), diametrical negation (=), complete negation (—), conjunction
(A), disjunction (V), standard implication (—), alternative implication (=), quasi-implication (=),
standard equivalence (<) and alternative equivalence (). These operators can be combined to make
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Table 2.2: Truth tables for the operators of K3, where t denotes true, f false, and i indeterminate. The
designated truth value is t.

alAp aVvp a—f a—f
a || A\SIf t 1|f t 1|f ¢t 1|f ¢t 1
£t f ||ff f£|f ¢t it ¢t t|t £ i
t f t f ¢t 1|t t t|f t i|f t i
i i iff i ifi ¢t i|i ¢t 1i|i 1 i

Table 2.3: Truth tables for the operators of S/?/,, where t denotes true, f false, and i unknown. The designated
truth value is t.

a—f3
a || o | Fa a\fI|f t i
f t t f t t ¢
t f i t f t 1
i i t i t t ¢

Table 2.4: Truth tables for the operators of Qg, where t denotes true, f false, and i meaningless. The
designated truth value is t.

a || o | Ta | —o
f t t t
t f 1 1
1 1 f t
alAf aVvg a—f a=p a0 a0 asf
A\FIf t 1|f ¢ 1i|f ¢ 1|f ¢ 1|f ¢t i|f ¢ 1|f t 1
f f f £ f ¢t 1]t ¢t t|t ¢t t|1 1 1|t £ it f f
t f ¢t 1|/t ¢t ¢|f ¢t 1|f ¢t f£|f ¢ 1|f ¢t i|f t f
1 f 1 1|1 ¢ 1|1 ¢ ¢t|t ¢t ¢t|1 1 1|i i t|f f ¢

Table 2.5: Truth tables for the operators of S3, where t denotes true, f false, and i unknown. The designated
truth values are t and i.

alAf aVvi a—f a—f
a || ~a A\FIf t 1|f ¢t 1|f ¢t 1|f t i
fi t f ||f £ £]f ¢t f£]t ¢t t|t £
t f t ft t|t ¢t ¢t|f ¢t £|f ¢t f
i i i f ¢ i|f ¢t 1i|f ¢ i|f £ 1




Table 2.6: Truth tables for the operators of ’i‘, where t denotes true, f false, and i indeterminate. The
designated truth values are t and i.

alAf aVvp a—f a—f
a || ~a ASIf t 1|f ¢t 1|f ¢t 1|f ¢t 1
£t f ||[f £ f£|f ¢t i|t ¢t t|t £ f
t f t ft i|t ¢t t|f ¢t 1|f ¢t 1
i f i ff 1 ifi ¢t i|f ¢t i|f 1 i

Table 2.7: Truth tables for the operators of }!:‘, where t denotes true, f false, and 1 indeterminate. The
designated truth value is t.

alAp aVvg a—f a—f
a || ~a d\Bf ¢t 1i|f ¢t 1|f t i|f t i
fi t f ||f f f|f t i|t ¢ t|t f i
t f t ft i|t ¢t t|f t 1|f t i
it i f i i|i ¢t i|i ¢ i|i 1 i

Table 2.8: Truth tables for the operators of Gg, where t denotes true, f false, and i indeterminate. The
designated truth value is t.
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Although, Smullyan [64] is often credited with the development of modern tableaux in fact Lis’s [33]
work predates it.

Traditional tableau methods can be seen as a search for an instantiation that satisfies premises of
an argument together with the negation of the conclusion of the argument. If it can be shown that no
such instantiation exists then the argument is taken to be valid in the relevant logic (i.e. tableau based
proof systems are refutation systems). Many logics do not have, in the appropriate sense, the law of
the excluded middle (—aVa). Thus we use a more general notion of a tableau proof. A tableau proof of
an argument will be seen as a failed search for an instantiation in which the premises of the argument
are designated true and the conclusion is not designated true. Clearly, the search technique must
never report that no instantiation exists when in fact one does (i.e. the proof system must be sound).
Conversely, it is desirable that if an instantiation exists the search procedure will be guaranteed to
find it (i.e. the proof system should be complete).

3.2 A Formal Framework for Tableau

We characterize a tableau (dis)proof of, say, 71,72, ...,7n |= ¢ as follows:

A tableau (dis)proof consists of an n-ary tree of nodes.

e The acyclic paths from the root to the leaves are the tableau’s branches. Each branch may have
associated with it certain simple auxiliary information such as an accessibility relation between
worlds.

e Each node consists of a finite set of signed formulae.

¢ Each signed formula consists of a truth sign (drawn from a countable set of truth signs) and a
finite formula of the underlying logic.

e Associated with each truth sign—operator pair is a decomposition rule. The decomposition rule
states which new branches are to be created, which formulae are to appear on those branches,
and how the auxiliary information is to change. In the case of an impossible truth sign—operator
pair the decomposition rule may state that the branch closes immediately.

e Some branches of the tableau may be marked as closed. If all the branches are marked as closed
then the entire tableau is closed and 71,72,...,7, = 6 is proved.

e For a branch to be closed it must contain two signed formulae Ay and Ay where Ay and A,
are opposite, an impossible truth sign—operator pair, or inconsistent auxiliary information.

o If some branch of a tableau is not marked as closed and no decomposition rule can be applied
to a formula on it, then we say that the branch is open. The formulae on such a branch form a
counterexample to v1,Y2,..., Vs |= 0.

We characterize decomposition rules as follows:

a rules Rules of the form:

!
e
B
which mean: if a is on a branch then 8y, 8s,..., 8, may be added to the branch.
3 rules Rules of the form:
!
B ‘ oo | Brm
ﬂnlyl ‘ tee ﬂnm,m



which mean: if a is on a branch then we may create m > 2 new subbranches where branch ¢ has

Biis B2is- -y Pny,i added to it.
We characterize a tableau construction procedure for, say, y1,72,...,7, |= ¢ as follows:

1. Set the initial set of signed formulae in the root node of the tableau to:

{Al Y1, A2 Y25 .,An Yns An+1 (5}

Normally we expect that Ay = Ay =--- = A, # A,41. Set the current branch to the root node
and the set of unexplored branches to the empty set.

2. Apply a decomposition rule to a formula chosen fairly from the set of signed formulae on the
current branch. By fair choice we mean that we should choose formulae in such a way that
eventually any given signed formula on the branch will be chosen.

3. As we add the signed formulae, generated by the decomposition rules, to the current branch we
test to see if they are opposite to some signed formulae already on the branch. If we find such
a formula we mark the branch as closed.

4. If the branch is closed then set the current branch to some unexplored branch (removing
the branch from the list) and go to step 2 (if the set of unexplored branches is empty then
1,725 - - > In |= 0 is proved).

5. If subbranches were generated by the decomposition rule then set the current branch to one of
them and add the other branch(es) to the list of unexplored branches.

6. Go to step 2.

3.3 The Tableau Proof Systems

By the use of signed formulae it is possible to construct tableau proof systems for L3, Kg, f‘, Q3.
Ggs, S5, T and S3 (figures 3.1-3.8). No tableau systems have previously been developed for F, Qs,
Gg, S%, T and S3. The existing tableau systems for Lg [23,60] and Kg [56] (actually a temporal
variant of Kg3) produce larger and more complex tableaux than the new systems given here. Also,
general schemes exist for constructing tableau based proof systems for many-valued logics [13]. These
schemes amount to assigning a truth sign for every truth value. The resulting tableau proofs tend
to be more complex (containing more branches and formulae) than the proofs generated using the
tableau systems given here.

Definition 3.1 A truth sign is one of the set {T,F, T,F,I}. Note: I, T and F are interpreted as
indeterminate/unknown (i), not true (for i) and not false (t or i), respectively.

To prove that v1,72,...,7» = ¢, in logics L3, K3, F, Q3, G3 and S§, we create a tableau branch
where for each 7; we add T 7; to the branch and we add T § to the end of the branch. To prove that
Y1,725 -, 7n = 6, in logics T and S3, we create a tableau branch where for each v; we add Fr; to
the branch and we add F é to the end of the branch. Then we apply the decomposition rules to each
branch until it either becomes closed (contains two signed formulae A; o and Ay @ where A; and A;
are opposite in the sense of table 3.1 or table 3.2; or, in the case of S§, if rule F5 is applied; or, in
the case of Qg, if rule F_ is applied) or is open (a branch is not closed and no rule can be applied
to a signed formulae on that branch to produce a signed formula new to that branch). Because of
the finitary nature of the formulae and associated rules, a branch will always become either closed or
open after a finite number of steps.

Figure 3.9 contains, for the logic Kg, both an example proof of PAR,P—Q = Q and an open
tableau showing £ PV=P. The first proof is constructed as follows:



Figure 3.2: Tableau decomposition rules for Kg.

T -« F -« T« F -«
Fa Ta Fa Ta
T ang Fang T ang Fang
T« Fao | Fpj Ta | TS Fao
TaVg FaVvg T aVj FaVvp
Ta | TS Foa Ta Fao |Fp
Ta—p Fa—f T a—f Fa—f
Fa‘Tﬁ Ta T« Fa|Tao Ta |Fp
Fp3 Fp Fg|Tg
T a—p Fa<p T a—f Fa—p
Ta |Fa | F Ta | Fa Ta | Fa | Ta | Fa Fao | Ta
T3 | FB | Ta Fg|Tp T3 | FB | TS| Fp Fs|Tp
Fj
Tp
Figure 3.1: Tableau decomposition rules for Lg.
T -« F -« T -« F-a
Fa T« Fa Tao
T ang Fang T aAf F anf
T« Fa‘Fﬁ Ta‘Tﬁ Fa
Tavg Favg T aVj Favg
Ta | TS Fa Ta Fao |Fp
T a—f Fa—p T a—f Fa—f
Fa | Tp3 T« Fa Tao | FpB
Ta—p Fa—p T a—f3 Fa<f
Ta | Fa Ta | Fa Ta | Fa Fo|Ta



T -« F -« T -« F -«

Fa T« Fa Ta
T anp Fang T ang F ang
Fo | Tao Fao | Fp Fa‘Fﬁ Ia Fo
T | Fp I Fp
TaVg FaVvp T aVvp FaVvpj
Ta | TS Fo | Ta Tao Ta‘Tﬁ Ia
T3 | Fp T 15
T a—p Fa—p T a—p Favp
Fa | Tpj Toa | Fa Fa Fa‘Tﬁ Ta
T3 |Fp T3 15
T a—p Fa—p T a—f Fa—p
Ta | Fa Foa | Ta|Ta|Fa Fa |Ta Ta |Fa | I«
To | ES Fg|Tp|Tp|Fp TG |Fp TH|FG |18
I-« Tang Iavp Ta—p Ta—pg
Ia Ia Ia Ia Ia
I3 I3 I3 I3

Figure 3.3: Tableau decomposition rules for S3.

T -« F -« T -« F -«
Fa T o Fa Ta
T S F =« T =a F Sa
Tao X T« Fa
Ta—f Fa—f T a—f Fa—p
Ta | TS T« T« Ta |Fp

Figure 3.4: Tableau decomposition rules for Slé. Note: rule F closes the tableau branch.

Table 3.1: The opposite truth signs of Lg, Kg, f‘, Q3, G3, Slé and T. For example, since T and F are
opposite truth signs, if both T o and F a appear on a branch then that branch is closed.

F|T
F|F
T|T




T -« F -« T -« F -«
Fa Ta Fa Ta
T 3 F =« T =« F =«
Fa Ta Fa Ta | Fa
Fa
T —« F—« T —a F—a
Ta X o Fa
T ang Fang T ang Fang
T« Fo | Fp Ta | TS Fa
Tﬂ Fﬂ
Tavp Favg TaVj Favp
Ta | TS Fa Ta Fao |Fp
T a—p Fa—p T a—f Fa—f
Fa‘Tﬁ T o T« Ta | Fa Ta |Fp
Fp Fs TG |Fp
T a=pf Fa=p T a=7 Fa=p
Ta | TS T« T « Ta | TS
T3 T3
T a3 Fa—+p T a—+p3 Fa—+f3
Ta T« Ta | TS Ta | Fp
T p Fp
T a—f3 Fa—p T a—f Fa—f
Ta | Fa | Ta Ta | Fa Fo | Ta |Fa | Ta Fa|Ta
T3 | FB | Fa Fg|Tp F3|Tp |Fp|Tp F3|Tp
T3
Fp
T a&p Fasf
T« Tao Ta |Fa | Ta
Tj Fo T3 |FG | Fa
Tp T2
Fp Fp
T asf Fasp
Fo|Ta |Fa | Ta Fo | Ta|Fa | Ta
FS|Tp |FB| TS F8| TS |FB | TP

Figure 3.5: Tableau decomposition rules for Q3. Note: rule F_ closes the tableau branch.




Figure 3.6: Tableau decomposition rules for T.

T -« F -« T —« F -«
Fo Fo Fa Fo

T ang Fang T aAf F ang
T« Fa‘Fﬁ TQ‘TB Fo

Tavp Favg Tavp Favp
Ta | TS Fa T o Fa | Fj3
Ta—f Fa—p T a—pj Fa—p
Fao |Tg Fa Fa Fo |Fp
T a—p Fa<p T a—f Fa—p
Ta | Fa Foa | Fa Ta | Fa Fo | Fa
Tp|Fp Fg|Fp Fp | Tg F3|Fp

T -« F -« T -« F -«

Ta Ta « Ta

T ang Fang T aAf F anp
T« Fa |Fpj Ta | TS Fo

TavVvp FaVvg TaVg FaVvg
Tao | TS Fa Ta Fa | Fp
T a—pf Fa—f T a—p Fa—f
Fao |Tg T« F o Tao |Fp
T a4 Foa—g T a—f Fa—f
Ta | Fa Ta | Fa Ta |Fa Fao | Tao

Figure 3.7: Tableau decomposition rules for F.
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T -« F -« T -« F -«
Fao Fa Fo Fa
T ang Fang T ang Fang
T« Fa |Ff3 Ta |Tp Fa
T aVvp Favp TaVvpj Favp
Ta | TS Fa Ta Fo |F3
T a—pf Fa—p T a—f Fa—p
Fa‘Tﬁ Tao Fa Fo|Tao Fo |Fp
Fj Fp F3 | T4
T a0 Fa—p T a—p Fa—p
Ta |Fa | Tao Fa | Fa Foa | Ta |Fa | Ta Fo | Fo
T3 |FB | Fa F3|Fp Fg B|FB| T8 Fg |Fg
Tj
Fp

Table 3.2: The opposite truth signs of S3. For example, since T and F are opposite truth signs, if both T «

and F « appear on a branch then that branch is closed.

e e B I |

(e N B>

11

Figure 3.8: Tableau decomposition rules for Gg.




1. TPAR

2. TP—Q
3.TQ 3
4LTP (1) 1. TPy-P
5. TR (1) 2. TP (1)
6FFP (2) T7.TQ (2) 3.T-P (1)
X X 4.FP (3)

Figure 3.9: Example proof of PAR, P—Q |:K3 Q (left) and an open tableau showing [#K3 PV—P (right).

Note: the numbers in parentheses indicate the line from which the formula was generated.

1. Add the formulae T PAR, TP—Q and T Q to the branch to give lines 1, 2 and 3.
2. Decompose the formula T PAR to give lines 4 and 5.
3. Decompose the formula T P—Q to give the branches at lines 6 and 7.

4. Mark both branches closed since they both contain, in the sense of table 3.1, opposite signed
formulae (i.e. TP and FP; and T Q and T Q).

The open tableau is constructed in a similar way except that since it does not contain a pair of opposite
formulae it cannot be closed and hence contains a counterexample. In this case, the presence of T P

tells us that v(P) € {f,i} and F P tells us that v(P) € {t,i} thus we have a counterexample when
v(P) =1 which we can confirm by examining table 2.2.

4 Proof of Soundness

We now prove the soundness of the proof system for K3. The proof can be easily modified to give a
proof of soundness for the other logics.

Definition 4.1 A truth sign is one of the set {T,F, T, F}.
Definition 4.2 A signed formula is a formula together with a truth sign (e.g. T P means P is true).

Definition 4.3 The signed formula T « is said to hold in a valuation v iff v(«) € {t}. Similarly, the
signed formulae Fa, T o and F a hold in a valuation v iff v(a) € {f}, v(a) € {f,i} and v(a) € {t,i},
respectively.

Definition 4.4 A signed formula F is satisfiable iff a valuation v exists such that F holds in v.
Similarly, a set of formulae is satisfiable iff all the formulae in it hold in a valuation v.

Definition 4.5 A tableau branch is satisfiable iff a valuation v exists such that each signed formula
on the branch holds in v.

Definition 4.6 A tableau is satisfiable iff at least one branch on it is satisfiable.

Definition 4.7 A pair of truth signs are opposite iff either one is F and the other T, or one is F

and the other F, or one is T and the other T. Similarly, two signed formulae are opposite iff their
formulae are identical and their truth signs are opposite.

Definition 4.8 A tableau is closed iff each branch on it contains at least two opposite signed formulae.

12



Definition 4.9 A tableau is open (i.e. unclosable) iff it contains a branch such that (1) no decompo-
sition rule of figure 3.2 can be applied to a signed formula on that branch to yield a signed formula
not already on that branch and (2) no two signed formulae on that branch are opposite.

Lemma 4.1 If a tableau 7 is satisfiable then it will also be satisfiable after the application of any of
the tableau formation rules of figure 3.2.

Proof Let 7' be the new tableau. Let B* be the branch to which the rule is applied. Since 7 is
satisfiable it must have a branch B that is satisfiable. We have two cases:

1. B* # B. Since no rule was applied to B, B is still a branch of 7’ and thus 7" is satisfiable.

2. B* = B. We show that for at least one branch produced by a rule all the new signed formulae
hold. Let F be the signed formula to which the rule is applied. Since B is satisfiable F must
hold for some valuation v. We have twenty cases. For brevity, we show only two:

(a) F = TaAp. The formulae added to the branch are T and T 3. Since T aAS holds we
know that v(aAB) € {t} and hence, by truth tables, that v(a) € {t} and v(3) € {t}. Thus
T o and T 3 must also hold and thus 7' is satisfiable.

(b) F = Ta—pf. The formulae added to the two new branches are F o and T 3. We show
that at least one of them holds. Since T a—f holds we know that either v(a) € {f} or
v(B) € {t}. Thus either F a or T § must hold and thus 7’ is satisfiable. O

Lemma 4.2 If there is a closed tableau for a set of signed formulae I then T’ is not satisfiable.

Proof Assume that T is satisfiable and a closed tableau exists for I'. We show a contradiction. Let
7 be a tableau consisting of the signed formulae of T' on a single branch. Since T is satisfiable, 7 is
satisfiable. By lemma 4.1 every new tableau we construct from 7 is also satisfiable, including the final
closed tableau. But examination of the closure conditions for Kg (table 3.1) shows that no closed
tableau can be satisfiable. Thus we have a contradiction. O

Theorem 4.1 The above tableau system is sound.

Proof We show that if T = {T7;,Tv2,...,T7,, T8} has a corresponding tableau proof then
Y15Y2s---»Yn E 6. From lemma 4.2 if T' leads to a closed tableau then I' is not satisfiable and
hence y1,72,...,7, 6. O

5 Proof of Completeness

We now prove the completeness of the proof system for Kg. The proof can be easily modified to give
a proof of completeness for the other logics.

Definition 5.1 A signed Hintikka set H is a set of signed formulae such that:

1. For any propositional letter p it is neither the case that both Tp € H and T p € H, nor that
both Fp € H and F p € H, nor that both Fp € H and T p € H.

2. f T-o € H then Fa € H.
3. etc. (according to table 2.2).

For example, {T PV(QAR), TP} and {TPV(QAR), TQAR, TQ, TR} are both Hintikka sets.

Note that a signed Hintikka set can never contain both T o and T a, or both Fa and Fa, or both
T a and F a.
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Lemma 5.1 Every signed Hintikka set is satisfiable.

Proof Let H be a signed Hintikka set. We show that a valuation v can always be constructed from
H in such a way that every signed formula in H holds. Let v be constructed as follows:

1. If for some propositional letter p, T p € H then v(p) = t.

2. If for some propositional letter p, F p € H then v(p) = f.

3. If for some propositional letter p, neither T p € H nor F p € H then v(p) = 1.
4. If v(a) = f then v(-a) = t.

5. etc. (according to table 2.2).

From condition 1 of definition 5.1 it follows that v is well defined over predicate letters. By structural
induction it follows that every signed formula in H holds in v. O

Lemma 5.2 Every open branch B of a tableau has a corresponding signed Hintikka set containing
all the signed formulae of B.

Proof Since B is open, none of the closure conditions of table 3.1 apply for any proposition p and
thus condition 1 of definition 5.1 must be satisfied. The other conditions follow by structural induction
over signed formulae. O

Theorem 5.1 The above tableau system is complete.

Proof We need to show that if v1,72,...,7, = ¢ then T = {T~;,T7,,...,T7,,Té} produces a
closed tableau. We show the contrapositive (i.e. if I' produces an open tableau then 71,72, ..., 7, [ 6).
Assume I' produces an open tableau. Then it must have an open branch B and, by lemma 5.2, B has
a corresponding Hintikka set H. Thus, by lemma 5.1, that set must be satisfiable and hence T" must
be satisfiable, thus y1,72,...,7, £ 6. O

6 Conclusions and Directions for Further Research

We have presented a promising approach to automated theorem proving in many-valued logics based
on the idea of using signed formulae where the truth signs reflect useful categories of truth values. We
have demonstrated the approach by generating new tableau style proof systems for the many-valued
logics L3, K3, Qg, G3, S3, S4, F and T.

The above tableau style proof systems were generated by hand. Since there are only a finite
number of ways of partitioning a logic’s truth-values it should be possible to construct a system
that automatically generates tableau style proof systems and presents to the user the best candidate
systems. Such a system should be further investigated.

Just as we can easily construct tableau style proof systems, by using truth signs to partition
truth values into useful categories, we can also make use of truth signs to construct resolution [57,58]
and connection method [1,10] style proof systems—we need only replace the notion of contradictory
formulae, used in resolution and the connection method, with the concept of opposite signed formulae.

Existing, resolution style proof systems for many-valued logics [2,50] have used, effectively, one
truth sign per truth value thus increasing the size of the original problem and hence the size and
complexity of the proofs. When formulae are split into simpler components (say during the generation
of a clausal form) the use of truth signs that reflect natural categories of truth values can greatly
reduce the number of formulae generated. For example, if we were to attempt to prove | PV=P in
K3 using resolution we would carry out resolution on the formula T PV—P but Baaz and Fermiiller [2]
would use the pair of formulae F PV—=P and IPV—P (the interested reader will find that Baaz and
Fermiiller’s approach leads to a rapidly growing set of clauses but ours generates only two formulae).
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Some many valued logics do not have appropriate normal forms for either resolution or the con-
nection method. This need not concern us since if we use signed formulae then metatheoretic ana-
logues of these normal forms can easily be constructed. For example, in Kg we do not have an
equivalent of the resolution rule (aV3)A(—aVy)—(BVy) but we do have the metatheoretic equivalent
((Ta)VB)A((Ta)vy)—(BV7y) (where A, V and — are tead classically).

A potentially fruitful line of research would be an investigation, based on the above ideas, of
resolution and connection method style proof systems for many-valued logics.
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