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Abstract. In this paper, we propose a novel high-dimensional index
method, the BM+-tree, to support efficient processing of similarity search
queries in high-dimensional spaces. The main idea of the proposed index
is to improve data partitioning efficiency in a high-dimensional space by
using a rotary binary hyperplane, which further partitions a subspace
and can also take advantage of the twin node concept used in the M+-
tree. Compared with the key dimension concept in the M+-tree, the bi-
nary hyperplane is more effective in data filtering. High space utilization
is achieved by dynamically performing data reallocation between twin
nodes. In addition, a post processing step is used after index building to
ensure effective filtration. Experimental results using two types of real
data sets illustrate a significantly improved filtering efficiency.

Keywords: Similarity search, Multidimensional index, Binary hyper-
plane, Range query, K-NN query.

1 Introduction

With the rapidly growth of various types of multimedia information, the need
for fast processing of content-based similarity search queries in large databases
has increased dramatically, and will increase at a much faster pace in the future.
Since retrieving multidimensional data always incurs very high, and sometimes
prohibitively high, costs for large datasets, the search for effective index struc-
tures to support high dimensional similarity query has been at the frontiers of
database research in the last decade[13]. Most efficient multidimensional indexing
structures originated from managing low-dimensional geographical data (such as
R-tree and it variants[1–4]) are not efficient in managing high dimensional data.

The approach supporting multidimensional similarity search can be classi-
fied into two categories: position-based indexes and metric-based indexes. The
R-tree and its variants are representatives of the former, which deal with the
relative positions in a vector space. The second type of indexes, on the other
side, include the VP-tree[5], the MVP-tree[7], the M-tree[6, 8], and its optimized
indexes[9–11]. These indexes manage the data based on the relative distances be-
tween objects. Among the metric-based indexes, VP-tree is the first hierarchical



index structure which supports similarity search by utilizing the relative distance
between objects and triangular inequality. It is of great significance for reduc-
ing the cost of similarity search. However, the query performance of VP-tree is
severely suffered from a large quantity of distance calculation due to the small
fanout (thus a very tall index tree). It should be pointed out that distance cal-
culation in this type of application is typically very complex and CPU intensive.
The MVP-tree is proposed to overcome these problems, by introducing multiple
vantage points instead one. This idea significantly lowered its height. Both the
VP-tree and the MVP-tree are constructed in a top-down way. That means they
cannot support insertion and deletion of data once the index is created.

The M-tree represents a significant step forward, and is representative of
metric-based indexes. It is a paged and balanced tree which adopts the bottom-
up construction strategy with node promotion and split mechanisms. Therefore,
it is suitable as a secondary storage index structure and can handle data up-
dates gracefully without reconstructing the whole index when a media object
is inserted or deleted. The M-tree is also the first one to recognize the high
cost of distance calculation, and most distances are pre-computed and stored in
the index tree, thus query-time distance calculation can be avoided. The large
extent of subspace overlapping among M-tree sibling nodes, however, is a notice-
able problem. Different from other high dimensional indexes, the M+-tree has
subspace overlapping minimization and tree height minimization as its aim. It
improves the M-tree from the following points: (1) the concept of key dimen-
sion is proposed to eliminate the overlapping between twin nodes and to reduce
the overlapping across subspaces; (2) the concept of twin nodes are introduced
to lower the height of tree; (3) the idea of key dimension shift is proposed to
achieve optimal space partitioning; and (4) a brand new idea of associating an
index entry with twin subtrees for more efficient filtering during search.

This paper proposes a binary M+-tree, called BM+-tree, which improves the
data partitioning method used in the M-tree. Like M-tree, BM+-tree is a dynami-
cally paged and balanced index tree. It inherits the node promotion mechanism,
triangle inequality and the branch and bound search techniques from M-tree.
BM+-tree also fully utilizes the further filtering idea as used in M+-tree. How-
ever, BM+-tree uses a rotatable binary hyperplane, instead of a key dimension,
to further partition the twin subspaces and to perform filtration between them.
This novel idea, as we shall discuss in this paper, can improve the query pro-
cessing performance significantly comparing to M-tree and M+-tree.

The rest of the paper is organized as follows. In Section 2, we give some
definitions for similarity searches. Section 3 introduces a new partition strategy.
We describe BM+-tree in Section 4, including its key techniques and algorithms.
Section 5 presents performance evaluations. Section 6 concludes this paper.

2 Similarity Queries

In this section, we follow the conventions used in [8] and give basic definitions
related to the BM+-tree, including r-neighbor search, k-nearest neighbor search.



R-neighbor search and k-nearest neighbour search are two basic types of
similarity queries. Commonly, the former is to obtain all objects within certain
distance from the query object, while the latter is to find k objects which have
the minimum distances to a given query object. They can be defined as follows.

Definition 1. r-neighbor search. Given a query object q ∈ O and a non-
negative query radius r, the r-neighbor search of q is to retrieve all the objects
o ∈ O such that d(q, o) ≤ r.

Definition 2. k-nearest neighbor search. Given a query object q ∈ O and an
integer k ≥ 1, the k-NN query is to retrieve k objects from O with the shortest
distances from q.

The purpose of indexing a data space is to provide an efficient support for
retrieving objects similar to a reference (query) object (for r-neighbor search
or k-NN search). Here, for a given query, our main objective is to minimize
the number of distance calculations, I/O operations and priority queue accesses,
which are usually very expensive for many applications.

3 Data Partitioning Using Binary Hyperplane

The Strategy of data partitioning using binary hyperplanes is the main idea of
BM+-tree. This section will introduce this technique, including how to choose
the binary hyperplanes, how to use the binary hyperplanes for data partitioning,
and how to use the binary hyperplanes for filtering during the search process.

3.1 Construction of Binary Hyperplanes

Generally speaking, because of different data distributions, different dimensions
carry a different weight in distance computation. Based on this fact, M+-tree
partitions a subspace into twin subspaces according to the selected key dimension
which is the dimension that affects distance computation most. Different from
M+-tree, BM+-tree uses a binary hyperplane to partition a subspace into twin
subspaces. The binary hyperplane idea extends the (single) key dimension con-
cept of the M+-tree to make use of two key dimensions. This new data partition
strategy is mainly based on the following observation.

Observation 1 For most applications, except for the first key dimension, there
is commonly another dimension which may also contains a large quantity of
information. Cancelling the second dimension would cause great loss of infor-
mation. Just as in the process of dimensionality reduction, we usually maintain
the first few dimensions, instead of just the first one. Therefore, when performing
further data partitioning, it is advisable to keep two dimensions that have maxi-
mal value variances and construct a binary hyperplane by using two dimensions.

Figure 1 gives an example set of data (the shaded area). Obviously, the
extent of objects along x1 is longer than that along x (which is in turn longer
than that along y). The key dimension based data partitioning will divide data
along x dimension. It is clear that much more information can be obtained if the
partitioning is done using a binary hyperplane vertical to x1.
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Fig. 1. A sample of data distribution.

The selection of a hyperplane has to conform to the following rules in order
to achieve optimal data partitioning, i.e., trying to keep the objects having the
minimal distances in the same subspace while minimizing the overlap between
twin subspaces. In the process of binary hyperplane construction, the selection
of two key dimensions and the decision of the coefficients of them are the two
major issues. We consider two binary hyperplane construction strategies: m-
RAD-2 based strategy and max-distance based strategy. The former is based on
the fact that in the M-tree the query performance of index is optimal when it
adopts the m-RAD-2 partitioning strategy. This strategy ensures the maximum
of the radii of the two subspaces split minimal. The latter one, on the other
side, is based on our observation that the distances between objects along the
max-distance dimension can usually keep maximal quantity of information.

The BM+-tree adopts the following steps to determine the hyperplane:

1. Choose two reference points in the following way. Use the center points of the
two subspaces according to the m-RAD-2 partition strategy [8], and when
these two points have the same feature value, one can compute the distances
among objects in the subset, and choose two points from the subset such
that the distance between the selected points is the maximal;

2. Compute the distance along each dimension between these two points; and
3. Choose two dimensions which have the biggest absolute values as the key

dimensions, and consider the differences between the two center points of
the two key dimensions as the coefficients of them respectively.

3.2 Binary Hyperplane based Further Data Partition

Data partition strategy is one of the most important issues which directly affect
the performance of indexes. Before introducing the binary hyperplane based data
partitioning, we need to introduce another concept.

Definition 3. Twin nodes. In the M+-tree and the BM+-tree, an internal
entry has two pointers pointing to two subtrees. These two subtrees are called
twin subtrees, and the roots of the twin subtrees are called twin nodes.

In Figure 2 (a) and (b), subspaces 1 and 2 correspond to the twin nodes of
the tree. Figures 2(a), (b) and (c) show the data partitioning of the BM+-tree,
the M+-tree and the M-tree respectively. The M-tree adopts distance-based data
partition strategy which partitions a data space into two subspaces according
to the distances between objects. Among the proposed partitioning methods in
the M-tree, partitioning by m-RAD-2 is proved to be the best. The M+-tree
improves the data partition methods of the M-tree by adopting two steps data
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Fig. 2. Data partitioning for BM+-tree, M+-tree and M-tree.

partition strategy, i.e., partitioning with m-RAD-2 way proposed in the M-tree
first and then further partitioning the two subspaces into two pairs of twin nodes
according to the selected key dimensions (which can be different for different
subspaces). The twin nodes are expressed through two boundary values of a key
dimension which are the maximal key dimension value of the left twin space and
the minimal key dimension value of the right twin space.

The BM+-tree also adopts two steps data partition strategy. Different to the
M+-tree, it uses a rotatable binary hyperplane rather than the key dimension to
further partition the twin subspaces, i.e. the binary hyperplane can be different
for the two data spaces and the direction of it can change according to the data
distribution in the data subspace considered. The binary hyperplane construction
strategy proposed in this paper ensures the binary hyperplane rotatable, deciding
the key dimensions and coefficients of them according to the data distribution
of a subspace. That is, the key dimensions and their coefficients are not fixed,
but modifiable in the whole data space.

The data partitioning strategy in the BM+-tree can be described as follows:
(1) the twin spaces are regarded together as a whole space and then it is parti-
tioned with the m-RAD-2 way, as in the M-tree. As a result, two new sub-spaces
are produced; and (2) each subspace is further partitioned into twin sub-spaces
according to the selected binary hyperplane.

Figure 2 shows that to achieve the same level of data grouping, the M-tree
needs three levels of partitioning, while the BM+-tree and the M+-tree only
need two levels. Meanwhile, it is obvious that the data partition strategy in the
BM+-tree has the better clustering effect. The distance between objects along
the data partitioning direction of the BM+-tree is much bigger than that of the
M+-tree. This figure gives the intuition that the binary hyperplane based data
partitioning can keep much more distance information.

3.3 Data Filtering Using Binary Hyperplanes

The filtering using binary hyperplanes is carried out on the basis of distance from
an object to a hyperplane and the triangular inequality property. Comparing the
cost of calculating the distance between two points in multidimensional space,
the cost of computing the distance to a binary hyperplane is quite trifling. Some
inactive subtrees can be filtered out according to the hyperplanes, thus avoiding
some distance calculations. The process of filtering by binary hyperplane is not
complex. We sketch the process below.



Let Nl and Nr be twin nodes, k1 and k2 be the key dimensions of the sub-
space, C1 and C2 be the coefficients of hyperplane in k1 and k2 dimensions
respectively. Let Lmax and Rmin be the maximal value of the binary hyperplane
for the left node and the minimal value of that for the right node respectively.
Let C =

√
C2

1 + C2
2 . Then the hyperplane of this subspace is as equation (1)

Xk1 ∗ C1 + Xk2 ∗ C2 = HP (1)

Then, for the left part, HP is equal to Lmax. While for the right, HP is Rmin.
Suppose that the n dimensional query object is O(x1 · · ·xn) and the search

radius is r. Then, the distance from O to the left and right binary boundary
hyperplanes can be expressed as (2)(a) and (b) respectively.

dL = |HP − Lmax|/C (a) dR = |HP −Rmin|/C (b) (2)

For the filtering process, if HP ≥ Lmax, the query object is outside the area
of the left; thus it is possible to filter out the left. Likewise, if HP ≤ Rmin, the
right can be filtered out. Therefore, we only consider the following case.

d
′
L = (HP − Lmax)/C (a) d

′
R = (Rmin −HP )/C (b) (3)

If d
′
L ≥ r, the left node does not contain any query results, and can be pruned.

Likewise, if d
′
R ≥ r, the right can be filtered out. Obviously, the cost to compute

d
′
L or d

′
R is much less than computing the distance in the high dimensional space.

It is similar to process k-NN following the filtering discussions above.

4 BM+-tree

There are two types of node objects in a BM+-tree: routing objects and leaf
objects. Each leaf entry has the the same structure as that of M-tree. A routing
object includes the following parts: the feature value of the routing object Or;
the covering radius of Or, r(Or); the distance of Or to its parent, d(Or, P (Or);
an array DNO which contains two key dimension numbers; another array C
containing the coefficients corresponding to the two key dimension numbers re-
spectively; the pointers lTwinPtr to the left twin sub-tree, and rTwinPtr to
the right twin; the maximal value of binary hyperplane in the left twin sub-tree
Mlmax and the minimal value of binary hyperplane in the right Mrmin.

4.1 Building the BM+-tree

To insert an object into BM+-tree, the appropriate node should be found first by
performing the subtree choosing algorithm . If the node is not full, the object can
be inserted directly. If one of the twin nodes is full, the entries will be reallocated
between the twins. If the twins are both full, they will be considered as a whole
and split by performing distance based splitting and binary hyperplane splitting.

When a new node is inserted, how to choose this appropriate node is vital for
the performance of the index. The subtree selection follows the optimal principal:



(1) Choosing the node of which the distance from query object to routing object
is minimal if the covering radius of the subtree need not increase; (2) Choosing
the subtree of which the covering radius increases most slightly, if no subtree
can keep the same when an object is inserted; and (3)Trying to keep the gap
between twins maximal while the subtree choosing between them are performed.

BM+-tree grows in a bottom-up way by adopting a bottom-up split strategy.
It shares the promotion strategy with M-tree and adopts a two-steps split strat-
egy: first, splitting using the m-RAD-2 strategy; and second, splitting by the
binary hyperplane. In the node splitting, the BM+-tree adopts two strategies
to choose binary hyperplane: (1) m-RAD-2 based binary hyperplane choosing
strategy; and (2) Max-Distance based binary hyperplane choosing strategy.

Split(entry(On), PEntry)
1 Let S be a set, Np be the parent node
2 S←entries(PEntry→lTNode)

⋃
entries(PEntry→ rTNode)

⋃
entry(On)

3 Reallocate a new node N
′

4 PromoteEntriesAndPartitionByDist
5 ChooseBHAndPartitionByHyperplane
6 if Np is not a root
7 then switch
8 case TwinsOf(Np) full : Split
9 case Np is not full : InsertIntoParentNode

10 case DEFAULT : ReallocateTheTwins
11 else if Np is full
12 then SplitRootByBHyperplane
13 else InsertIntoParentNode

ChooseBinaryHyperplane(D1NO, D2NO, C1, C2)
1 GetTwoObjectsBymMRad
2 GetTwoMaxDiffByComputingAndSorting
3 if Diff [0] == Diff [1]
4 then GetTwoObjectsByMaxDistance
5 GetTwoMaxDiffByComputingAndSorting
6 SetMaxDimNoAndCoefToThem;

4.2 Query Processing

BM+−tree supports two types of similarity search: r-range search and k-NN
search.The range search starts from the root of the BM+−tree and implements
the process recursively until the leaf of the tree, and keeps all matching objects.

For a certain request, in non-leaf nodes, range search needs to perform two
steps filtering. First, filtering according to the distances between objects among
sibling nodes; and Second, filtering according to the binary hyperplane between
twin nodes. For leave nodes, a two-steps filtering operations is used. The whole



process is similar to that used by M+−tree. But it is different from the M+−tree
for filtering according to a binary hyperplane instead of a key dimension.

For k-NN search, BM+-tree uses PR, a priority queue that contains pointers to
active sub-trees, and NN, an array used to store the final search results.The BM+-
tree uses a heuristic criteria to select the priority node to access the priority queue
and choose the next sub-tree to search. In this process, the binary hyperplane
based filtering is used to reduce the I/O access and queue access of index. Due to
our more effective data partitioning strategy, a binary hyperplane can be more
discriminative than a key dimension.

The k-NN search using the BM+-tree can be carried out according to the
following steps: (1) keeping the root in the priority queue, PR, and the maximal
distance in array NN; (2) choosing a priority node from PR; (3) searching the
active subtree in the priority node. Here, the active subtree choosing follows (a)
for a internal node, deciding the active subtree; (b) deciding when to update
the result array NN; and (c)for a leaf node, deciding the matching objects; (4)
repeating the subtree choosing process until the minimal distance of objects in
PR from q is greater than NN[k-1] or PR is null. At the end of this query process,
all pointers in PR will be removed and NN will be returned.

5 Performance Evaluation

This section presents an empirical study to evaluate the performance of BM+−tree.
Extensive experiments are conducted to compare the BM+−tree with other com-
petitors, including M-tree and M+−tree. Our objectives of this study are:

(1) to study the scalability with number of dimensions;
(2) to evaluate the scalability with dataset sizes;
(3) to study the relative performance with the M-tree and the M+-tree.

We use two types of real datasets: color histogram and color layout.

(1) The color histogram dataset contains vectors of Fourier coefficients of a set
of images. We choose 10 sets of data with the dimensionality from 4 to 40;

(2) The color layout dataset comprises of color layout features from 20,000 im-
ages, which are 12-d data obtained by MPEG-7 feature extraction tool.

All the experiments were tested on a Pentinum IV 2.5GHz PC with 256MB
of memory. All data are stored in an object database system XBase [12].

5.1 Effect of the Dimensionality

We performed experiments to evaluate the impact of dimensionality and com-
pare the performance of BM+-tree and that of M+-tree. The experiments were
performed on the 4 to 40-d histogram data, and the size of dataset is 20,000.
As mentioned in M+-tree[11], the number of queue accesses is also a key fac-
tor which affects the performance of k-NN search for these trees. Therefore, the
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Fig. 3. The effect of dimensionality.

performance is measured by (1) the response time of a query; (2) the average
number of distance calculations required to execute the query; (3) the average
number of disk accesses for the query; and (4) the average number of queue
accesses. The query is to find 10 nearest neighbors of the query object.

Figure (3) shows the performance of BM+-tree comparing with that of M+-
tree. It is obvious that BM+-tree responses more quickly than M+-tree irrespec-
tive of the varying of dimensionality, and BM+-tree outperforms M+-tree by up
to 35% . While the number of I/Os, distance calculations and queue accesses
for BM+-tree and M+-tree also increase with increasing number of dimensions,
those of BM+-tree are growing at a much slower rate. BM+-tree outperforms
M+-tree since the rotary binary hyperplane in BM+-tree has a stronger filtering
ability comparing against the key dimension in M+-tree; consequently, some of
sub-queries can be pruned and its search space covers fewer points. Moreover,
Figure(3)(b) also shows the fact that, when the dimensionality is high enough,
the number of distance calculations keeps steady irrespective of further increas-
ing of dimensionality for a query has to scan the whole index for both of them.

5.2 Effect of Data Sizes

Now we compare the performance of the M+-tree and the BM+-tree with varying
dataset sizes. The dataset size of the 10-d color histogram data was set from
10,000 to 90,000. Figure (4) shows the results.

From Figure (4), we can see that both the BM+-tree and the M+-tree in-
curred higher I/O cost and CPU cost with increasing data set sizes. As before,
the performance of the BM+-tree degrades much slower than that of the M+-
tree, and the BM+-tree remains superior over the M+-tree. Noticeably, compared
with the M+-tree, The BM+-tree saves a large number of distance calculations,
I/Os and queue accesses, which combined improve the query performance. This
improvement based on using the BM+-tree originates from the stronger filtering
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Fig. 4. The effect of dataset sizes.

ability of the rotary binary hyperplane, thus the number of IO can be reduced
greatly. As a result, despite that, for a single operation, the comparison between
binary hyperplane is a little bit slower than that of key dimension, the BM+-tree
still responses more quickly up to 40% than the M+-tree for a k-NN search.

5.3 Comparison with M+-tree and M-tree
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Fig. 5. k-NN search using BM+-tree, M+-tree and M-tree.

Next we examine the experiments to compare the k-NN search and range
search using the BM+-tree, the M-tree and the M+-tree by using a 12-d real
dataset which consists of the color layout information of 20,000 images. Figure
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Fig. 6. Range search using BM+-tree, M+-tree and M-tree.

(5) shows the results. First, we can see that, from the response time, for k-NN
search, the BM+-tree performs the best, with the M+-tree following it, and the
M-tree performs significantly worse than the other two. Second, from distance
calculations and queue access, the BM+-tree outperforms its competitors to
different extent, followed by the M+-tree which is superior than the M-tree
remarkably. Third, we note that the BM+-tree and the M+-tree need more I/O
than the M-tree due to the heuristic criteria used in k-NN search to select the
priority node to access the priority queue and choose the next sub-tree to search.
The heuristic criteria set the search radius from maximal value, which leads
to inferior filtering effect for both of them. Since the filtering ability of binary
hyperplane degrades to a lower extent than that of key dimension, the BM+-tree
needs fewer I/O when comparing against the M+-tree. All factors considered,
the BM+-tree outperforms the M+-tree . For the M-tree, although it needs fewer
I/O operations, the differences between the BM+-tree and the M-tree is small
(no more than 5%), while taking other decisive factors into account, the BM+-
tree saves up to 30% of distance calculations and half of the queue accesses, thus
have much better query performance which is shown on Figure(5)(a).

Figure (6) shows the performance of the BM+-tree, the M+-tree and the
M-tree for range search. From this figure, we can see that, comparing with the
M+-tree, the BM+-tree saves about 20% of I/Os while only 5% of distance
calculation. Compared with the M-tree, the BM+-tree needs much less distance
calculations, even a quarter of that for M-tree, while the slight improvement of
I/Os. In additon, with the increase of search radius, the filtering ability of key
dimension degrades rapidly, thus the number of I/Os needed by the M+-tree
increases noticeably and exceeds that of the M-tree. The BM+-tree remains the
least of I/Os for the stronger filtering ability of binary hyperplane. Therefore,
the BM+-tree always outperforms the M+-tree and the M-tree taking the I/O
and distance computation into account. The superiority of the BM+-tree is clear.

6 Conclusions

In this paper, we have proposed an improved high dimensional indexing method,
the BM+-tree, which is a dynamically paged and balanced metric tree. This
index method partitions a subspace into two non-overlapping twin subspaces



by utilizing two binary hyperplanes. An optimized method has been proposed
for choosing binary hyperplanes for data partitioning. We have also given the
algorithms to use the BM+-tree based on rotary binary hyperplanes to perform
effective filtering between twin nodes.

Experimental results obtained from using the two types of real datasets show
that the BM+-tree has a significantly better query processing performance. Com-
paring with the M-tree, the query efficiency has been improved by more than
30% on average, and up to 10 times in some cases. Comparing with the M+-
tree, the BM+-tree reduces about 10-20% of I/O operations, about 5% distance
calculations, and about 20% of queue access for K-NN search queries.
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