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Abstract

The spatial join operations combine two sets of spatial data by their spatial relationships.
They are the most expensive operations, yet among the most common operations in spatial
databases. In this work we will investigate the optimization issue through data declustering.
Firstly, a graph model is developed to formalise the problem, and then a matrix-based data
partitioning method is proposed for declustering the non-uniform spatial data. The clusters
produced are also maximum-overlapping ordered. When inputing the clusters in this order
for spatial joins, the I/O cost can be reduced significantly. The experimental work has shown
that 15-35% saving can be achieved when comparing with some other existing methods.
Keywords: spatial joins, data partitioning, declustering, graph and hypergraph.

1 Introduction

Spatial joins are among the most important operations in spatial databases, yet the cost of
spatial join can be very high because of the large sizes of spatial objects and the computation-
intensive spatial operations. Spatial join operation, such as crosses, intersects, etc., may
take a long time when there is a large number of spatial objects [1]. The cost of spatial join can
be reduced by the filter-and-refine approach [15, 6, 2] which employs a filtering step followed by a
refinement step. In the filtering step, a weaker predicate for the spatial predicate is applied on the
approximation of spatial objects to produce a list of candidates; then a refinement step follows
to drop the “false hits” in the candidate list by applying a full test of the spatial operation on full
geometry of spatial objects. A commonly used filtering predicate for many spatial operations is
intersection of Minimum Bonding Rectangles (MBRs) of spatial objects. A necessary condition
for two polygons to intersect (or to meet many other spatial relationships) is that their MBRs
must intersect. This filter-and-refine approach can reduce spatial join cost because the filtering
operation can reduce the join search space, and the filter cost is usually much lower than the
refinement cost by two facts: the filtering predicate is less expensive to evaluate and object
approximations are smaller in size than full geometry (thus incurs less disk access cost).

Lots of efforts have been made to reduce spatial join cost in the last decade [2, 6, 19]. To
reduce CPU cost and I/O cost of spatial join processing, data partitioning methods are usually
employed to decompose a bigger set of spatial data into smaller data sets so that each set

can be processed more efficiently. A typical spatial data partitioning method for spatial data



is based on space decomposition, in which the whole space is decomposed into regions such
that spatial objects can be partitioned according to their space coordinates or their spatial
relationships, such as enclosure, overlapping and adjacent etc., with these regions. Most typical
space decomposition methods use one or more spatial indexing mechanisms, like R-tree, R -tree,
k-d tree and the Z-value based approaches [18, 10]. While these data partition methods take
advantage of an indexing mechanism to guide the partitioning, they do not specifically address
the data partitioning and clustering from two or more different classes for set join operations.
Furthermore, there may be no proper index for the given spatial join to decluster the spatial data
from different data classes. To address this, we developed a matrix-based approach to do the
spatial data partitioning[24]. This approach is able to reduce a significant amount of I/O cost for
the environment where the sizes of the spatial objects concerned are the same or similar. We call
this method a uniform one. However, spatial data are usually non-uniform in size. The spatial
data partition strategy based on the uniform assumption has problems in realistic applications
whenever the data size changes significantly. As an extension to this work, we will propose a new
model in this paper for partitioning or declustering non-uniform spatial data. The new approach
works well for both cases of uniform and non-uniform sized spatial objects. The rest of this paper
is organised as follows: in Section 2, we ly introduce the previous work [24], the spatial data
partitioning method on uniform objects. In section 3, a new model for the non-uniform spatial
data partitioning method is proposed. Some problems and motivations on non-uniform data
partition are discussed in Section 4. Section 5 gives the matrix-based partitioning algorithm
as well as the complexity analysis. In Section 6 we further consider the maximum overlapping
order among the resultant clusters produced by the partitioning algorithm. When inputing the
clusters in this order, a more decline in the fetching time from disk may be achieved. Section 7

is the experimental and simulation result. And, the conclusion will be presented in Section 8.

2 Summary on Data Partition in Uniform Spatial Data Model

Assume that the spatial database system is based on the following extensible-relational model:
only one spatial column of polygon type is allowed for each table. Other columns are omitted
except the so-called key-pointer data which consists of a unique objects identifier and the MBR of
the object. In other words, the schema of the tables is: (id:number; mbr:rectangle; obj:polygon)
where a MBR is represented by the coordinates of its lower left and top right corners. We
choose one of the most important spatial join operation — binary polygon intersection join — as
a representative of spatial join operations. It is defined on table S and T using the standard
relational algebra notations as S X T = 0, 1epseci( S.Obj,T.obj)(S x T') where X, m, o and x denote
the join, project, select and Cartesian product operations, respectively. The MBR and the object
with identifier id are denoted as mbr(id) and obj(id), respectively.

The filter operation using MBR intersection for S X T produces a set of candidates de-
fined as: F = {(sid,tid) C (mgS) x (miqT) | intersect(mbr(sid), mbr(tid))}. The refine-
ment step to perform S X T using F produces the final results S X T = {(sid,tid) C F |
intersect(obj(sid),obj(tid))}. For simplicity, we still use F' for this set, and call it a filter.

Regard F' as a sequence of candidates, the refinement algorithm is simply to fetch the objects



referenced by the next candidate in F' if these objects are not already in memory, and to check
polygon intersection by using the full description of the spatial objects.

For the refinement cost description, we defined a Spatial Join (SJ) graph G for a candidate
set F. Gp = {V,E} where the vertex set V=V uVT VS ={v|vemF}, VI ={v|ve€
79 F}; and the edge set E = {(vy,v2) | v1 € VI, 09 € VT, (v1,v2) € F}. We further define its S.J

matrix Mr = [m;j]nxn, as follows:

s — 1 ifi:jV(vi,Uj)EE\/(Uj,Ui)EE
1 0 otherwise

where n = |V| = |V5| + |VT] is the size of Mp. If (v;,v;) € E, we say that object v; and v;
are joinable. In the uniformed spatial data model, we assume all of the objects in a spatial join
operation are the same or similar in size (for example, ¢ blocks of disk storage), the fetching cost
for any joinable object pair (v;,v;) is a constant c. Therefore, instead of being the exact cost
for fetching the object pair (v;,v;), we let m;; be 1 if v; and v; are joinable and 0 otherwise.

Under the assumption of uniformed spatial data model, the declustering of the objects into
groups can be converted to find a partition of Gr so that both the number of subgraphs and
the number of overlapped nodes among different subgraphs are minimised. This can be done
by using a variation of BEA (Bond Energy Algorithm [13, 24]) on matrix Mpr. For a given
symmetric square matrix M, BEA permute rows and columns to maximise the so called energy
which measures the sum of bonds between any two objects v; and v;. After the energy is maxi-
mized, M appears in a form of two or more data-clustered submatrices, and is then divided into
two submatrices which indicates the graph Gy is decomposed into two subgraphs. Afterward,
the recursive permutation takes place for each submatrix until a desired partition is found. In
practice, a pre-determined buffer size p, indicating the maximum number of objects in resul-
tant subgraphs, is used to determine when the recursive procedure should stop. The use of p
guarantees that the output clusters can all be fitted into the buffer of size p.

Once a desired partition is found, the spatial join operation can be processed in a way that
all joinable candidates are processed cluster by cluster. For each cluster, as their buffer cost is
less than or equal to the given buffer size p, all of the objects in the cluster can be fetched into
the buffer for processing. After a cluster is processed, the data of the next cluster is fetched
into the buffer and the same processing applies. Using this strategy, the disk access cost can
be decreased since the objects in a cluster can all be held in a buffer of size p and the object
duplication among different clusters is minimised. This strategy is especially suitable for a

distributed database system as the processing can be done one cluster at one site.

3 A Graph Model For Non-Uniform Spatial Data Partition

As spatial objects are often very large in size, and the data size changes significantly, the spatial
data partition strategy based on the uniform assumption applies only for a few cases or for the
processing of spatial data indices. It has problems in realistic spatial applications whenever the
data size is non-uniform or the proper index is not available for the given join operations. In
this section, we develop a new model for the non-uniform spatial data so that the spatial data

partitioning approach works for both uniform and non-uniform cases.



For a given candidate set F, define its Node- Weighted Spatial Join (NWSJ) graph as an
undirected graph Gr = {V, E,w} where the vertex set V. =V U VT VS = {v | v € m F},
VT = {v | v € myF}; and the edge set E = {(v1,v2) | v1 € V5, v3 € VT (v1,v9) € F}. For each
node v € V, there is a weight w(v)> 0 with it. For convenience, we define an edge weight as
we (v, 0") = w(v') + w(v") for each edge (v',v") € E.

In a NWSJ graph, w(v) is normally used to present the size of the object v in respect of some
storage unit. Denote n as |V| and d(v) the degree of node v. Figure 1(a) shows a filter, with its

object sizes in (b), and (c) its NWSJ graph with weights shown inside cycles of the nodes.
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Figure 1: An example of a filter and its NWSJ graph.

In this paper, we focus on how to minimise Cj /o for the spatial operations. Obviously, the
I/O cost of fetching a spatial object v from databases (or disks) depends on w(v), i.e., the size
of v. The bigger the size of the object, the higher the cost of fetching it will be. The total cost

Cr/o varies in the following range

n n

a- Zw(vi) <Crjo<p- Zd(vi) - w(v;)

i=1 i=1
where o« and 3 are constants, the lower bound is achieved when each object is only fetched once
in the refinement step, and the worst case is where two objects need to be fetched for every
candidate. The two ends meet when maz,cyd(v) = 1.

To reduce the total cost of fetching objects from disk, properly re-arrange the fetching
sequence of the input candidates might be a solution. By using a buffer, the objects in a filter
can be filled in once a time. After all objects in the buffer are processed, other objects can be
fetched into the buffer again and processed sequentially. For practice usage, we assume the size
of each joinable object pair is less than or equal to the given buffer size, say p. In this case, the
improvement of C7/o depends on the node degrees of G as well as its edge weights. For example,
if the sum of weights of all nodes (i.e., objects) in a connected component g = {Vy, E4} of G is
less than or equal to p, the I/O cost to process g is 3+ -, ¢, w(v) no matter how many edges
are in g if the candidates in F, are processed consecutively (comparing to the worst case where
the I/O cost to process g can be as high as 8- 37,cy, d(v) - w(v)).

Let F be a candidate set, G = {V, E,w} the NWSJ graph of F.. Let G; = {(Vi, E;, w||v;) |
V; = VAUVl vS c vS VT C VT E; C E} be a subgraph of G (1 < i < m), where wl||y,
is the constraint of w on V;. Subgraph Gi, G, ...,G,, form a partition of G with respect to
candidates of F' if (UL \E; = E)A (i # j — (E;N E; = ®). For a given buffer size p, if
subgraph G1,Ga, -+, Gy, form a partition of G and 3¢y, w(v) < p for each i (1 < i < m),



we call the partition G1,G9,- -+, G, as an ideal partition. As our intention is to process all
candidates in a subgraph together, we also call a subgraph subfilter. Obviously, we have
(Um, VS =V A (U, VI =VT). Note that V; N V; = ® might be not true.

For a given NWSJ graph G = (V, E,w) and a buffer size p, if w.(v',v") < p for each edge
(v',v") € E, there must exist an ideal partition for G. Once an ideal partition is found, the
candidates in a subfilter can be processed consecutively. The objects from both data sets in the
subfilter are fetched into buffer for processing. Then all the data in the buffer is thrown away
before a new subfilter is processed. Using this strategy, the disk access cost can be minimised if
the objects in a subfilter can all be held in a buffer of size p (i.e., >,y w(v) < p,1 <i <m).
Therefore, the optimization objective to minimise I/O costs can be formulated as to find an

ideal partition of G such that the following two goal functions are minimised
1). m (i.e., the number of subgraphs) is minimised; and
2). under the condition 1), 2 = 31 <icj<mave(viny;) w(v) is minimised.

An ideal partition is called a best partition if it satisfies the above two items. Figure 2 shows
two different partitions of the NWSJ graph in Figure 1 for p=1040. While both of them satisfy
condition 1), Figure 2(b) represents a better partition than (a) since its z value is 0 (optimal)

and the z value for the partition in (a) is 61 (B, By, B3 are overlapped between two subfilters).

AL(s—s) BL  A4(s) () Bl AL(s (9Bl A6
A2(4) :BZ A5(60 < (10) B2 A2(4) A353

A3(s) (6)B3  A6Gs (6 B3 A5 R an

(a) partitioning with overlapping nodes (b) partitioning without overlapping nodes

Figure 2: Alternative examples of NWSJ graph partitioning

Of course, the optimal partition depends on the buffer size p. An optimal partition for
a special p might not be an optimal one for another p value. For example, when p = 900,
Figure 2(b) is an ideal partition. But for the case of p = 820, both Figure 2(a) and (b) are not

ideal. Instead, Figure 3 will become an ideal partition in this case although its z is 10 (not 0).

A1(1——(49 B1 A6 fo5)—(19) B2

A2(4) (10) B2
A3 (s) B3
aa(e)
A5 (t60)

Figure 3: An ideal partitioning for p==820

For a given filter F' and its NWSJ graph G = {V, E,w}, we define a Node- Weighted Spatial



Join (NWSJ) matrizc Mp = [ m;j]nx, as follows:

w(v;) ifi=jy
mi; =< w(v) +wlvy) ifi # jA(v,v5) €E
0 otherwise
where n = |V| = |V + |[VT] is the size of Mp. Intuitively, for the join operation on objects

v; and v;, the cost of fetching these two objects relates to their sizes, i.e. w(v;) + w(v;), while
my; = w(v;) means that it just needs to be fetched once for each object v; (here, for simplicity,
we conceptually accept the assumption that an object v; may join with itself). Figure 4(a) shows

the NWSJ matrix of the filter in Figure 1. For any two objects v; and v;, we define the joinable
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B2| 0 0O 700 0815 0 10 O Bl O 0 0“0 060 2054549
B3] 0 0 6612 0 0 0 0 6 A2l 0 0 O O 0:0 O 49 4
(a) aNWSJ matrix (b) amatrix clustering without capacity restrain
1 A2 A4 A3 A6 B2

A6 B2 B3 A1 A5 B

A6| 8058150 0 0 0,00 0 A6 805 815
B2| 6157400 0 0 0'0°0 70 B2 815 10| g, g3 A1 A5 BL A2 A4 A3
B3| 0,06 0 00 01266 B2[10 0 0 0 0 0 0 70
All 0/ 0:0 15 060 0 0 O

‘ B3/ 0 6 0 0 0 0 12 66
A5 0100 01602050 0 O

! ALl 0 0O 15 060 0 O O
Bl| 0!0 0 602054549 0 O

‘ ; A5 0 0 0160205 0 0 O
A2 9|30 0 0 0 49\p40 O BL| 0 0 602054549 0 0
A4) 0,012 0 00 0 60 A2/ 0 0 0 0 494 0 0
A3 0'70 66 0 0 0O 0O 0 60 A4l O 12 0 00 O 6 0

A3/ 70 660 0 0 0O O 60

(c) amatrix clustering with capacity P = 820 (d) merging produces two submatrices

Figure 4: Examples of NWSJ matrix and its clustering

bond between them as .
B(i,j) =Y mp - my;
k=1

B(i,j) reflects the connection relationship (or affinity) between objects v; and v; by going
through at most one else node. If an object vy, is joinable with v; and vj;, it contributes to the
bond between v; and v;. If v; and v; are joinable, they themselves will also contribute to their

bond respectively. Now define the energy of Mr as

n
BE(Mp) =Y (B(i,i— 1)+ B(i,i + 1))

i=1
where B(1,0) = B(n,n + 1) = 0. The energy of M is the measurement of how tightly those
objects with higher joinable bonds are located closely from each other in the matrix. Intuitively,
the higher the energy is, the more closely located those objects with high bonds are in the
matrix. The energy of a matrix M can be changed by row and column permutation. After
the energy of the NWSJ matrix is maximised, those with higher affinities will appear group by
group in the main diagonal of the matrix [13]. By choosing a point, called the dividing point



X (as shown in Figure 4(b)), along the main diagonal of M, M can be divided into four sub-
matrices M (the upper-left corner submatrix of M from X), My (the upper-right submatrix),
Mj (the left-bottom submatrix) and M (the right-bottom submatrix). Note that My = M7
because of the symmetry. Define the fetching cost of a submatrix My, as Cyy = Zle 29:1 M.
Then Cyy, and Cyy, represent the maximum buffer size needed to process the objects in clusters
represented by M; and My respectively, and Cypy, (= Chy,) represents the buffer size needed to
process the spatial join operations for objects crossing clusters. For a symmetric square matrix
M, define the buffer cost as the minimum buffer size requirement for processing objects in a
cluster represented by M, ie., C); = >, m;; which is the sum of the weights of nodes in the
subgraph. Therefore, we can summarise our objective to find ideal partitions as to find matrices
M;(i = 1,2,---) such that their Cj\/[i are less than or equal to but as close as possible to the
given buffer size p. Or in graphics terms, for a given NWSJ graph and a given buffer size p,
our objective is to find an ideal partition G1,Go, -+, Gy, such that m is minimised. One way
to minimise m is to increase 3,y w(v) for each V; so that it is as close to p as possible. Thus,

the dividing point can be so chosen such that the following goal function is maximised:
z=Cyy - Capy — C3, (1)

By using an algorithm similar to the BEA (we still call it BEA), the objects in a given filter
can be grouped based on their joinable bonds. For example, by applying BEA to the matrix in
Figure 4(a), we can get a matrix shown in Figure 4(b). We see the creation of two clusters: one
is in the upper-left corner (5 x 5 submatrix) and the other is in the lower-right corner (4 x 4
submatrix). This indicates how the objects of M should be split. In general the border for this
split is not as clear-cut as that in this example. When the matrix is big, usually more than two
clusters are formed and more than one candidate partition exists ([16]).

In the case of uniform model, as we do not consider the object sizes, the partitioning of that
in Figure 4(b) should be a satisfactory one (by taking each non-zero element as 1). However,
in the case of non-uniform, especially when we take buffer size into account, we need to find
partitions that can be put into a buffer with given size p. For instance, for a buffer size p =
820, due to the buffer cost for M; in Figure 4(b) is 887 which is greater than p, this partition
cannot be fitted into the given buffer, while the buffer cost for M, in Figure 4(b) is 224 which is
much less than p. Obviously, as the buffer cost for M is 1101, all objects can not be fitted into
one buffer. Is it possible to divide these objects into two groups, where both can be fitted into a
buffer of p = 8207 The answer is yes and the partition shown in Figure 4(c) can be considered

as one of these solutions ( note that two clusters have an overlapping object B2).

4 Problems and Motivations in Non-Uniformed Spatial Data
Partition

Normally, after applying BEA to a NWSJ matrix M, there will be two or more candidate clusters
in the resultant matrix. At this stage, it is the buffer cost of the clusters that decide whether
the created candidate clusters can be fitted into the buffer or not. Assume we use a two-way

splitting method to implement matrix splitting, and four submatrices My, Ms, M3, and M4 have



been formed. There are several cases to be considered: (a) If both C}, and C,, are greater than
the given buffer size p, then split M into two submatrices so that each one can be declustered
recursively; (b) If either C; > p or C, > p, but C}; + C};, < 2p, then we should consider
adjusting or balancing the sizes between two clusters to see if both can be fitted into the given

buffer. (¢) In both of above cases, re-distributing elements of My (or M3) should be considered.

4.1 Size-balancing between clusters

Now we consider the above case (b), that is: either C}, > p or C};, > p, but C}, +C},, < 2p.
Without losing generality, we suppose that 05\/11 > p and 05\44 < p. From [13], we know that
BEA changes row and column orders of the matrix so that it makes the greatest contribution to
the global affinity measure. In the case of NWSJ graph, after applying BEA to M, those joinable
objects with greater affinities will be put closely in the final matrix. That is to say, objects
which need greater buffer sizes to do join operations will be put more tightly than others in the
group. Therefore, by using SHIFT operation(see Section 4.2) for a number of times ([24]), those
objects with greater affinities will be moved to the upper-left corner or lower-right corner of the
matrix. During this, check the objective function (1) so that a best dividing point can be found.
If this point creates new clusters M{ and M} such that (' ' < pand C" : < p, we have found
two clusters for an ideal partition and made a size-balancing between My and My. If it does not

work, continue to decluster M.

4.2 Shift operation

Dividing a submatrix by using z value in objective 1 has a disadvantage of not being able to
partition a filter by selecting out an embedded “inner” block ([24]). By using the procedure
SHIFT, this disadvantage can be avoided. SHIFT works in a way that moves the leftmost
column of M to the right end, and the topmost row of the matrix to the bottom. By calling
the SHIFT for n times, every diagonal block gets the opportunity of being brought up to the
upper left corner in the matrix. After each application of SHIFT, the z value in formula 1
is re-calculated so that a best dividing point can be re-selected. Of course, when the SHIFT
procedure is used, the complexity of the algorithm is increased by factor n. Experiments have

shown that the use of the SHIFT improves the quality of spatial join partitioning in most cases.

4.3 Merging objects crossing clusters

In the process of two-way recursive declustering, if My (as well as M3) is not an all-zero matrix,
we should merge it into M7 or M, so that the two-way recursive declustering can be continued
without losing joinable information. Because of the symmetry of M, we just consider Ms. The
criteria for merging My into M; or into My is to achieve less growth of the total sizes of M;
and/or My, thus to make less growth to the complexity of further declustering. For instance,
suppose M and My are ny X ny and n4 X ng submatrices respectively, and assume that mergeri:
merge My into M; and make a new submatrix M] of size n} x n}; merger2: merge M, into M,
and make a new submatrix M} of size n/; x n)y. Then we should do mergel when n}j—n; < nlj—ny

and do merge2 otherwise. In these cases, size-balancing may be needed if C*,,, + C', : < 2p. The
1



only exception exists when either M; or M, (we express this submatrix as M,) gets a buffer
cost which is less than p, and after merging M to it, the buffer cost of M, is still less than or
equal to p. In this case, merging Ms to M, is better. No matter merging M> into either M;
or My, we guarantee to keep the same number of joinable object pairs as in the original filter,
and minimise the size increase of the whole matrix. This holds the key to reduce the algorithm

complexity. The work of merging objects and size-balancing can be done in O(n?) time.

Example 1 Consider the NWSJ graph shown in Figure 1. Let p = 820. The NWSJ matrix
M for this graph is shown in Figure 4(a). By applying BEA to M, we get a matrix shown in
Figure 4(b). As C , = 887 and C , = 224, size-balancing operation is needed. By applying
SHIFT 2 times to the matrix, we get a matrix shown in Figure 4(c), in which the new M; is
composed of the upper-left 2 x 2 submatrix with C}Vh = 815 < p, and My is composed of the
lower-right 7 x 7 submatrix with C}, = 296. Because M, is not an all-zero matrix, a merging
operation is needed. Though merging My to My or to My will cause the total size growth of 1
in both cases, the element 70 in M> has to be merged into M, in this case. The result is shown

in Figure 4(d), the same as the graph partitioning shown in Figure 3. O

5 Partitioning Algorithm and Analysis

Similar to the algorithm for the uniform model ([24]), the partitioning algorithm for the non-
uniform model is a two-way recursive one. However, there are some essential differences between
them. First of all, the buffer size p gets a completely different meaning. Secondly, the partitioning
objective combines object sizes and joinable affinities between objects so that the resultant
clusters can be fitted into the pre-sized buffer and the buffer cost of the resultant clusters can
be as close to the buffer size as possible. And thirdly, the dividing point is determined not only
by the maximum affinity of joinable objects, but also by the buffer size as well.

For clarity, we assume a procedure Qutput-subfilter will output the corresponding object
pairs (or edges) according to the input matrix. Besides, we assume that, for a n x n matrix M,
function sizeofmtz(M) returns the dimensional size of M, i.e. n. The following is the Partitioning

Algorithm to be used to produce desired clusters for the non-uniform spatial join data model.

Algorithm 1. Partition(n, M,p)
Input: n: size of matrix M; M: n X n symmetric matrix; p: buffer size;
Output: Fi, Fy,... : subfilters;
Begin
[1] if (bcost(M)< p) {Output-subfilter(n, M); return ;};
[2] permute rows and columns of M to maximise affinity aff and determine the dividing
point z (1 <z <n—1);

[3] best = aff;

[4] for i =1 to n do {

[5] SHIFT (n, M);

[6] compute affinity aff;



[7] if (aff > best) {best=aff; k = 1i; };

[8] }; /*to get a best partition position */;

[9] decompose M into Mi, Msy, M3 and M, according to k;
[10] MERGE(M;, Ma, My, p);

[11] nq = sizeof mtxz(M]);ng = sizeofmtz(My);

[12] Partition(ny, M1, p);

[13] Partition(ng, My, p);

[14] return ;

End

Note that in line 10, the procedure MERGE() not only merges My to one of M; and My,
but also make balancing between them if necessary.

Now we analyse the complexity of Partition. Let g(n) be the complexity function of the
algorithm for an input n x n matrix M. For simplicity, we first omit procedure SHIFT (i.e., not
considering lines 4-8 for the moment). Both the best case and the worst case for the algorithm
should be considered. First, we consider the best case of the execution, i.e., non-overlapping
partitioning. Denote f(n) as the complexity for this case. For a given matrix M of size n x n, the
decomposition of M produces two sub-matrices M| and Mj. For an ideal decomposition, these
two sub-matrices may have the same size of n/2 x n/2. In this case, we can get a recurrence
formula for the complexity function as

0 ifn=20
f(n) =< an? ifn>0and 37 mi; <p
2f(n/2) +an? ifn>0and X0 my; >p
where « is a constant and p the given buffer size. It is easy to prove that f(n) is a monotone
increasing function for n >0. As the weight of each joinable object pair is less than or equal
to p, either n =0 or Y}.1* ; my; < p will become true after running the algorithm recursively for

some rounds. Therefore, for a large n, according to the recurrent property of f(n), we have
f(n) =2f(n/2) + an®

This equation is valid for any n that is a power of 2, say n = 2¥. Recall that f(1) = a, we get

f(n):an2-(1+%+2i2+.-.+2%+2ik)=om2-(2n—1)/”
f(n) = 0(n?) (2)

If n is not a power of 2, there must exist a k such that 28 < n < 2%+ thus
an-2n—1)/n< f(n) <an-(4n—-1)/2n

we still have



Secondly, consider the case of overlapping. Denote F'(n) as the complexity of the algorithm
in this case. As discussed before, the procedure MERGE produces M and M, with at least one
of its size bigger than n/2. Without losing generality, we assume that My is merged into M},

and the average size of M) will be 3n/4. Then, we can get a recurrent function as

0 ifn=0
F(n) ={ an? ifn>0and 37 mi; <p
F(n/2) + F(3n/4) + an? ifn>0and Y0 1 my; > p

F(n/2) is the decomposing complexity of M| while F(3n/4) is the decomposing complexity of
Mj. Obviously, the function F(n) is monotone increasing. In the worst case, every recursive
decomposition would produce a sub-matrix of size 3n/4. After k times of recursive execution,
either the remaining size of the sub-matrix is 0, or the buffer cost, Y ;- m;, of the remaining
matrix will be reduced to be less than p. So, for simplicity, we can suppose that n - (%)k =1, or

say n = L(%)kj for some k. According to the recurrent relation of F'(n), we derive

1 3
F(n) = F(§n)+F(Zn)+an2
1 1 3 3.5 9 1 3.9
LN 1 3., , 1 3.,
= YO Pl (P e Y (g5 + (D)
=0 =0
where C?, is the coefficient of binomial, and the last equation hold for m = 1,2, 3, ---. For given

n, when decomposition continues to some extent, term % . (%)m_Z

enough for ¢ < m , thus f (% - (3)m=%) will become 0 according to definition of F(n). Especially,

will become 0 when m is large
when m increasing to k, we have

IN

k13,

an? - ;)(E)Z
13 13

= pn’-(1- (E)kﬂ)/(1 ~ 16

Using n = (3)¥, k = log(n) - (log4 — log3),

1 1
F(n) < an?- ?6 (n— % . plogl3—logl2y /p,
we obtain
F(n) < O(n?) (4)

For the case of n # [(%)kj, a similar discussion as for equations (2) to (3) can be done and

the same result as (4) can also be obtained. As the complexity of our algorithm is always greater

than or equal to f(n), and less than or equal to F(n), i.e.,

O(n?) = f(n) < g(n) < F(n) < O(n?)
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we can get

g(n) = O(n?) (5)

Finally, adding the lines [4] to [8] to the algorithm, we get the algorithm with SHIFT. As
SHIFT raises the complexity of algorithm Partition by a factor n, a similar discussion as above

should result in a conclusion of O(n?), that is,

g(n) = O(n?) (6)

Note that, in algorithmic implementation of Algorithm 1, only the upper-triangle part of
matrix M needs to be stored, since the NWSJ matrix M is a symmetric one. Furthermore, the
three-tuple expression for the upper-triangle matrix is adopted because M is always sparse. That
is, instead of storing the whole matrix M, only those non-zero elements in the upper-triangle
part of M are stored in an array of three-tuples, in which each element appears as (i, j,m;;)
where 4, j are the row and column indices of m;; # 0, respectively. After giving a well-organised
indexing structure, the non-zero element in M can be easily located in the three-tuple array.
Besides, instead of moving actual data, the swap operation between two rows/columns can be
implemented as just swapping row/column indices. In this way, not only the storage space for
M is greatly reduced, but also a lot of data movement operations are saved. These implementing

details are omitted in Algorithm 1 for the clarity and simplicity for algorithm analysis.

Example 2 Consider the NWSJ graph shown in Figure 5(c). Two data sets are A={Al, A2,
.-+, A12} and B={B1, B2, ---, B6}. Figure 5(a) is the candidates with the node weights shown
in (b). After transformation, we get a 18 x 18 NWSJ matrix M as the following matrix (7). For
simplicity, the row index and column index of M are re-numbered in the order of consistence
with the index of C language, started from 0. So indices 0, ---, 11 correspond to object Al, -- -,
A12, and indices 12, - - -, 17 correspond to objects B1, ---, B6.

lo 1 23 4 5 6 7 8 9 10 11 12 13 14 15 16 17 |17 10 9 8 16 7 6 3 2 5 1314 0 4 12 1 15 11
olts 0 0 0 0 O O O O O O 060 OO0 0 O O 171242 332312 0 0 O 0 0 0 O 0 O O O O O 0 O
110 4 0 0 0 0 0 O O O O O 49 0 0 0 0 O 101332 90 0 0 0 O 0 0 O O 0 0 O O 0 0 0 O
210 060 0 0 0 O O O O O O O 7066 0 0 O 9812 0 70 0470 0 0 0 0 O 0 O O O 0 0270 O
30 006 0 0 0 0 0 0 O O O 012 0 0 O 8l 0 0 0110510 0 0 0 0 O 0 0 O O 0 O O O
40 0 0 0160 0 O O O O O 020 0 0 0 0 O 16/ 0 0 470 510 400 600 485 0 0 O 0 0 0 O O O O O
5/0 0 0 0 085 0 0 O O O O 085 0 0 0 O 71 0 0 0O 060020 0 0 0 0 000 0 00 0 O
6l 0 0 00 0 08 0 O O O O O 0 0 048 0 6/l 0 0 O 0485 0 8 0 0 O 0 0 O O 0 0 0 O
770 0 00 0 0 020 0 0 0 0 O 00 0600 0 3h 0o 0 0 0 0 O 06 0 0 012 0 0 0 0 O O
8l0o 0 00 0 O O 01210 ©0 O O O O 0 0510 O 2l 0 0 0 0 O O O 060 O 7066 0 0 0 0 O O
9/0 0 00 0 0 O O O 70 O O O O 0270 470 312 51 0 0 0 0 O O O 0 08585 0 0 0 0 0 0 O
1000 0 0 0 0 0 0 O O 0 9 0 0 0 0 0 0332 13 0 0 0 0 0 O 0 07085 10 0 0 O O O O O
1410 0 0 0 0 0 0 O O O O 60 0O O 020 0 O 14/ 0 0 0 O O O 01266 0O 0 6 0 O 0 O O O
12160 499 0 0206 0 0 O O O O O 45 0 0 0 0 O o, o 0 0 0 0 O O0OO O O 015 0 60 0 0 O
130 070 0 085 0 O O O O O 0 10 0 O O O 4 0 0 0 0 0 O OO0 O O 0 0 0160205 0 0 ©
14/ 0 06612 0 0 0 O O O O O O O 6 0 0 O 12l 0 0 0 0 0 O 0 0 0 0O 0 060205 4549 0 O
15/ 0 0 0 0 0 0 0 O 0270 0260 0 0 0200 0 0 i1 0 0 0 0 O O O 0 0O O 0 O O 0 4 4 0 O
16/ 0 0 0 0O O 0485600510470 O O O O O 0400 O 15/ 0 0270 0 0 O O 0 0O O 0 0O O O O 0200 260
1710 0 0 0 0 0O 0 O 0312332 0 0 0 0 0 0242 14/ 0 0 0 0 0 O 0 0 0 0O 0 0 O O O 0260 60

(1) (ii)

Let p=820. After permutation by BEA with SHIFT, the rows and columns of M are permuted
to form a new matrix as in (74). The benefits of using SHIFT is that the corresponding objects
of two resultant submatrices get closer from each other thus the z value of objective 1 becomes
greater than before. For matrix (i), the dividing point is in position 7, the point between 85

and 6 along the main diagonal of the matrix. As the upper-right submatrix is not all-zero, by
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(a) candidates (b) nodes and their weights (c) aweighted spatial graph (d) amax spanning tree for clusters

Figure 5: An extended example of a filter and its WSJ graph.

using MERGE, the non-zero element 270 (the joinable object acrossing two clusters) is merged

into the upper-left submatrix. The resultant submatrices become the following (ii:) and (iv):

objl 17 10 9 8 16 7 6 15 obj| 3 2 5 13 14 0 4 12 1 15 11 objl 6 8 7 16 15 17 10 9
17| 242 332 312 0 0 0 0 0 31 6 0 0 0 12 0 0 0 0 0 0 6| 85 0 0 485 0 0 0 0
101 332 90 0 0 0 0 0 0 2| 0 60 0 70 66 0 0 0 0 0 0 8l 0 110 0 510 0 0 0 0

9| 312 0 70 0 470 0 0 270 5l 0 0 805 815 0 0 0 0 0 0 0 71 0 0 200 600 0 0 0 0
8l 0 0 0 110 510 0 0 0 13| 0 70 815 10 0 0 0 0 0 0 0 16| 485 510 600 400 0 0 0 470
161 0 0 470 510 400 600 485 0 14| 12 66 0 0 6 0 0 0 0 0 0 151 0 0 0 0 200 0 0 270
71 0 0 0 0 600 200 0 0 ol 0 0 0 0 0 15 0 60 0 0 0 171 0 0 0 0 0 242 332 312
6l 0 0 0 0 485 0 85 0 4| 0 0 0 0 0 0 160 205 0 0 0 101 0 0 0 0 0 332 90 0
15| 0 0 270 0 0 0 0 200 12] 0 0 0 0 0 60 205 45 49 0 0 9l 0 0 0 470 270 312 0 70

1] 0 0 0 0 0 0 0 49 4 0 0

15| 0 0 0 0 0 0 0 0 0 200 260

11] 0 0 0 0 0 0 0 0 0 260 60

(iid) (iv) )

Continuing to apply BEA with SHIFT on (i7i), we get a matrix as in (v), in which the
dividing point is 4, the position between 400 and 200 along the main diagonal of the matrix.
This time the non-zero element, 470, in the upper-right submatrix is merged into the lower-right

submatrix thus the two resultant submatrices are shown as in (vi) and (vii).

objl 6 8 7 16 objl 15 17 10 9 16 objl 17 10 9 16 15 objl 17 10 9 objl 9 16 15
6] 8 0 0485 151 200 0 0270 0 17] 242 332 312 0 0 17| 242 332 312 9] 70 470 270
8l 0110 0 510 17] 0 242 332 312 0 10/ 332 90 0 0 0 10l 332 90 0 16] 470 400 0
71 0 0 200 600 10/ 0332 9 0 0 9] 312 0 70 470 270 9] 312 0 70 15] 270 0 200
161 485 510 600 400 91 270 312 0 70 470 161 0 0470 400 0

16 0 0 0 470 400 5] 0 0270 0 200
(vi) (vii) (viii) (ix) (x)

Since the buffer cost of (vi) is 795, less than the given size p=820, the recursive execution of
the algorithm stops and the first cluster (cluster No.1) is worked out as {A7, A9, A8, B5} with
candidates {(A7, B5), (A9, B5), (A8, B5)}. Further decomposition to (vii) produces (viii), in
which the dividing point lies between 70 and 400 along the main diagonal. Thus, after merging,
two submatrices (iz) and (z) are produced which make cluster No.2: {A10, A11, B6} of buffer
cost 402, with candidates {(A10, B6), (All, B6)}, and cluster No.3: {A10, B4, B5} of buffer
cost 670, with candidates {(A10, B4), (A10, B4)}.

Similarly, by applying BEA with SHIFT to (iv), we get matrix (xi) with its dividing point
in position 2. The non-zero element 70 is merged to the lower-right submatrix this time, thus
we obtain (z4i) and (xi7i). As both of their buffer costs are less than p, the decomposition stops
and cluster No.4: {A6, B2} with unique candidate {(A6, B2)}, of buffer cost 815, and cluster
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No.5: {Al, A2, A3, A4, A5, A12, B, B2, B3, B4} with candidates {(A4, B3), (A3, B3), (A12,
B4), (A5, B1), (Al, B1), (A2, B1), (A3, B2)}, of buffer cost 566, are produced.

obj| 5 13 14 11 15 12 4 0 1 3 2 objl 5 13 objl 14 11 15 12 4 0 1 3 2 13
5/ 80585 0 0 0 0 O O O 0 O 5| 805 815 14| 6 0 0 0 0 0 0 12 66 O
13/ 845 10 0 O0 O O O O O O 70 13| 815 10 11] 0 60260 0 0 0 O O 0 O
14| 0O 0 6 0 0 O 0 0 0 12 66 15 02020 0 0 0 0 0 0 O
11] 0O 0O O0 6020 O 0 O O O O 12| 0O 0 0 45205 60 49 O O O
15| 0O 0 02020 o0 0 0 0 0 O 4| 0O 0 0205160 0 0 0 0 O
12] 0O 0 O O 0 45205 60 49 O O ol 0O 0 0 60 0 15 0 O O O
4| O 0 0O O 0205160 0 0 0 O 1] 0O 0O 0 4 0 0 4 0 0 O
ol o 0 o0 O0O 0 60 0 15 0 O O 3 2 0 0 0 O 0 0 6 0 O
1] O 0 0 O ©O0 49 0 0 4 0 O 2l 66 0 0 O O O O O 60 70
31 o 012 0 0 0 O O o0 6 ©0 13| 0O 0 o0 o0 0 0O o0 o0 70 10
2| O 7 66 0 0 O O O O 0 60

(xi) (xii) (xiii)

As a comparison, when using the algorithm without SHIFT, the clusters produced by the
algorithm are different. Not only more clusters (6 clusters, not 5) are produced which means
more recursive executions are needed, but also the sizes of resultant clusters become 815, 802,
795, 306, 300 and 70 which indicate a bad distribution of cluster sizes (thus a bad workload
balancing) of the resultant clusters. Also, while the number of duplicated objects among clusters
produced by BEA with SHIFT is 4 (A10, B2, B4, B5), it is 6 by BEA without SHIFT. O

6 Maximum Overlapping Order Among Clusters

As mentioned before, after the desired subfilters (i.e. the clusters of objects) are produced, the
objects from both data sets in the subfilters are fetched into the buffer for processing. Then
all the data in the buffer are thrown away before a new subfilter is processed. In many cases,
however, some objects may cross two or more subfilters in a partition. These objects can be used
for processing the following subfilters before they are thrown away from the buffer. Generally,
because of large object sizes, utilising the existing objects in the buffer will minimise the overall
fetching costs because they need not be fetched into the buffer again. In this section, we discuss
this issue by proposing a mazimum overlapping order method among the resultant subfilters in
a partition. We aim to create a maximum overlapping order among the subfilters so that any
two adjacent subfilters share as many objects as possible. When the spatial join operations are
processed subfilter by subfilter in this order, those overlapping objects shared by the current
subfilter and the next need not to be fetched into the buffer again because they are already

there. In this way, the overall fetching cost can be decreased.

6.1 Hypergraph modeling

A hypergraph [5] H = (V, E) consists of a set of vertices (V = {v1,v2,---,v,}) and a set of
hyperedges (E = {e1,e2,"--,en}) satisfying Uj<j<;me = V. A hypergraph is an extension of a
graph in the sense that each hyperedge can connect more than two vertices. In our model, the
set of vertices V' corresponds to the spatial object set, and each hyperedge e € E corresponds
to an object cluster resulted from Algorithm Partition. By defining w(v) > 0 for each vertex
veV,and w(e) = Y, w(v) for each e € E, H can be extended as a weighted hypergraph,
written as H = (V, E, w). A hypergraph H = (V, E) can be considered as a special case of a
weighted hypergraph where w(v) =1 for all v € X.
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In our method, the relationship between a set of spatial objects and their partitioned clusters
are mapped into a hypergraph. A hyperedge represents a relationship (affinity) among spatial
objects in a cluster, and the weight of a hyperedge reflects the strength of this affinity. The
overlapping objects between two different clusters are the intersection of the corresponding
hyperedges. And the weight of the intersection reflects the sum of the size of those overlapping
objects. So a mazimum overlapping (MO) order among clusters can be defined as a sequence
(€irs €iny* s €;,,) Which makes Y77 (e, , €, ..) reach the maximum among all permutations

of E = {e1,ea, -+, en} in a weighted hypergraph H, where @w(€’,e") =3, coner w(v).

6.2 Finding a MO order in a hypergraph

Obviously, there must exist a MO order for each (weighted) hypergraph. However, the problem
of finding a MO order in a (weighted) hypergraph is N P-complete [28]. Based on this fact,
trying to find an efficient algorithm for producing a MO order in a hypergraph should receive a
low priority. Instead, we developed an efficient algorithm that gives us an approzimate MO (or
AMO) order of relative “high” overlapping weights.

For simplicity, we assume that the weighted hypergraph H = (V, E,w) is a connected one,
and the mapping from H to an edge-weighted graph G = (E, Ey,wp) has been completed, i.e.,
(¢/,€") € Eg in G if and only if wi (e, ") = 3, coner w(v) # 0. In this case, the algorithm to

find an AMO order consists of three main steps:

Algorithm 2. MO-order(G)

1. Find a maximum cost spanning tree T' of G; /*a maximum cost spanning tree T
is a spanning tree in which } (, ,)cp, wn(u,v) reaches the maximum among
all spanning trees of G, where Ep is the edge set of tree T); */

2. Conduct a depth-first search of T; and

3. Construct a MO order according to the output of 2.

The complexity of the algorithm is O(m?). Let us use an example to illustrate how it works.

Example 3 Continue to consider the Example 2 shown in Figure 5, in which the the buffer size is
p=820. After data partitioning, five subfilters sq, so,- -, s5 are produced as shown in Example 2.
Now take H = (V, E,w) with V' = {Al, A2,---, A12, B1,B2,---,B6}, E = {s1,89,--+,85} and
for each v € V,w(v) is shown in Figure 5(b). The weight function w(s;, s;), indicating the size

of overlapping objects between s; and s; (1 <1i,j < 5), is obtained as in the following table

| st s2 s3 s4 s5

_ st | 795 0 400 0
w(si, sj) = s2 | 0 402 70 0
s3 | 400 70 670 0O 200
s4 | 0 0 0 815 10
s5 | 0 0 200 10 566

Now let us look at the execution of Mo-order. At the first step, edges (s1,s3), (s3,55),
(s2,83) and (s4,s5) are added in sequence to the maximum spanning tree T with their weights
400,200, 70 and 10, respectively. We assume that a depth-first search of T begins at vertex s; in

Step 2. The search results in a cluster sequence (s, s3, S5, S4, $2) with total overlapping weight
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610 (note that the intersection of s4 and s9 is empty thus the overlapping weight between s4
and sy is 0). This order is taken as the final AMO order in Step 3. It is not difficult to prove
that the order is actually the MO order for this example.

If the spatial join operations are processed in this AMO order, 400 out of 670 of object
volumes in cluster s3 need not be fetched into the buffer again because they are already there
(fetched by cluster sp, the preceding cluster in the AMO order). Similar situations occurs for sz
and s4. In other words, only those of objects shared by clusters s4 and sy (of volume 70) have
to be fetched again. All other objects just need to be fetched once. On the contrary, if we adapt
the strategy that all data are thrown away before a new subfilter is processed, the total volume
of objects that need to be fetched twice by different subfilters will be 680 instead of 70. O

In the above example, the AMO order generated by Mo-order is exactly the same as the
MO order in H. In general cases, however, by selecting a different starting vertex in Step 2,
the AMO order generated by Mo-order may differ from a MO order, and the weight sum of the
AMO order may be less than that of the MO order for the given hypergraph. But we can prove
that the weight of the AMO order produced by the algorithm is always greater than half of the
weight of the corresponding MO order [28]. In many cases, this bound is quite acceptable, since

it was obtained by using an efficient algorithm.

7 Experiments

Previous sections have theoretically illustrated the ability of the proposed declustering method
for spatial join processing. Now we focus on detailed experimental evaluations with comparison
to some existing fetching methods. To minimise disk access cost of spatial processing, the cost
of fetching spatial objects from the database should be reduced. Due to slower disk access,
decreasing the number of accesses will contribute to minimise the cost of spatial processing.
Therefore, partitioning a filter into subfilters so that each subfilter just needs to be fetched into
memory once and only once should be a solution. Generally, a buffering strategy is adapted
and a buffer which holds the objects to be joined is used for the join operations. Assume that
the objects to be joined in the buffer are fetched into the buffer one by one. The buffer size
and the average object size have much to do with the decrease of fetching cost. For a given
average object size, if the buffer size is small, the fetching cost might be very high. If the
buffer size is big enough to hold all objects, each object needs only to be fetched once thus
the lower bound of the total fetching cost could be reached. However, the buffer size is often
limited (in particular for large spatial objects). Therefore, it becomes important to utilise the
limited buffer effectively. This can be achieved by grouping the candidates referencing common
objects together. Our experiment shows that the algorithm Partition has displayed its ability
for grouping the candidates.

Our simulation shows that candidate sequencing in the filter will affect the overall fetching
cost. Some comparison has been done with several different sequencing methods. The first
method is the naive one, that is, using the original sequences as supplied by the filter. The

objects referenced by each candidate is fetched from the disk and stored in the buffer if it is not
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already there when the candidate is processed. Once the buffer is full, an object in the buffer
will be thrown away using some buffer replacement strategy, such as LRU (Least-Recently-Used),
FIFO(First-in-first-out) and so on. The second method used here is called a simple method.
It sorts the filter by one column, for example, F.s_oid. As all the candidates referencing to
the same S objects appear in the filter consecutively, each S objects will be fetched only once.
Figure 6 shows the results from different groups of tests with buffer size p=1000. It gives an
example of the comparison of some group fetching by several different fetching methods. In
the figure, P-M means fetching objects group by group according to the output of algorithm
Partition followed by Mo-order. The unit for Fetching Time is in ms. From the figure, we can
observe that P-M method decreases the fetching cost for all group sizes. For any size of group,
the naive method produces a relative higher cost of fetching, while the P-M results in a relative
lower cost of fetching. Compared with that of naive and simple methods, P-M reduces about
30~35%, and 15~20% of the fetching costs, respectively.

x 10
4
—<— naive
35 b
— 8- - simple
— & - P-M

Fetch time

I I I I I
8 16 24 32 40 48 56 64 72 80
DATA SIZE(n*n, buffer=1000)

Figure 6: Fetching cost comparison of different strategy (fixed buffer size)

In the application and our experimental work, for each frequent set join operation we use
Partition Algorithm to establish the corresponding cluster indices and use Mo-order Algorithm
to generate an AMO order for these clusters before-hand. During the future join process, these
clusters are formed according to the pre-calculated indices and fetched into the memory for

conducting the join operation in the AMO order.

8 Conclusion

In spatial databases, the I/O cost for fetching objects from disk is very high because spatial data
is often large in size. To reduce the cost effectively, properly sequencing the candidates to take
maximum advantage of system buffer could be a solution. The uniform spatial data partition

strategy fails to work effectively whenever the sizes of objects in realistic applications change
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significantly. In this paper, we presented a matrix-based approach for spatial data declustering.
Firstly, a graph model was developed to formalise the problem, and then a matrix-based data
partitioning method was proposed for declustering the non-uniform spatial data. The clusters
produced were also maximum-overlapping ordered. When inputing the clusters in this order for
spatial joins, the I/O cost can be reduced significantly. This method works well for non-uniform
as well as uniform spatial data. The experimental work has shown that 15-35% saving can be
achieved when comparing with some other existing methods.

Acknowledgement: We would like to thank Miss Zhang Weiming for her help on the experi-

ments and simulations.
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